Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 
to make the world's books discoverable online. 

It has survived long enough for the Copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 
to Copyright or whose legal Copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 
are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other marginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 
publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we have taken Steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 

We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these flies for 
personal, non-commercial purposes. 

+ Refrain from automated querying Do not send automated queries of any sort to Google's System: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attribution The Google "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in Copyright varies from country to country, and we can't off er guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
any where in the world. Copyright infringement liability can be quite severe. 

About Google Book Search 



Google's mission is to organize the world's Information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the füll text of this book on the web 
at jhttp : / /books . qooqle . com/ 



THE EEV. G. R. GLEIG'S 

NEW SCHOOL SEEIES: 

A Serie» ßf ffl*****b**~ — : — < 



Ii 
P 




on. 
tof 



IE. 
of 



SCIENCE CENTER LIBRARY 



T( 
T» 



Fo 
18i 



Fo 
2s. 



Pa 
1* 



(The Iiawreooö Scientific Schoo , 



the 

ß 

the 

Of 

ILE 

NT 



KS 

SIT. 




,N, and LOKGMANS. 



Digitized by Google 



SELECT 

LIST OF SCHOOL BOOKS 

PUBLISHED BT 

SIMPKIN, MARSHALL, & Co, 

Allison's First Lessons in English Gframmar. 18mo. 9d. 

Allison's Child's French Friend. 18mo. 2a. 

Allison's La Petite Francaise : Vocabulary, &c. 18mo. 2s. 

Arnold's Henry's First Latin Book. 12mo. 3s. 

Baldwin's History of England. Plates. 12mo. 3s. 6d. 

Baldwin's Outlines of English History. 18mo. ls. 

Beatson's Exercises in Greek Iambic Verse. 12mo. 3s. 

Bellenger's French and English Conversation. 12mo. 2s. 6d. 

Bland's Latin Hexameters and Pentameters. 1 2mo. 3s. 

Bond's Ancient Geography, 7 Colored Maps, 2 Parts. 4s. 6d. 

Bosworth's Introduction to Latin Construing. 12mo. 2s. 6d. 

Bosworth's Latin Construing. 12mo. 2s. 6d. 

Bosworth's Eton Greek Grammar,with Eng. Notes. 1 2mo. 4s. 

Bruces' (E. & J.) Geography and Astronomy. 1 2mo. 5s . 

Bruces' Astronomy, an Introduction to the Use of the 
Globes. 12mo. 2s. 6d. (Jrom the above). 

Butler's Geography of the Glohe, byRowbotham. 1 2mo. 4s. 6d. 

Carey's Latin Versification Simplified. 12mo. 2s. 

Caesar de Bello Gallico. J. Christison. 12mo. 4s. 

Caesar' s Commentaries, translated byDuncan. 12mo. 7s. 

Cobbin'sGrammatical & PronouncingSpelling-Book. ls. 6d. 

Cobbin's Classical English Vocabulary. 12mo. 3s. 

Cobbin's Instructive Reader, with Cuts. 12mo. 2s. 6d. 

Crabb's English Synonymes Explained. 8vo. 15s. 

Crombie's Etymology and Syntax. 8vo. 7s. 6d. 

Crombie's Gymnasium, sive Symbola Critica. 12mo. 6s. 
| Crombie's Gymnasium, enlarged. 2 vols. 8vo. 21s. 
I Crombie's Clavis Gymnasii. 8vo. 6s. 

Edwards' Accented Eton Latin Grammar. 12mo. 2s. 6d. 

Edwards' Eton Latin Accidence. 12mo. ls. 

Edwards' Latin Delectus. 12mo. 2s. 6d. 

Edwards' Sententiae Selectae. 12mo. 2s. ßd. 

Edwards' Exempla Graxa Minora. 12mo. 2s. 6d. 
! Edwards' Greek Delectus. 12mo. 3s. 6d. 

Eton Greek Grammar, in English, by Rev. H. J. Tayler. 
12mo. 4s. 

Goodacre'8 Arithmetic, by Maynard. 12mo. 4s. 
Greig's Young Ladies' Arithmetic Royal 18mo. 2g. 
Grandineau's French Conversation. 12mo. 3s. 



SUnpfcln, Marsball, and Coli Select List of Scbool Books. 

Guy's (Joseph) British Primer. 18mo. 6d. 
Guy's (Joseph) British Speliing Book. 12mo. ls. 6d. 
Guy's (Joseph) British Expositor. 12mo. ls. 6d. 
Guy's (Joseph) British Reader. 12mo. 3s. 6d. 
Guy's (Joseph) School Geography. Royal 18mo. 3s. 
Guy's (Joseph) Tutors' Assistant. 12mo. 2s. 
Guy's (Joseph) School Ciphering Book. 4to. 3s. 6d. 
Guy's (Joseph) School Question Book. 12mo. 4s. 6d. 
Guy's (Joseph, Jun.) Exercises in Orthography. 18mo. 1 s. 
Guy's (Joseph, Jim.) Engl ish School Grammar. 18mo. ls.6d. 
Hassell's Camera, or Art of Drawing in Water Colours. 8 vo. 5s . 
Hewlett's ( now Mrs.Copley) Modern Speaker. 18mo. 3s. 6d. 
Hodgkin's Sketch of the Greek Accidence. 8vo. 2s. 6d. 
Hook's Key to the Greek Testament. 12mo. 3s. 6d. 
Jacobs' Latin Reader. 12mo. Part 1, 2s. 6d.; Part 2, 3s. 1 
Jordan's German Writing Copies. Oblong, ls. 6d. ! 
La Bagatelle, In troduction to French for Children. 18mo. 3s. \ 
Le Bahn's Seif Instructor in German. 12mo. 6s. 6d. 
Le Bahn's German Language in One Volume. Sq. 12mo. 8s. : 
Le Bahu's Key to Exercises in the above. sq. 12mo. 2s. 6d. j 
Le Brethon's Guide to the French Language, 8vo. 10s. 6d. 
Le Breton's French Scholar's First Book. 12mo. 3s. j 
Le Nouveau Testament, large print. 12mo. 4s. | 
Martinelli's Italian and French Dictionary. Sq. 12mo. 9s. i 
Nicholson and Rowbotham's System of AJgebra. 12mo. 5s. 
Nowell's Latin Catechism. 18mo. 3s. I 
Phaedrus, Latin Text. 18mo. ls. 6d. (Simpkin & Co.) ' 
Phaedrus, Construed for Grammar Schools. 12mo. 3s. 
Pike's New English Speliing Book. 12mo. ls. 6d. 
Schrevelius' Lexicon, Greek and English (Valpy's). 8vo 
10s. 6d. 

Sellon's Abridgement of the Holy Scriptures. 18mo. ls. 6d. 
Taylor's System of Stenography, by Cooke. fcp. 3s. 
Thrower's Questions in Arithmetic. 1 2mo. 2s. 
Trimmer's History of England, by Milner. fcp. 5s. 
Wheeler's Outlines of Chronology. 12mo. ls. 
White's (Rev.J.) Tu tor's Expeditious Assistant. 12mo. 2s. 
White's Elucidation of Ditto. 12mo. 4s. 6d. 
White's Mental Arithmetic. 12mo. 3s. 6d. 
Wilcke's French and Italian Pronunciation. 12mo. 2s. 
Williams' Parent's Catechism. 18mo. 2s. il 
Williams' Preceptor's Assistant. Plates. 12mo. 5s. fj 
Yeates' Hebrew Grammar, by Bialloblotzky. Royal 8vo. 5s. | 
~" M., & Co.*s Complbtb School Catalooüe may bt had gratis. I 

J. Worthotmor * Co., Printen, Circo« Flaoo. London Woll | 

— 1 J 



y Google 



Digitized by Google 



PRINCIPLES 



ojt 

GEOMETßY, MENSÜßATION, 

TRIGONOMETRT, LAND-SURYEYING, 
AND LEVELLING: 

CONTAINING 

FAMILIÄR DEMONSTRATION AND ILLUSTRATIONS OF THE MOST 
IMPOBTANT PROPOSITIONS IN EUCLId's ELEMENTS ; 

FROOFS OF ALL THE ÜSEFUL RULES AND FORMULJE IN 

Mtnäuxatian autf CrtgoturmetTg, 

WITH THEIR APPLICATION TO THE SOLUTION OF 

PKACTICAL PROBLEMS IN ESTIMATION, SURVEYING, AND 
RATLWAY ENGINEERING. 

DSSIGNED FOR THE USE OF SCHOOLS AND PRIVATE STÜDENTS. 



THOMAS TÄTE, 

MATHEMAT1CAL H ASTER OF THE NATIONAL SOCIETY 's TRAINING COLLEGE, 

battersea; 

AÜTHOR OF ** EXEECI8BS IN MBCHANICS, ETC. ; " A TREATISE ON 
** FACTOR1AL ANALYSI3," ETC. 



SEVENTH EDITION. 



LONDON: 

LONGMAN, BROWN, GREEN, AND LONGMANS. 
1855. 



Digitized by 



The Lawrence Scientific Schoo i, 
9 Febrnary, 1888. 



London: 
A. and G. A. SpottiswoodI, 
Ntw-str««t-Square. 



Digitized by Google 



TO 

J. P. KAY SHUTTLEWORTH, ESU. 

ARD 

E. C. TUFNEL, ESQ. 

FOUEBERS OF XHS BATTZB4KEA TBAXEIEO COLLSOS, 
IS 

MOST BE8FECTFTJIXY 1N8CBIBBD, 

AS 

A TRIBUTE OF ESTEEM, 
VOR THE IMPROVEMENT8 THET HA VE EFFECTES IE 
OUR METHOD8 OF EDÜCATION, 
BT 

THEIBj HUMBLE ARD MOST OBEDIENT SERVAET, 

THE ATJTHOB. 



ß 



Digitized by 



Digitized by Google 



PREFACE. 



The present work is intended to supply Teachers and Prac- 
tical Men with a simple and concise, yet comprehensive, 
System of theoretical and practical mathematics ; embracing 
Geometry, Trigonometry, Mensuration, Surveying, and 
Levelling. 

In a course of elementary Instruction, Geometry is, 
perhaps, not less important than Algebra. It will, there- 
fore, be instructive to trace the origin of our ideas in 
geometry, with the view of suggesting to us the means 
whereby first notions, on this subject, should be conveyed to 
the mind of the learner. Geometry, no doubt, claimed 
attention at a very early epoch in the history of the human 
race. Surrounded by objects of geometrical symmetry, — 
with all that is beautiful in form, in the earth, the sea, and 
the heavens, — man could not fail, even in the dawn of his 
intelligence, to trace the relations and properties of lines, 
surfaees, and solids. In the first rode essays at investiga- 
tion, the scale and compasses would be used to confirm the 
deductions of reason, or the fortunate conjectures of intelli- 
gence ; and a vast amount of geometrical facts would be 
accumulated, independently of the formality of definitions, 
or the verbiage of a rigorous demonstration. The manner 
in which a figure is described, would invariably be taken 
as its definition 5 and thus no misunderstanding would 
take place with respect to the particular form considered, 
inasmuch as our conceptions arising from the perception of 
things are always more vivid and positive, than those which 
are formed by mere verbal description. Results would be 
esteemed more valuable than the processes by which they 
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might be establishecL Without any precise views relative 
to the origin of ideas, or the formulae of a technical logic, 
demonstration would consist in a simple appeal to common 
sense, or in Buch an exposition aa might be sufficient to 
cany convfction to the mind. Practical applications and 
theoretical deductions, would act and react upon each other ; 
new theorems would be followed by appropriate applications ; 
and every new exigence in the business of life would open 
up fresh Channels for theoretical research. Now the slow 
and inductive process by which truth is at first acquired, 
almost invariably gives us the rude features of the method, 
by which primary ideas, on the subject, should be communi- 
cated to the mind of the Student. Hence, in the demon- 
strations contained in the following treatise, conciseness 
and simplicity have been preferred to the formality of a 
technical logic; and those methods have been adopted, which 
seemed most in keeping with our ordinary associations, or 
which appeared to possess the most graphic and impressive 
features. Useful theorems have been selected, rather than 
those which are merely curious, or which have only a 
remote bearing upoü the wants of the practical man. De- 
monstrations are followed by practical applications, calcu- 
lated to elucidate the theorems, or to show their importance, 
and thereby to give the Student confidence in hiß future 
efforts; and in some cases certain easy steps are omitted, 
with the view of exercising his inventive powers. 

Elementary publications, generally, must necessarily change 
with the condition, tastes, and peculiar pursuits of society. 
To Euclid's Elements alone, of all other human productions, 
belongs the glory of having survived the dismemberment of 
empires, the changes of opinion, and the revolution in the 
tastes and habits of society: consecrated by time, and 
ennobled by its own intrinsic greatness, after the lapse of two 
thousand years, it still retains the suffrages of the literati of 
the world. Amid the mists and clouds of the false philoso- 
phy, and the enfeebling superstition of the dark ages, it shed 
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a light over the nations ; and at the dawn of modern philo* 
sophy it appeared bright and clear, as the morning star of 
an age unparalleled in the history of humanity. And it may 
not be doubted, notwithstanding some logical defects, that 
long after the great mass of the writings of our own times 
shall have been consigned to oblivion, it will continue to 
form the text book of the learned. However, it must be 
conceded, that, whatever may be its excellencies as a book 
adapted to a collegiate System of instruction, its defects, as 
an initiatory course of geometry, are too apparent to admit of 
even an apology. A great book is, in many respects, a great 
evil ; the very elements constituting its greatness — its re- 
finement and comprehensiveness — tend to throw over it an 
alr of mystery and dignity, which distracts and overawes 
the uninitiated Student, in the place of giving him that en- 
couragement and sympathy which he certainly requires, in 
his first feeble efforts in the pursuit of abstract knowledge. 
The geometry of Euclid, being a strictly logical System, can 
only beread thoroughlyhj a person who has already acquired 
some mathematical knowledge, and who can appreciate its 
philosophy, and enter into its beautiful yet operose demon- 
ßtrations. The principle of motion gives a simplicity and 
clearness to many geometrical conceptions ; but, * from an 
imagined inconsistency in the use of such a method, Euclid 
employs it neither for the purpose of demonstration nor il- 
lustration. The method of superposition, which, in reality, 
lies at the very basis of geometrical demonstration, and, in 
many cases, givcs a graphic interest to an investigation, is em- 
ployed in the fourth proposition öf his first book; and then, as 
if ashamed of the lowly origin of geometry, he scarcely uses it 
afterwards. Many of his problems are solved by methods 
which are never used in practice ; for example, when a given 
portion is to be cut off from a straight line, instead of 
supposing the given portion to be simply transferred to or 
placed upon the straight line, &c, which we really do in 
practice, Euclid must describe circle after circle, in order to 
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accomplish tbe problem. The doctrine of similar triangles 
is, unquestionably, one of the most important propositions 
in the whole ränge of geometry, yet the Student is not 
permitted to understand this proposition, until he has gone 
through the fifth book, which, to a large class of students, 
must for ever remain a sealed book. It is desirable that 
practical men should comprehend the leading propositions in 
solid geometry ; but Euclid's method of treating this subject, 
is so operose and refined, as to place it beyond the reach of 
persons whose time for study is limited, or whose mathe- 
matical talents are not of a superior order. 

The course of Analytical Trigonometry which I have 
given, is as simple and concise, as the nature and importance 
of the subject appear to admit of; and various practical* 
applications of the theorems are given in connection with 
the demonstrations. 

Many of the most essential rules of Mensuration are 
demonstrated in the geometrical course. The problems in 
Mensuration, have been selected solely on the ground of 
their Utility. The Principles of Estimation, form a most 
important branch of Mensuration ; indeed some really useful 
and intellectual treatise on this subject, has been long de- 
siderated by practical men. The articles on Surveying and 
Levelling, will be found sufficiently comprehensive for the 
use of students of engineering. 

Various original demonstrations are interspersed through- 
out the book. The generalization of Thomas Simpson's 
celebrated theorem, and the formulae, relative to the most 
complex form of railway cuttings, are, I believe, essentially 
new. 

That the work may prove useful to the class of persons, 
for whose instruction it is specially designed, is the earnest 
wish of the Author. 

T. TÄTE, 

Jklfr 1848. 
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DIRECTIONS FOR THE STUDENT. 



Before commencing the study of geometry, it is desirable 
that he should be able to solve a simple equation of ordinary 
difficulty. When he has studied as far as page 66, he may 
solve some of the most useful problems in Mensuration, 
and then read consecutively, the application of Algebra to 
Geometry, Trigonometry, Mensuration, Estimation, Survey- 
ing, and Levelling, omitting those parts which involve a 
knowledge of the more difficult theorems in Solid Geometry. 
The foot notes may also be omitted, in reading the book for 
the first time. See also the directions given at page 83. 
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PRINCIPLES OF GEOMETRT. 



PRELIMINARY IDEAS ON GEOMETRY. DEFINITIONS, 
AND FIRST PRINCIPLES. 

L Geometry is that branch of science which teaches the 
properties of lines, surfaces, and solids. Every body has 
three dimensions, length, breadth, and thickness or depth. 
Thus in a block of wood, ab is the length, ao is the breadth, 
and ad is the thickness or depth. The 
boundaries or limits of bodies are faces 
or surfaces; thus adkb is a surface : 
thus we speak of the surface of the table 
without any regard to its thickness, or of the surface of a 
lake without any regärd to its depth. The boundaries or 
limits of surfaces are lines; thus the edge ab is a line : thus 
we speak of the edge or line limiting the surface of the table 
without any regard to its extent When lines intersect or 
cross each other, the place where they intersect is called &point. 

2. A straight line is the shortest path or distance between 
two points. The true measure of the distance between two 
places or points a and b is the length of the straight line 
acb. If a person wishes to travel by the shortest path from 
a place a to another place b, he moves 
along the straight line acb, taking 
care neither to turn aside to the 
right nor to the left 5 but if he should A 
move along the crooked line adb or 
the curved line afb, he will have gone over a greater 

b 
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distance tlian if he had gone in the direct line acb. Hence 
it follows that in the triangle adb, the two sides ad and db 
put together are greater or longer than the third side ab. 

3. To make a straight edge or ruler, the carpenter brings 
his eye on a -level »wlth the <^ 

edge, and if he sees every ^^rr^^^z ■ , , . 

part of the line from jend to 

end, he is satisfied that the edge is straight ; but if he only 
gets a sight of the middle at the same time that he sees 
one extremity, he conoludes that the ruler is poimd ; and 
on the contrary, if he sees ^oth extrenritleB without seeing 
the middle, he ooncludes that the ruler is hollow. This pro- 
ces6 depends upon the fact that the rays of light proceed 
from objects to the -eye in straight lines. 

4. On the same principle, if a strrveyor wants to lay 
down a straight line 
upon the groand be- 
tween the points a and 
D, iie puts down staffs 
or piquets at different 
intermediate points ; 
then, by bringing his 
eye in a line with the 
extreme staffs a and d, 
he is enabled to see 
wlien the intermediate 
staffs are in the straight 
line joining A and D. 
Or if he requires to 
continue or produce a 
straight line joining any 
two staffs, say a and e, 
to the Station b, he 
brings- the staff b to a 

certain position where he sees that the three staffe, b, e, a 
A cover each other, ihen this point b will be in the straig'ht 
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üne A e prodnced ; a»d m> on to an j ©tfeer jaourt. In this 
way a straight line may be txaced for laüee tta*ot3gh.<a cwufc- 
try over hills and Valleys, with way degree^f pMtrimoa. After 
the same method a &mveym nfeeasure* Ahe ftatgtii o£ any 
straight line in a field by means of the chain and arrow* 
which serve the place of stafik 

5. If a straight line c be moved along ^ ^ 

another straight line & b, <the lines watt exactly 

fit each otber in every position ; fbr otharwase — ^ — 
the lines .would not be ithe shortest path he- 
tween the points where they did not coruesponcL If two 
jaersons go In a straight Uae between two jplaces, they will 
evidently pursue the same path. 

6. The following qnestions are intended to show how the 
teaoher may Äomnwinicate much valuable Information in 
geometry by a suggestive method of interregation. Nearly 
all the geometrical knowledge contained in this work may 
be ßonveyed to the pupil in thisananner. 

Teacher. What is the line ArB eaüed? a b 

Pupil. It is jcaüed a . straight line. 

T. Qf the two straight lines A3 A ^ p 

and i> c, which is the greater ? 
P. The line a b is the greater.. 
T. How^bould jon,ascertain this with certainiy? 
H By laying the line D o upon a b. 
37. What sort of line is a f b {$ee fig* Art. 2.) ? 
JP. It is a earooked line. 

T. True ; bnt it is also called .a curved line. Whether is 
.the curved line apbot the straight line a b the ahorter ? 
. JP. The straight line a b. 

T. If you wanted to go from Battersea school to the 
church, in what line should you walk ? 

JP. In a straight line. (Why ?) Because a straight line 
is the shortest distance between the school and the church. 

T.- What have you to say relative to the a b 

two straight lines A B and cd? c j> 

b 2 



- Digitized by 



4 



PBJNCIPLES OF GEOMETBY. 



P They appear to be of the same length ; and moreover 
they appear to lie even with each other. 

T. In other words you might say, cd = ab; and also 
C v i8 parallel to ab. Is o d now parallel to A B 

AB? 

P. No ; for o d would meet a b on the left c ^ 
aide. 

T. On which side would they now meet ? a b 

P. On the right hand side. • c^-^-^d 

T. What is therefore the peculiar property or definition 

of parallel lines ? 

P. That if they be carried out ever so far, on either side, 

they will never meet. 

7. A surface is called a plane, or flat even surface, when 
the line between any two points upon it is straight. Thus 
the surface of the table is a plane if a straight-edge 
exactly fits it when applied in every direction. To ascer- 
tain when a surface is a plane, bring your eye on a level 
with it, and if you find that every point in the surface 
can be seen at the same time, it will show that the sur- 
face is a plane. Our figures are supposed to be drawn on 
planes. 

8. To measure lines. — When a workman wants to ascer- 
tain whether or not two rods are of the same length, he lays 
the one rod upon the other, taking care to bring two of the 
ends together ; then if the other extremities correspond, he 
concludes that the rods are of the same length. This pro- 
cess is, in fact, one of the first steps in demonstrative geo- 

metry. Let a b and c d be two right lines of 

the same length ; if c d be laid upon A b, so that the extre- 
mity d of the one shall correspond to the extremity b of the 
other, then the extremity c of the one will exactly corre- 
spond with the extremity a of the other. If d c be longer 
than b a, the extremity c will overlap a; and on the con- 
trary, if d c be shorter than b a, the extremity c will not 
reach to the extremity a. 
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If c be the middle of the line A * b, and if c b 

be folded over on c, ob will exactly cover the line c A» The 
line a b is said to be bisected in the point C. 

The compasses are usually employed A c 

for measuring off equal lines. Thus, on* 

the line a b, if we want to mark off b g d ; } T 

equal to f d; with the compasses we 
simply take off the line f d, and apply it 
to b c, and the thing is done. 

To measure the length of a line it is necessary that we 
should fix upon some unit of measure, and then the number of 
times that this unit must be repeated to make up the given 
line, will be the units of length in that line. Thus if the 
measuring unit be an inch, the length of the line will be found 
in units of inches; if the measuring unit be a foot, the 
length of the line will be found in units of feet ; and so on. 
If the measuring unit is not exactly contained in the pro- 
posed line, the length of the remaining portion must be 
expressed in certain fractional parts of the unit. 

To construct a scale of equal parts for comparing the 
length of lines, take any small opening of the compasses 
and repeat it ten 
times, making up 
the part bO; with »»*»«>«> 

an opening ot the 

compasses equal to b mark off the equal divisions 10, 20, 30, 
&c, then taking each division in bO as our unit, the 
distance from to 10 will be 10 units, fröm to 20 will be 
20 units, and so on. If each division in bO is taken as 10 
units, then the divisions on the scale equal to b will be 
hundreds. If b be taken as a unit, then each division in 
b will be one-tenth ; thus when b represents a foot, A 
will represent 5 feet ; and each subdivision in b will repre- 
sent one-tenth of a foot. 

B S 



Digitized by 



6 KSINGIPXJES OF GBGSCBTKT. 

9. Angle* and their measure. An angle is 
Hie opening formed by two etraight lines meet- 
ing eadi ether. Thus the lines ac and ob form 
the angle c, and then ac is aadd to be incKned 
to the line c b at the «agle acbotbc a, wfcere the 
letter c at the angular point is put between the d 7 
other two letters. The synsbel L w frequeatly used to 
denote an angle ; thus in the place of writäng angle acb we 
may write ZI acb. When no mistake can arise, we siniply 
write angle c or Z c. Two angles ane equal when they 
exactly fit each other. Titus in order to aecertain whether 
or not the Z. d i» equal to the Z.C; we lay the lines 
forating the L i> npon the ünes foming the ZL c, in such 
a way that the point d shall fall upon c, and the line dp 
shall eover the line cb; theo if d« Covers ca the angles 
wall be equal, but if dq should fall without € a, then the L i> 
will be greater than the L c, and on the eontrary if dg 
should fall within «ca, then the Z. d will be lees than the 
Z o. It will be readiiy seen, that the angle does not at all 
depend upon the leagth of the lines whieh form it, fer they 
may be extended or «hortened without altering the angle. 

The L acb is double the L 
when the L x> muat be repeated 
two times to make up the Z. acb. / 
If the line cq divides the L acb 
into two equal parts, the line cq is c 
said to bisect the angle; and if Z^cb be foMed orer on 
CQ, the line cb will exaetly fall upon the line ca. 

The line dc meeting the line A b evidentty 
inclines more to the right than te the left, 
that is, the L dca is greater than the 
Z. dcb : but if CG be «hsawn jbo that it shall 





seither incline .to the right nor to the left, * 
thereby making the Z. GCB = the Z. OCA, then tbese angie» 
are called right angles, and the line GC is *aid to be per- 
pendicular to the line ab. The angle dcb is called acute, 
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because it is lese than a right angle; and the angle bca k 
called obtuse, because it is greater than a right angle. 

10. Hlustrations cmd praetical applicMons. — IfaKne 
earrying a plummet or round pfece of letd be held over 
smooth or level water, the liae will be perpendicular to< the 
surfaee of the water* 

The plummti level is construcfed 
on this principle. When the plum- 
met line e f exactly falls upon a line 
drawn upon the wood. perpendicular 
to g r, then the line gr i& a level -Ena 9 % 1 r 

Spirit levels are also used by workmen for laying s^ones 
and timbers level. The instrument 
consists of a glass tube gi, nesrly 
filled with spirits of wine> mounted 
in a stand or frame okp. At the p 
enda n and m there are two slita — S " 55 — "^K 
made at right angies to eaeb otbee. Q fy ■ H 4 
To use the instrument, elevate dr 

depress one of the extiremitiea mrtil the ai» bubbie in, the 
tube ia exactly in the ee»tre ir ; then the tube is levely an* 
<»p is a Level line. By placisg the eye at the centre of the 
aßt bt, and looking thro*gh the eentre of the opposite slit» 
(be level line may be extended to any drstance- Sometunea 
the aigbt-bole q is made below the spirit tube, as in the 
second figure here shown. f 

A Square abd is an instrument formed by joining two 
straight pieces of wood at right d 
angies to each other. When a r-t.L 
w4>rkman wants to adjuat a square r 
he places the stoek ab along the . 
edge of a plank and draws the line 
bd along the blade of the Square; he then reverses the 
instrument and draws another line along. the blade 1 iff these 
two lines exactly correspond, he concludes that the: Square 
is correct, but if tbey do not he is enabled to see wbat most 

B 4 
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be done to the edge of the blade m order to make the Square 
perfect. 

A triangulär piece of wood abd, having the 
edge bd at right angles to ab, is very con- 
venient for drawing perpendicular lines on 
paper. There is a hole cut in the centre of 
the wood, to enable the draftsman to more the 
Instrument with facility. 

The cross staff is a simple Instrument, used 
by surveyors, for laying down lines ön the ground at right 
angles to each other. It consists of a 
circular piece of wood ab cd, about six 
inches in diameter, having two saw slits 
ac and db cut at right angles to each 
other. This circular piece of wood is 
placed upon a staff which has a pointed 
end to enable the surveyor to push it 
into the ground. In order to show the use of the instrumenta 
suppose the surveyor has to lay down a line hc perpendicular 
to the straight line ki, connecting the piquets k and i. Ist. 
To place the staff in the line ki ; look along the slit bd, first 
towards the piquet K and then towards i, and move the 
instrument until it is found that the slit ranges with both 
piquets. 2nd. Look along the slit CA, and let an assistant 
put down the piquets h and c in the line of sight; then HC 
will be jerpendicular to ki. 

11. Teacher. Name 
the angles here drawn. j 

Füpil. No. I. is a 

right angle ; No. II. is - 

an obtuse angle ; and No. IIL is an acute angle, 

T. How many angles has the triangle K 

MLK? 

P. It has three angles ; and therefore it 
is called a triangle. 

T. But this particular form of a triangle 
is called a right-angled triangle. Why ? 
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P. Because one of its angles m is a right angle. 

T. The triangle iho is called an obtuse- 
angled triangle. Why? 

P. Because one of its angles h is an 
obtuse angle. 

T. This triangle is an acute-angled tri- 
angle. When do triangles receive 
this name ? 

P When all the angles are acute. 

T. In the last figure what sides 
appear to be equal ? 

P All the sides appear to be equal to each other. 

T. When this is the case the triangle is called an equi* 
lateral or equal-sided triangle ; and when only two sides are 
equal the triangle is called isosceles. 

T. In this parallelogram which sides 
are drawn parallel ? 

P. The sides opposite to each other 
are parallel, that is, ab is parallel to 
DC, and ad to bc. 

T. What you have just said is the definition of a pa- 
rallelogram. What is the form of your slate ? 

P. It has the shape of a parallelogram. 

T. True; but because one side is perpendicular to the 
other, it is also called a rectangle. n r 
Thus abcd is a rectangle, where the 
opposite sides are not only parallel to 
each other but the L b, included by the 
adjacent sides, is a right angle. When 
the length of a rectangle is the same as 
its breadth, that is, when ab = bc, then the figure is called 
a Square* 

T. The four-sided figure ponq is 
called a trapezium. What have you to 
say relative to the direction of the 
sides ? 

b 5 
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P. None of the sides are parallel to eachi other. 

T. This figure is called a trapezoid* Is a 

there any thing which distinguishes this 
figure from the preceding one ? 

P, The side ef is parallel to hg. 

T. (Drawing a circle with a strmg.) 
Having seen this circle described, teil me 
how the circumference blfdc is situated 
with respect to the centre A ? 

P. Every point in the circumference 
must be at the same distance from the °\ 
centre, that is, ab, al, ag, af, &c. mustbe 
all equal to each- other. 

T. Any line ab drawn fronn the centre t»- the ciccum*- 
ference is called the radius^ and a line baf dcawn> thirough 
the centre is called the diameter. Kbw what i& the length 
of the diameter as compared with the radina ? 

P. The diameter will be double the radias; becanse the 
diameter bf ismade np of the radii ab and A.r. 

Problems. 

1. The height of a wall bc is 20 ft., requiredthe lengtfc. of 
a ladder ac whicb will reach to the 
top, when the foot of the läddier i» 
Mft.from the wall? 

From a scale of equal parte, Art. 
8k, take off ab = 15, and with the 
triangulär square draw bq per- 
pendicular to ab; from the same 
scale of equal parts take bc =■ 2©; 
join ac, and measure tbis distance 
by the scale, and it will give the 
length of the ladder required = 25 ft. 

2. There ara two roads ab andlAC at rigftt 
angles to «each other, and : at B and d there arB 
two houses ; what distance woald there be* sarecb 
in going from b to D in a direct line, supposing 
ab = 150 yds., and ad = 180 yds. ? Ans. 96 yds. 
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3«. Draw th&ground plan of a house 37 ft. long, and 20 fit. 
broad ; and find the length of the diagonal line drawn from 
a. to o. 

From a scaleiof equaL parte take off 
ab = 37; witk the triangulär sqnare 
draw bg and aj>» perpendicular to ajr;. 
ftom the same acale take so andi ad 
euch equal to 20 ; join cd, and abgd- 
will be the plan, reflpaired. Extand tib&\ compaases from ^ to c 
and apply it toi the scalß, and it will giwe the length of the 
diagonal reqnicoi aa 42 ft . neafify. 

4. In suffveyhigr a. triangulär. Seid, abo with the; chain and 
cross staff, I measuDoL along the aide. 

ab until I Game t& the. poiitf d, where 
a line dg drawn to the corner c is per- 
pencücular to ab; I then found ad = 

7 chains,, dc s= 6 chaina, and db = & 
chains. G-ive a plan of the field* and 
find the lengths of the sides a.g and GÄ 
chains, and bc = 7*8) chaina.. 

5. Let ab<; be the drawing- of a roof, 
where the peipendktnlar height c» k 

8 ft., and the half breadth ad Of the tfer 
beam is 8*5 ft. ; required, the lengthi of 
the rafter ac. Am. 1 l«6r ft. 

6. Wishing to know the distanee between two objecto 
d and c inaccessible fron* each other, 
I measuredi a line da =6 yds., I then 
went in a straight line ab at righfr. 
angles to a*d ; Coming opposite to the 
object c, I put down* staff at b, making 
bc at right an^es to RA; I then found 
ab = 9 yds., and b a= 4 yds>. Required the dtstanaa between 
d and g. 

From a scale take ab = 9-; ereet the pernendiealara aö 
and bg ; from the same scale take aü> =6Vand äc.=4; joift 



^w*.ac = 9'2 





B 6 
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dc and measure it by the scale, and it will be the distance 
required = 9*2 ft. 

7. After Walking in a direct line tbe distance of 30 yds., 
I turned in a perpendicular direction to the left ; after going 
60 yds. in this line, I turned in a perpendicular direction to 
the right ; and after going 50 yds. in this line I returned by 
a straight path to the place irom which I set out. What 
distance did I walk over ? Ans. 240 yds. 

12. The diameter divides the circle into two equal parte. 
For if bcdf be folded over upon bp, the curved line bcdf 
will exactly cover the curved line blgf, because every point 
in these curved lines is at the same distance from the centre a. 
Hence bcdf is called a semicircle. (Seeßg. p. 10.) 

13. Circles that have equal radii are equal, and equal arcs 
will form equal anglet at the centre. 
For let the circle feg be laid upon 
the circle cbd, so that the centre v of the 
one shall fall upon the centre v of the 
other, and the diameter fg of the one 
upon cd of the other, then, as the circles 
have the same radii, the circumferences 
will exactly coincide ; and the equal arcs 
FE and CB will exactly coincide; there- 
fore the line ev will fall upon the line bv, 
and thus L fve = L cvb. Straight lines 
joining the points f and e, c and b will also coincide. 
The space cvb is called a sector of the circle. 

If the circumference of the circle adbe be divided into 
any number of equal parts, the consecutive 
lines joining the points of division and the 
centre of the circle will be inclined to 
each other at the same angles ; for by what 
has just been explained all these sectors 
will exactly fit each other. Hence it fol- 
lows, that equal arcs contain equal angles, 
and conversely equal angles contain equal arcs. 
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If the circumference of the circle be divided into 360 
equal parts, each part is 
called a degree, and the 
angle formed by any two 
consecutive lines drawn 
from the points of divi- 
sion to the centre d of 
the circle will be an 
angle of 1 degree, or 1°. 
Taking 30 of these divi- 
sions, for example, the 
ZQD 30 will be an 
angle of 30 degrees or 
30°; it will be readily 
seen that the angle thus 
formed will be 30 times the angle formed by drawing a line 
to the first division on the arc. The line DO being drawn 
perpendicular to md, the angle mdo will be a right angle, 
and the arc MO will be a quadrant or a quarter of the circle, 
and therefore will contain £ of 360°, or 90°. The semicircle 
will contain } of 360°, or 180°, which is also equal to 2 right 
angles. If a degree be divided into 60 equal parts, each 
part is called a minute ; and if the minute be divided into 
60 equal parts, each part is called a seconcL "We write, for 
example, 36 degrees 14 minutes 25 seconds in the form 
50° 14' 25". The instrument here described is called a 
protractor ; it is usually made of brass, and is very useful 
for laying down lines having a given inclination to each 
other. For the purpose of school instruction it may be made 
of card paper with a radius of about six inches. From the 
point c, let it be required to draw a line making an arc of 60° 
with the line ac Place the centre d of the protractor on 
the given point c, and the edge dm along the line CA, then 
make a mark £ corresponding to the 60° on the instrument, 
and join the points £ and c, and L ACE will contain 60°. 

If the quadrant ad be divided into three equal parts ag, 
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OK, and ed, each part will be an arc of $ of 90°, or 30° ; 
and if AG be divided into three equal parte ak, ki, and xg» 
each part will be an arc of £ of 30°, or 10°, and so on to any 
other subdivisibns. 

14. It will be useful for the Student to know, at tflis 
stage of his instruction, something about the way in whieh 
angles are taken by the surveyor. The- theodotöte* » 
the most useful instrument r\ 

jTTj 

for measuring the angle con- 
tained by lines drawn from a 
point to two distant objects. 
The principle upon which this 
instrument is constructed may 
be readily understood. Let 
dge be a circle divided into 
degrees Iike the protractor ; 
upon the centre B of this circle 
let a tufoe or spy-glass de twrn upon a pirot;' äürect the 
tube first towardfc fche objecti A> and then turn it until it comes 
to the position fg* in. sline with the other object o ; then the 
angle formedj by the lines ab and ob will' be measured by 
the number o£ dfegrees in the arc eg. 




Problems. 

I. In order to find the distance of A from the Station b, 
without actualty measuring it, the surveyor finds the £ abc 
(=40°) ; he then measures the distance bc (= 300 yds.), and 
piacing his theodolite at c finds the £ bc a (= 70°). 

Here, by construction, from the scale of equal parts; Art. 
8., take oL bc»3ÖO; with the- protractor* draw a Ihre ba, 
making the £ ABC = 40°, and CA, making the £ acb = 70° ; 
then these ünes wilL inter sect each other in a point A ; with 
the compasses take off ba, and apply it to the scale of equal 

• Or with the scale of chords, hereafter dtescriteL 
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parts, and the units on the scale will be the units of yards 
in the required distance= 300 yards. 

2. To find the distance of two towers A and n, inaccessible 
from each other. With , 
the theodolite take the 
Z c (= 110°), measure ac 
(=32 yds.), and with the 
theodolite at a take the 
angle A ( = 30°), which 
the tower b makes with. a staff plaeed at c ; then we find by 
construction ab = 46 yards. 

3. To find the height o£ a tower dc. The surveyor 
measures from the bottom 
D of the tower the hori- 
zontal line DB = 400 ft. ; 
he then pletces his theo- 
dolite at By and takes the 
angle cbd ( = 40°), which 
the top of the tower makes 
with the level line bd. 
Required the height dc 
of the tower. 

From the scale of equal 
parts take bd = 400 ; 
with the protractor draw sc, making the £ b =40°, amd 
with the sqiiare, Art. 10., draw D€ perpendicSubur to bd; 
then these lines will intersect eaah other in. a poinat c. Wifcfa 
the compasses take off the height Befand apply it to the 
scale of equal parts, and the units Upen. the. scale will gire 
the units of feet in the height of the tower = 33&f&» neatrljjrw 

4. To find the height of a steeple bc, whose base b is in- 
accessible. The surveyor measured a base line ad = 76 ft. ; 
he then took the L cdb= 52°, and the L cab = 27° 
Required the height c b of the steeple* 

From a scale of equal parts mark off ad = 76 \ with the 
protractor draw dc, making the Z.d = 52?, and draw Aß. 
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making the Z.a = 27°, 
then the point c, where 
tbese two lines intersect 
each other, will be the 
top of the steeple; with 
the Square draw cb per- 
pendicular to ab; by the 
scale of equal parts mea- A 
sure the unitsin CB, and 
they will give the units of feet in the height, as required, 
= 64 ft. 

5. To find the height of a tower cb Standing upon a hill 
ab. The sur- 
veyor measured 
in the same 
straight line BD 
= 50 ft., and 
da = 75 ft. ; he 
then found the 

L CDB = 41°, 

and Z. cab = 
24°. Required 
the height c b 
of the tower. 

Draw any line ab, and from a scale of equal parts take off 
bd = 50, and d a= 75 ; with tbe protractor draw dc, making 
the L i> = 41°, and a c, making the L A = 24° ; then these 
two lines will intersect each other in a point c ; join c and B, 
and cb measured off the scale of equal parts will give the 
height required = 76 ft. 

Explanation of Terms and Processes. 

15. A deßniiion, in geometry, explains the peculiar way in 
which a geometrical line or figure is formed. Thus, when 
we say that an isosceles triangle is a triangle that has two of 
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iis sides equal to each other,we deßne this sort of triangles* 
The definitions of figures form the premises, — the properties 
admitted, — upon which our conclusions, or properties to be 
demonstrated, are based. Thus from the definition of an 
isosceles triangle we can prove that the angles opposite to the 
equal sides are also equal. The property to be proved in 
any figure is called a theorem. Too much importance can 
scarcely be attached to the clearness of our definitions ; and 
care should be taken to distinguish between the properties 
which we assume and those which we must prove. It 
matters not, so far as our conclusions are considered, whether 
or not the figures, which we define, be actually described, 
provided we conceive them to be so according to the form of 
the definition ; nor is it necessary, as in the course of de- 
monstration, that we actually place one figure upon another, 
provided we conceive the thing to be done in the manner 
described. The fundamental method of geometrical demon- 
stration is that of superposition, or the placing of one figure 
upon another. 

The converse form of a theorem consists in stating the 
terms of the theorem in a reverse order. Such theorems 
are usually proved by the method called reductio ad ab*> 
surdum, or the reducing of all other suppositions to an ab- 
surdity. In most cases the converse form of a theorem is 
really involved in the very proof we give of the theorem 
itself. 

An axiom is an intuitive or self-evident truth, that is, a 
truth which is admitted the moment the terms in which it is 
expressed are understood. If equals be added to equals, the 
wholes are equal ; if equals be taken from equals, the re- 
mainders are equal ; things which are equal to the same 
thing, are equal; &c, are examples of axiomatic truths, 
The Student will have no difficulty in observing, in the 
course of any demonstration, what principles are taken as 
axioms. It must be conceded that eome theorems are as 
simph, and are as readily admitted, as the axioms upon 
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whieh they are made to depend. In this class maybe ranked 
the properties of parallel Imes. Such proposftionsv is a 
fers* eourse of georaetry, may be taken as axioms whhmrt 
materially infringing upon the logical strktnes* of the geo* 
metrical course» 

Li a problem there is something requirod to be done fröre 
certain things that are given, whieh are ealled the data of 
the problem; Theorems, as well as pr oblemsy may be ro- 
garded as proporitions, inasmuch as in both casea tfaere ia 
something proposed to be done* 

In po&itlates it is assomed that ü is posmblc to draw 
flgures exactly as they are described in oor definrtio»s. Theo; 
aJthough' we may not actaally dr«w a parattelogram, yet it 
vs obvio«s that it is possible to* eonstract this fignre in aa* 
cordance with itö defiaritioni 

A coreUary is an obvious dfeduetion fron* ose er mm 
propositionm 

An hypothem m somethineg* whiefa we suppose to be trnc^ 
either in the enunciation of a theorem or in the eourse <si ite 
demonstration. 

The sign of eqwaMty is = • thus a = b, signifies that A.is 
eqnal to b» When two or more quantities are to be addeä, 
the sign -f or plus is used ; thas ab ==a»c -f - cb, for here tke 
whole- line is made np of the two c 

parts ac and cb. When one qaan- A • . • ? > n 

tity is to be taken from another, 

<he sign — or minus, is used ; thws ab;— cb = ac,. fbr when 
the part cb is taken away from ab, the part a g> mnst be feft. 

In the case of angles we have, £ abb =r £ abc H- Z. cb*% 
for the whole angle is made up of these two 
parts; and also Z. abd — Z.CBD = Z.AB€ r for 
when one' of the parts is taken away fronu the 
whofe angle, the<other part; mnst be left. 

The symbol .\ signifies therefore ; indeed, every symbol 
nsed in algebra admits of the same interpretation in geo- 
metry. 
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THEOREMS AND PROBLEMS RELATIVE TO ANGLE S, 
TRI ANGL ES, AND PARALLEL LINE?. 

16. Theorem. The triangles ©*ca 
and egd are equal in Ail.respects, when 

BC = EG, BA = ED, and L B = Z. E, 

For let bca be kid upon e«b, so that 
tbe side bc shall Ii« on ite equal side bq; 
then as Z. b = ^ e, the line ba will lie 
along ed; and because ba = ed, the ex- 
trem ity a will fall upon the extrem ity d, and therefore the tri- 
angle bga will exactly fit or cover tbe triangle ekid. 

17. Theorem. The triangles b€A and »gd are «qual ia 
all respects, when bc = eg, £ b = L ®, and L ß = L g. 

For let boa be laid upon egd, so Staat the side bo Aall lie on 
lts equal side eg; then as Z.b = L* 9 Ae line bi will Jde 
along ed; and because L c= o, the line ca wiü lie along 
gs>, that is, the triangle boa will exactly fk «be ttriangle ibvoh. 

18. Theorem. In the isosceles- triangle 
abc, where ab = ac, the angles opposite 
the equal sides are equal, that is, £*a= 

For let a d be a line dividing tbe Z. A in*o 
two equal parts. Now let the triangle a*>b 'he 
folded over on the line ab : then heeanee Z M.a=» £ j>*e, the 
line ab will fall upon a<o; md beoattse abcsic, 6he paiiafc 
b will fall upon Q, and the triangle a©b will fit exaeUy to the 
triangle ado, and therefore /_ b = L c. 

Corollary. The line a d bisecting the vertieal angle a, divides 
the base into two equal parts, that is, i»c= so^ Ami saoreover 
ad will be perpendicular to bc. 

19. Theorem. The triangles pEjrund ABcare equal in 
all respects, when c f 
the three sides of 
the one are re- 
spectively equal to A< 
the three sides of 
the other, that is, 

DE = AB, DP = AC, and EF = BC. 
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Let def be placed below abc, so that de shall coincide with 
ab, and the Vertex f shall fall at p; join the points c and p ; 
then the triangles acp and bcp are isosceles (why?), and there- 
fore by the preceding theorem, 

Z aop= Z a po, and Z bcp = Zbpc, 
adding these equals together, 

Z acp + Z bcp= Z apo + £ bpc, or Z aob= Z apb. 
Hence it follows, Art 16., that the triangles abc and abp, or 
def, are equal in all respects, for ac = ap, bc = bp, and 

^AOB=4 ABP. 

JSxercise. It is required to construct 
a triangle, having given the three sides, 
viz. 9 ab = 27, ac = 22, and bc=18. 

From the scale of equal parts take off 
ab = 27; on a as a centre with the radius 
ac = 22 sweep a circle, and on b as a 
centre with the radius bc=18 sweep a circle intersecdng the 
former in the point o; join a and c, b and c, and abc will be 
the triangle required. 

20. Probleie. On a given line ab to 
describe an equilateral triangle abc. 

On a as a centre with the radius ab de- 
scribe the circle bcd ; and on b as a centre, 
with the same radius ba, describe the circle 
acf, intersecting the former in the point o ; 
join a and o, b and c, and aob will be the equilateral triangle 
required. 

Here ac = ab, being radii of the circle bcd, and bc=ab, 
being radii of the circle acf; therefore ac = bo, because eachof 
them is equal to the same thing, vi«, ab. 

" 21. Problem. To bisect a given Z bac. 

Take any point d in the line ab, and cut 
off ae = ad; join d and e; on the side de de- 
scribe the equilateral triangle def (Art. 20.), and 
join f and a. Then af will bisect the Z bao. 

The triangles adf and aep are identical; for 
ad = ae, df = ef, and af belongs to both tri- 
angles ; therefore by Art. 19. the triangles are in 
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all respects equal, and L fad = fae. If the triangle adf 
be folded over on the line ap, it will exactly cover the triangle 

ABF. 



22. Problem. To bisect a given line ab. 

Upon ab describe the equilateral triangles 
abd and abp (Art. 2a) ; draw the line fd, 
cutting ab in the point o, then ac=cb. 

Precisely as in the last problem, it may be 
shown that ^ adf= Z. bdf; then in the 
triangles ado and bdo, we have ad=bd; 
do common to both, and Z.adc=/.bdc; 
therefore, by Art 16., the triangles are iden- 
tical, and ac=cb. 

23. Problem. From a given point 
C in the straight line ab to draw the 
perpendicular c d. 

With any opening of the compasses A — 
mark off of = og; on the side fg con- 
struct the equilateral triangle fgd (Art. 20.); join the points 
d and o ; and then od will be the perpendicular required. 

For in the triangles fdo and gdc, fo = gg, fd = gd, and 
dg belongs to both triangles ; therefore by Art. 19. the triangles 
are identical, and ^.dops^dö«; that is, dc is perpendicular 

tO AB. 




/ 

/ 









24. Problem. From a given point 
to let fall the perpendicular cd upon 
the straight line ab. 

On o as a centre with a sufficient open- 
ing of the compasses describe a circle 
cutting a b in the points p and o ; join p and o, g and c ; by 
Art. 21. draw cd bisecting the z. fog ; then od will be the per- 
pendicular required. 

If the triangle odg be folded over on the line od, it will ex- 
actly cover the triangle odf, because ^dcö=Zdcp, and 
og = cf. Therefore Z.odg = Z.odf, that is, od is perpendi- 
cular to AB. 
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25. Thsokem. The perpen4icnlar JKJ is the shortest lke 
tltot «an be drawn from the point d to meet the straight line 
ab. See fig. to Art. 22. 

Let do be pmduoed ntrtü cr=ie», and take any 'point a in 
the line ab; join ap and ad ; then Z acd and / acp will be 
right angles. If the triangle acf he foided **er ©n the line a c, 
it will exactly cover the taangle axd (why ?), and Aherefrre 
af=ad. Now by Art. ad+at is greater than dp; -or, 
what is the same thing, 2 ad jb greater than 2 cd ; and hence 
ad is greater than cd. Xbe same thipg may be shov/n f«r any 
other point in the line ab. 

26. Problem. To make 
the /_ b equal to the given 
ZA. 

On a as a centre with any 
opening of the compasses de- 
scribe the arc od, and on b 
as a centre, with the same opening of the compasses, descrifee .the 
arc po; with the compasses take off od, and on f as a cmtae 
describe an arc cutting the former in the point <j; join * and 
and then /Lfbg~ £ cad. 

Because the triangies spo.and acd .identical (Why}\ it 
foHows that the Z a. 

27. Theorem. The adjacent angles 

dca and dcb, which one straight line g 
makes with another, are iqgether equal 
to two right angles. 

i 





On c as a centre, with any radius, let' 
the semicircle bdga be dencribed; then 

it is obvious that the angles bcd and dca make up 180°, or 
twice 90°, that is, two right angles. 

Or thus. From the pomt c draw co at right angles to ab; 
then Z. oc a+ /_ gcb = two right angles ; 

Z.DCA= £l«<!A+ZM«; 

adding Z dcb to these equals, we have 
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/. DCA-h l_ DCB= / GCA-f Z. DCO+ Z'DOB, 

= Z-OCa + /. gcb = 2 right angles.* 

Obs. The angle dca k called the Supplement o£ the angle 
dcb, and the. angle do& is called its complemeuL 

Exercises on this Theorem, 

1. If Z.bcd = 40°, required its Supplement dca. 

^w*. 140° ; because Z.dca= 180° -40° = 140°. 

2. If Z.bcd = 35°, required its complement dcg. 

Ans. 55 ü ; because Z»cg =90° -35° = 55°. 

3. What part^f a right angle is 30°. Ans. £ part. 

4. If the circumference of a circle be divided into 6 equal 
parts, how many degrees are there in each ? 

Ans. 60° ; because the 6th part of 360° = 60°. 

5. What part of the whole circumference is an arc of 40°? 

Ans. £ part ; because 40° is just the part of 360°, 



28. Theobem. When two straight 
lines, ab and CD, cut each other, the 




opposite angles are equal. That is, ± 

2lAiyC«= «Hd Z.CEB=ZLAED. 

* Th£>coBfene o? this theorem is tfue, that is, if 
the straight line »c malus with es and c a the sum of 
the angles dcb and dca equal to two right angles, 
then cb and ca arein the* same straight line. 

From any poiat i in the «traight line ra tet ih ... 
be drawn, making the angle h lg equal to the angle 
dcb ; then by the above theorem, 

Zhig+ /hif = 2 right angles; 

but by hypothesis /dcb+ / dca = 2 right angles ; 

.*. Ihi&+ ZJHF«iBcs+ L dca ; 9 * & 

but Zhig=» Zdcb, therefbre, taking away these equal angles, we have 

L H1F= Z.DCA. 

Let the second figare now be placed upon the first, so that i shall feil 
upon c and ig upon cb; then ih will fall upon cd, because Zhig = 
L dcb ; and also, since L h i f= L d c a, i f will feil upon c a ; and there- 
fore, a sb will coincide with the straight line na, that is, cbouk! ca are 
in the same straight line. 
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By the last theorem, 

Z.aeo+Zcbb=2 right angles ; 
and also Z beb-}- Z oeb = 2 right angles ; 

bat things that are equal to the sarae thing are equal, 

.% L ABC+Z OEB=Z DEB+Z CBB. 

From these equals take away /. ceb, and then 

Z aeo= Z DBB. 
In the same manner it may be shown that Zoeb = Zaed. 

Applications. 

1. To find the breadth ab of a river wtthout crossing it. 
Let the surveyor stand at a, directly opposite to an object b 
on the other side of 
the river. With 
the cross staff, or 
the theodolite, he 
lays down the line 
ad perpendicular to 
ab ; he measures 
off any distance ac = cd, and lays down a line de perpen- 
dicular to ad ; he now places a staff at e in a line with the 
staff at c and the object b ; then the distance de being mea- 
sured on the ground, will be the same as the breadth ab of the 
river. For in the triangles cde and cab, we have cd=ca ; 
/[.dce = Z acb by the last theorem; and Zi>= ZA, being 
both right angles ; therefore, by Art. 17., the triangles are 
identical, and de = ab. 

2. To find the distance be- A B 
tween two objects, A and b, in- 
accessible from the öne to 
the other. Take any Station c, 
and measure the distances 
CB and ca ; on the line 
OB produced or continued, 
measure off ce = cb, and 
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on the line CA produced, measure off cd = CA; then 
the distance de being measured, will give the distance.be- 
tween the objects A and B. For in the triangles CDE and 
CAB, we have cd=sca; ce = CB, and Z.dce = £_ acb; 
therefore, by Art. 16., these triangles are identical, and 

DE = AB. 

29. Theorem. The exterior angle cbf of the triangle 
abc is greater than either of the interior 
opposite angles A or c. 

For let the triangle abo slide along the 
line af until the angle a conies to b, then it 
is piain that the Vertex c will be found at 
some point d to the rightof the side ob, and 
consequently the line bd must lie within the 
angle cbf ; that is, the angle cbf must be greater than the angle 
dbf, or its equal cab. 

Producing the side cb, it may be shown by the same process 
of reasoning, that the Z. cbf is greater than the Z. c. 

Having established this theorem, the following axiom will 
readily be admitted. 

Axiom. When the Z.CBF is greater than the Zcab, the 
lines bc and ac meet in a point on the upper side of af. 

30. Theorem. The two straight lines 
fg and kv are parallel when they make 
the same angles with a straight line dq, 
that is, when Z.fcs = Z.csv, or, what 
is the same thing, Z.QCG = Z.CSV. 

The lines cannot meet on the right side 
of qd, otherwise we should have a triangle formed; and then, by 
the preceding theorem, the exterior angle fcs would be greater 
than c 8 v, in the place of being equal to it ; in like manner the 
lines cannot meet on the left side of qd ; therefore the lines are 
parallel. 

The angles fcs and csv are called alternate angles; and qco 
is called the exterior angle to the interior and opposite angle 

8V. 

C 
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'31. Theoreil Jf out two »parallel straight Ums 
aa^i kt, täte altemate angle» FC« and CfiV .are eQual, *and 
afao the erterior angle <qcö is efual to rtbe inteiriox And 
opposite angle csv. See the Jast figon. 

For if the angle res were greater than the angle osv, the lines 
would meet and form a triangle on the right side of qd (Axiom, 
.Art 29.); and on .the contrarjr, if the angle fcs were less than 
the angle osv, the lines would meet on the left aide of qd; 
therefore, in order that fg and kv shoald neither meet onthe 
one side nor the other, we raust have L toiä / ;«nd 
l_ qoo= CSV. 

32. Theorem. The atraigtit lines ab and <cq, which are 
parallel to the «am* line üb, are 
parallel to each other. 















K 






B 

Let the straight line vk cut ab, ef, e f± 7 

»od cdu Than beoauae ai and er are 
parallel (Art. 31.), /. töb= L ; 
and also hecause ef and on are pa- 
rallel, ^tm= L vhf; therefore, by equaKty, Z. ^o« = 
/.vkd; therefore, by Art. 30., ab and od are parallel to each 
other. 

33. Probdest. Through a given pOTflt 
c to draw a straight line o /* parallel to a 
gi ven straight line ab. 

Frxjm xi draw ,any straight line cd to meet 
ab; from the point c (Art. 26.) draw c /, 
making the L dcf=£ ode ; ffoen o/-will be parallel *> A*B%y 
Art. 30. 

In practice parallel lines are most eaaily drawn T>y the 
triangulär *qnare deseribed at Art. 10. Place the edge ab 
of the «guare along the line k? {aee fig. Art. 30.), so that the 
edge ad shall pass through the given point c ; then draw 
the line sq; slide the Square along the line SQ imtil the 
angle a of the Instrument comes to c, then draw the line CG 
along the edge ab of the Instrument, and it will be parallel 
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to Wae giVen iine This raefitod of daswicg -parallel ltnes 
is move simple, and not les» meewra*e and lespedltious, -tlma 
thai toy ths.paraüdrrtder. 

34. Theorem. The extefior angle A k 

acd of a triangle bc A, is equal to ttoe 
snin of the interior and opposite anales 
b and A ; 'OTid moreover the sum df the 
three angles of the triangle is equal to * c 9 

two rigfatiangiea. 

Let es be drawn parallel to ba, «fhen'by Art.31., 
Z ecd = Zb; and Z. 
adding these equals together, we -haye 

Z. BCD+ aü^tJA^a^'B-är-^l A, th*t TS, £ ACTD = L B + Z A. 

To each side of this equality add Z. acb, then 

Z.jACD+ Z AOB= ZI B + Z A-4- Z. AGB ; 

But, by Art 27., the left-hand side of this equality is equal to 
two right angles ; 

Z. b 4- L A Z i«»=two right -angles, t>r 189°. 

Exercises anä . AppBaatwn*. 

1. If Za =^5°, and Zb = 42°, required Zactu 
Here Z a co = 25° -f 42° = 67°. 

2. If the eaterior Za-Cd^ 95°, and Z.As=öe° ; required 
fcfee Z.»* 

Here Z. Z a = Z acd, diaft w, Z b +96° =^5° ; takhrg 
SS° tfroa* each «de of ehe equality, Z. b = 50°. 

3. If Zb = 46°, and Za = 84*, required the remaining 
Zacb. 

Here, 46° + 84° + L a ob = 1 80° ; .\ ,Z acb = 50°. 

4. The angles at the base of a -triangle are 55° and 73° 
respeetively ; required the angle at the Vertex. 52°. 

5. Two Angles of a triangle are 70° «ad 80°, required th6 
remaining angle. Ans, 30°« 

c 2 
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6. In a right-angled triangle the angle at the base is 27°, 
required the angle at the Vertex. Ans. 63°. 

7. Show that the angles opposite to the base and perpen- 
dicular of a right-angled triangle are acute. 

8. Show that the sum of the angles opposite to the base 
and perpendicular of a right-angled triangle is equal to 90°. 

9. Show that the acute angles in a right-angled isosceles 
triangle are respectively 45°. 

10. The angle at the vertex of an isosceles triangle is 50°, 
required the angles at the base. Ans. 66°. 

11. To form an angle of 45°. 
Draw b c perpendicular to b a, then £ A b c = 90° ; , 

from b draw bf, bisecting the Z. abc (Art 2L), 
then L abf = \ of 90° = 45°. 

Bisecting the angle of 45° will give the angle n 
of 22£°, and so on. 

12. To form an angle of 60°, 30°, 15°. 

Construct an equilateral triangle abc (fig. Art. 20.), then 
the angles A, b, and c, will be all equal to each other, and 
therefore L A = J of 180° = 60°. 

Bisecting L A we shall form an angle of 30° ; and bisect- 
ing this latter angle we shall form an angle of 15°, and so 
on. 

13. The distances of three objects, A, b, and c, from each 
other, are given, viz. ab =12 miles, bc = 7 miles, and 
AC = 8 miles. At a Station d, in a line with the objects a 
and b, the surveyor found the angle bdc = 60°. Required 
the distance of the object c. 

Construct the triangle abc ; from 
A draw ao, making the angle bao = 
60° ; from the point c draw cd 
parallel to ao, then Z.cdb= Z.bao 
= 60° ; therefore D is the Station ; 
then dc being measured from the scale will give the re- 
quired distance =5*3 miles. 
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14. "Wishing to determine the distance between two in- 
accessible objects a and b, I measured a base line cd = 150 
yards. At the Station D, I found the Z.cda = 45 :> , and the 
Z.adb=22^°; then going to the Station C, I found the 
Z.dcb= 60°, and the L bca = 45°. Required the distance 
between the objects a and b. 

From the scale of equal 
parts set off cd = 150 ; 
from d draw the lines da 
and db, making the Z.cda 
= 45°, and the Z.adb = 
22-£-° ; from C draw the 
lines cb and CA, making 
the Z.dcb = 60°, and the 
Z.BCA = 45°; then the 
lines db and cb will inter- 
sect in the Station b, and 
DA and CA in the Station a ; c 
join a and b, and ab measured from the scale will give the 
required distance in units of yards =158 yards nearly. 

THEOREMS AND PROBLEMS RELATIVE TO PARAL- 
LELOGRAMS AND OTHER FOUR-SIDED FIGURES. 

35. Theorem. The opposite sides of a b £ 

parallelogram are equal to each other ; more- / N V 7 
over the diagonal db divides it into two equal /___\/ 
parts, and the opposite angles are equal to a 
each other. 

Because abcd is a parallelogram, so is parallel to ad, and 
therefore, by Art. 31., the alternate angles cbd and adb are 
equal ; in like manner the alternate angles cdb and abd are also 
equal. Then in the two triangles cbd and adb, we have the 
side bd common to both, Z. cbd = Z. adb, and L odb 
= L abd ; therefore, by Art. 17., these triangles are identical, and 
consequently cb = ad, cd = ba, and Z. o = Z. a. 

c 3 




Digitized by 



F3CKC0PUE8 OF GfflflMT.TgT, 



<2onversely» If ub=.aix, and cs!~*a» ttap abcd « a 
parallelogram, For, by ^rtlft* the tofcinglesiiBj» and.*®* will 
be identical, and Z.cbd = Z.adb; therefbre, by ^iL : 30., so is 
parallel to ad; and m fike manner Dt} is parallel to ab ; that Is, 
abos n a paraUelegrsm. 

36. Theorem. If ad and bc two equal parallel lin^s, 
ihen the lines ab and dc, joining the correspoading* sx- 
tremiti.es, are also equal and parallel. 

For in the triangles cbd and adb, £ oad = /, a&b» 
= da, and jdb is common lo both triangles; theiefore, by 
16., they are identical, and ab = dc, &c. 

37. Theorem. The paral- 
lelograms abfg and odkn are 
identical when ab=cd, bp 
= dk, and L abp = Z cdk. 

The triangles abp and cdk 
are identical (Art 16.); and also the triuigffei aop and cnk. 
(Arts. 35. and 19.) 

Let abfg be placed upon obkn, so that ab shaftoofreiäe 
with cd, then bf will fall on j>k, and the point p on k j and the 
triangle pag will exactly cover the triangle kcn; that is, the 
parallelograms are identical. 

3& Problem. To eonstruct <a rectangle abcd, littriag 
given the two sides ab and b c which contain 5t ; "viz. ab = 
36, and bc= 18. a 

From a scale of equal parts take \ \ 
off ab = 36 ; draw bc perpendicular f 

to ab, and from the same scale take 1 , 

bc = 18 ; on c as a eentre with ab B 
as a radius sweep an arc D ; on Aas a centre with bc as a 
radins sweep an arc cntting tke former in the point d ; draw 
the lines ad and cd; then ab cd will be the rectangle re- 
quired. For, since dc=ab, and ad=bc, it follows bj 
Art 35. tbat a&gd will be .a pacalklogram ; and moreover 
as L b is a right angle, it will also be a reetangfe. 

Cor. All the angles of a rectangle are right angles. 
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3fe Pböbebm. Toconstrtict a Square upon the given line 

Dm# BCf pwp^ndical«r to ab, »Ad «a&e bc'=ab; crti a 
and c a» emrtres, and with ab as a satöitts> 
desttribe »es« GH-ütmg eäsk otber in the 
pi»int»£ dtirirthe Kues» ai> and c»; tfeen» 
£&ci> will be tlte square requrfed. Swice, 
by conetruetion, fhe opposite side» oi the 
figure are equal, Art. £&, it will be * pa- 
ralMo^rasv; »od* as bc = ab, and Z b = 
a right angle, it will also fte » Square. 

Cor* A Square is a four-sided figure hariag all its srides 
equal, and all its angles right angles. 

Applitä&kfm. 

1. A nrtit qf iurßcce. In order to oompare surfaces* wfth 
each other, it is necessary that we should fix upon some tmft 
of surfoce. The nnit selected för fhis purpose is the Space 
included by the Iines forming a Square. Thus if the side 
ab, in the last figure, be a linear inch, then the Square abci> 
will contain an inch of surface, or 1 Square inch ; if ab he a 
linear foot^ then the Square ab et) will contain a foot of ' sur- 
face, or 1 square foot; and so on. The Student will there- 
fore not fail to observe, that a unit of surface is essentially 
different frorn a simple linear unit or unit of Iength. 

2. To find the units of surface in a rectanglt ab-cd*. Let 
AB=r4inches, and A0=3inches. Here, D 4 
by drawing the parallel lines through 
the divisibn* in the sides ab and ad, we 
evidently divide the rectangfe into unit» 
of Square inches. The nuraber of Square 
units in each horizontal rowwill obvi- 
ously be equal to the number of Knear 
units in the side a b; and the number 
of these rows will be equal to the num- 

c 4 
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ber of linear units in the side ab ; therefore the number of 
Square units in the whole rectangle will be the units in ab 
multiplied by the units in ad, that is, the units of surface in 
the rectangle abcd = ab x ad. The units of surface in a 
figure is called its area. In the example proposed, the area 
= 4 x 3 = 12 square inches. Hence the rectangle abcd is 
symbolically expressed by ab . ad, and the square abcd 
(Art. 39.) by ab . bg or ab 9 . Hence we have the following 
rule for finding the area of a rectangle. 

Rule. — Multiply the length by the breadth, and the pro- 
duct will be the area of the rectangle. 

Ex. (1.) Required the area of a rectangle whose length is 
9 ft. and breadth 7 ft. 

Here, area= 9 x 7 = 63 sq. ft. 

(2.) The side of a Square is 6 inches, required its area. 
Ans. 36 sq. in. 

(3.) Show that there are 9 square feet in a square yard. 

(4.) Show that there are 144 square inches in a square 
foot. 

(5.) Show that the square described upon the whole line is 
four times the square described upon one half the line. 

(6.) Show that a rectangle 1 foot long, and 1 inch broad, 
contains one-twelfth of a square foot. 

For additional exercises, see Problems in Mensubation. 

3. To measure the distance between two objects A and r, 
inaccessible the one front the other, by means of the cross 
staff. 

Lay down on the ground a straight line cd parallel to ab, 
by taking any distance bd = ac ; with 
the cross staff, Art. 10., find the point 
C where CA forms a right angle with 
the line cd; after the same manner 
find the point D; then the distance 
cd being measured will give the re- _ 
quired distance ab. For abdc will 
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be a parallelogram, and therefore the opposite sides ab and 
cd will be equal. 

4. To continue the straight line B m beyond the impedi- 
ment cdef. 

From the point m (with the cross staff, or by the method 
ezplained at Art. 48.) lay down the perpendicular line m a; 
on this line measure off m e = 1 chain, or any other conve- 
nient distance ; lay down the line c e per- 
pendicular toma; from any point b, be* 
yond the obstruction, lay down the line bd 
perpendicular to ce, and measure off bn 
= cm; from n lay down n a perpendicu- 
lar to h b ; then n A will be the continua- 
tion of the straight line b m, and c b being 
measured will give the distance between 
m and n. For m c b n is evidently a 
rectangle, and therefore m n = c b ; and 
as the angles bnA,bnm, cmn> and cmB 
are all right angles, n ▲ and b m will be in 
the same straight line with m n. a 

40. Theosem. The parallelograms bcda and bcfe, be- 
tween the same parallels bc and 
af, and on the same base bc, are 
equal. 

By Art 35. ad = bc, and also 
bp=bc; 

•*• ad = ep, because they are 
equal to the same thing, viz. bc. 
From af take away ad, and df will 
remain; again, from af take away 
bf, and ab will remain; therefore 
»f = ab, because *we have taken equal lines away from the same 
line. Now in the triangles dop and abe, we have dc=ab, cf 
= bb, and dp = ae; therefore, by Art 19., these triangles are 
identicaL 

From the whole figure bcfa, first take away the triangle ucf, 
and the parallelogram bcda will remain; then from the same 

c 5 




Digitized by Google 



34 



PBIKC1PLE3 €V GKOMBTBT. 



fignre BCPAi take awray the triangle abb, aad die paoücfegraHi 

bcfe will reniain ; 

,\ the parallelogram b c d a = the paraHelogram BaiE, 
becausc equal Spaces are here taken away from the sarae space. 

Application qf Chis theorem. 

Xa consent the paraüelögifam bofb (see tha.kat.flg-.) ktf» 
the rectangle bcdav Bromi €h<ypana&eJogi?am ÄG»K-eutaff 
the triangle cdf, and plaefl/ it on, ba,b;; the» a€PB! will b» 
converted intb the^rftctaagte bg©-4- 

From thia theorem it foüows« that the area» of a paralkW 
gram iß equall to the araa- of a- irectaagie having. the same 
base and perpendieular; höigbfc ; hanoe we havethe fclkmdag: 
rufe for finding the area ofc a paraHeloguan*. 

ifofc — Muitiply the linear uukfcinr the base by thfrünaac 
units in the perpendieular, and tha psodiurit wiü W tha. 
Square units in the: aurfaee o£ the/ pa&al&tagrana. 

.ßr. 1. Required the a*ea of the parallelogram bcfi, 
when die base bc = 12 fi, and the perpendiaukr heiglifc €?l> 
= 9ft. 

Here the aiea~lÄ x 108 1 Square, fett. 

2. Required the area of a, para]£dbgra«i whose baae ». 
5-5 ft., and. perpendieular &2 fr.. Aim> 17-92 «9. >*. 

3. Required. the aide of a Square, which shall contain* ik» 
same surface as a< parallelogram whose base ia, 16 yds., aad 
perpendieular height 9 yds. 

Let x =the n umher of feet fn the side> 
,\ x x ar, om 1 = the iramberof sq. ft in the square, 
and 16 X 9 =ä 144? = the nuinber of sq. ft. in the pavaUelogram,, 
/. by the question* x 2 = 144; 12 ft* 

4* Required the breadth of a rectangle 2Tfklbng-, wMcir. 
shall contaiir the same surface as the parallelogram oi'Ex. I. 

Ans^A. ßL 

5. The area of a parallelogram. i&.2Q4 sq. iL, and ita base 
is 17 ft..; required ks perpendieular heigbfc. ßi 
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41. Thbobe». If a paraUelögram 
ädgb and a triangle adf stand be- 
tween the same parsüels a l andl bg,. 
and on the same bas&AB, tfee. tri«3*gie 
will be. half the parallelogram 

For, draw d» parallel to- af ; then,, by Art. 35., the triangle 
adp =r half the parallelogram adgf j but. the parallelogram 
ADGF = the parallelogram adcb; therefore the triangle adp is 
also = half the pmllebgmm. a d am 

Cor. Triängles upon the same base and between the same 
parallels are equal. 

Application of this Theoxesou. 

1. To show that the rectangle rcöf 
containe double the surface of the triangle 
b c a. Let ad be perpendicular to the base 
bc ; then if ACG be cut off firom the reefe-. 
angle, it wiirexactlyfit theparüADO; and 
in like manner abf will- exaetly fit the 
part abb; thereby showing that "the rectangle is double the 
triangle: 

From this theorem it foüowa thafc the aisea af a triangle? is 
equal to half the area of a rectangie having the same base 
and perpendicular heightr hence we have the following rule 
for the area of a triangle. 

Rule. — Multiply the linear units in the base by the linear 
units in the perpendicular height, and half the product will 
be the aquare units in the surface of the triangle. 

Ex. (1.) In the triangle bca, the base bc = 7 ft., and the 
perpendicular Height ab = 8 ft., required the area. 

Here, area rectangle bcop = 7x8; 
but the triangle bca contains half this surface ; 

7x8 

,\ area triangle bca = — — = 28 sq. ft 

c 6 
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(2.) The base of a triangle is 25 in., and the perpendicular 
height is 22 in., required the area. Ans. 275 sq. in. 

2. To convert a crooked hedge abc into 
a straight one, without altering the size of 
the two fields abcf and abcgh. 

Join ac, and draw bq parallel to it; 
then join aq, and it will be the direction 
of the hedge required. 

For since the triangle agq is equal to the triangle aob (Cor. 
Art. 4L), the area aqf will be equal to the area abcf. 

3. Let dabcf be the section of a 
railway cutting, it is required to con- 
vert it into the equivalent area daqf. 

Here the process is precisely the same as 
in the preceding problem. 

42. Theobem. .The trapezium 
adcb is half the circumscribing 
reetangle grpq, having its side gk 
parallel to the diagonal ac. 

By Art 4L, 

The triangle abc = half the reetangle aofq; 
The triangle Ado = half the reetangle acro ; 
therefore, by adding these equals together, we have 

The trapezium ad ob = half the reetangle grpq. 

Application of this Theorem. 
From this theorem we derive the following rule for finding 
the area of a trapezium. 

Eule. Multiply the diagonal by the sum of the perpen- 
diculars let fall upon it, and half the produet will be the area 
of the trapezium. 

Because gq^do + bw, therefore by the last theorem, 
grXgq Acx(no-l-Bn) 
~2 ~~ 2 ' 




Area adcb = 
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Ex. 1. The diagonal ac of a trapezium is 26 ft, the per- 
pendicular b» = 8 ft., and Do = 6 ft, required the area. 

Here the sum of the perpendiculars, or gq = 8 + 6= 14 ft. 
Area circumscribing rectangle grpq = 26x14; 
but the area of the trapezium ad ob is half this rectangle ; 

26x14 A 
/. Area adcb = — - — =182 sq. ft 

5J 

Or thus : Area triangle abc= - = 104 sq. ft. 

26X6 TQ A 

„ „ ado = —5— = 78 sq. ft 

# \ Area adcb= 104-1-78 = 182 sq. ft. 
2. Required the area of a trapezium, whose diagonal is* 
18 yds., and the perpendiculars upon it, 5 and 4 yds. 

Ans. 81 sq. yds. 

43. Theorem. The trapezoid ab cd, having the sides ab 
and DC parallel, is equal to half the parallelogram afgd, 
having the same altitude, and whose base af is the sum of 
the parallel sides ab and dc. 

Draw ch and be parallel to ad or d c e g 
fo; then the triangle übe will be 
identical with the triangle cbh ; and 
because bf = cd, the parallelogram 
bfge will be identical with the paral- a 
lelogram ah od ; therefore the trapezoid 
ogfb will be identical with the trapezoid ab od, since the- 
parts of the one exactly fit the parts of the other. Hence it 
follows that the trapezoid ab cd will be half the parallelogram 

A FOD. 




Application of this Theorem. 

From this theorem we derive the following rule for Und- 
ing the area of a trapezoid. 

Rule. Multiply the sum of the two parallel sides by the 
perpendicular distance between them, and half the product 
will be the area of the trapezoid« 
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Ex. 1. Required the area of a trapezoid ab cd, when 
AB = 6.ft, DC=r4tft., and the perpendieular chstanee btc= 

Hm thasumof the parallel sides af=-64-4> = 10," 

Area rectangle a f q d = 10 x 5 ; 

but the area of the trapezoid a bod is half this rectangle ; 

1 & 10x5 - 

/. Area ABCD = — - — = 25 sq. ft. 
Z 

2. The parallel sides of a trapezoid are 9 and 10 ft. re- 
spectively, and the perpendieular distance between them is 
8 ft., required the^rea. Ans. 76 sq.ft. 

44. Theorem: The Square of the whole line de is equal 
to the Square» of tfoe two parts df and 
fe, togetber with< tiwive> tfee rectangle of 
those parts. That is, de 2 =tdf 2 +fe 2 

4r2 DJ* EÄ, 

Äet b MB* . be tfee square on b*e, and »po h 
tae Square on: bf;. then produeing jpg tu o, 
and ho to k, the part cbkg will be the Square ö F m 
on ob or fe (Why?); and the rectangle 
aogh will be identical with the rectangle feko (Art 37.) ; but 
this rectangle is contained by the lines fe and bk, or ee and df* 
Now the whole: Square beb a is made np of the square dfgh, 
the square cbk^ together with the two rectangles acgh and 
fekg; 

.\ DE^DF^+FB 8 -f~ 2 DF . FB. 

This tÜeorem may als* be readily establisbed by- algebra* For 
this purpose, let BF = a, fb= &,.then, 

\a+b)* = a* + b 2 + 2ab; that is, 

(BF+FE) 2 , Or BE 2 =DP 2 + FE 2 + 2 DF. DE ... (l). 

After the same manner. we baTe,.putting. « =r d e, 
(a—b) 2 = a 2 +6 2 - 2 ab ; that is, 

(»S- FE) 2 , Or DF* = D E 2 -f FE 2 — 2 DE . FE... (2); 

that is, the square described on the difference of two lines is equal 
to the sunr of the Squares of those lines diminished by twice 
thek nsctaAgb?.. 

And also, o 2 — 6 2 = («+ 8) («— *) ... (5) ; 



G 
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that is r the diftercnce af the square» of sny two^Hne» is equar to 
the rectangle on their sum and difference. 




THE FORTY-ötVfiSCPH FSDffOSKTIOH OF BltfCId®* AÄD CERTAIN 
PROPERTIES. OB RIGHT -LIXED FIGÜBES DEPBHDING 
UPQN IT- 

45. Theorem. The Square described upoa the hypotennse 
ac of a right-angled triangle. abo is equal to the sum of the 
Squares described upon the other two.sidea; that is^AC 2 = 
ab 2 + CB 2 . 

Let a crp be a Square described. 
oir the hypotenuse ao. On the line 
ob produöed take bp=ba; crraw 
pawdlel to ba, and aq parallel t& 
bp: then because the L abo- i* a 
right angle, the /_ abp will also be. 
a right angle; therefore abpq will 
be a square ; in the same manner let 
the square bcks be conötructed. 
Draw bg parallel to ap; q-d OO'ac; 
and ph to ab ; then 

Z cap=Z. BA*, berng e&ch a right angle ; 
to» these equala add ,/.gajb> then. 

L cab-t- L oab = Z. baqH- £_ cab; /. ^baf= £ oaq. 

Now in the paralktogMuna abhf and acdq, we have af 
stac; ab = aq; and the anglea ineluded by these sides 
also equal, that is, ^.bap = /1caq; therefore, by Art. 37., 
these parallelograms are identical. But by Art. 40. the square 
ABPQ = the parallelegram acdq; and the rectangle afg-b = 
the parallelogram abhp; and since things that are equal to the 
same thing are equal ; 

.*. the square a b p q = the reAangle aföe. 
In precisely the same way, the other square cbsk is proved 
equal to the other sectangjle obce; therefore the sum of the two 
Squares abpq and cbsk are together equal to the two rectangles 
afgb and ca ob, or the square aqbf. 

Cor. 1. The hypotenuse ac is greater than either of the 
sides ab or bc: because ac 2 is greater than ab 2 , therefore 
ao will be greater than AB; 
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Cor- 2. From each side of the equality, ab 2 -f cb 2 = ac?, 
take away cb 2 , .\ ab 2 = ac 2 — cb 2 . 

Applications of the preceding Theorem. 

Ex. 1. The two sides of a right-angled triangle are 8 and 
6 ft. respectively, required the hypotenuse. 
Let x = the units in the hypotenuse, then 
a? 2 = 8 2 + 6 2 =100; 
taking the Square root of each side of the equality, 
*/100 = 10. 

2. The sides of a right-angled triangle are 16 and 12 ft. 
respectively, required the hypotenuse. Ans. 20 ft. 

3. When the hypotenuse is 25, and one of the sides is 
15, what must be the other side ? 

Let #=the other aide, then 

* 2 +15 2 =25 2 ; 
taking 15 2 from each side of this equality, 

* 2 = 25 2 -15 2 = 400; 
taking the Square root of each side, 

ar= ^400 = 20. 

4. When the hypotenuse is 30, and one of the sides is 24, 
what must be the other side ? Ans. 18. 

46. Given the base bc, and perpendicular ac, 
of the right-angled triangle abc, to find the per- 
pendicular cp upon the hypotenuse. 

Ex. 1. Let bc==21, and ac=28, then, / \ 

ab 2 = 21 2 +28 2 ; /. ab = 35. 

Now the area of the triangle abc may be found in two 
ways. 

, . 21x28 _ . . 35Xcp 

Ist, Area abc = — - — ; 2nd, Area abg = — - — ; 

2 2 

but things that are equal to the same thing are equal, 

35xop 21 X28 

2 2 ; 

from this equation we find, cp= l6*8. 
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2. Bequired cp, when bc = 24, and ac =s 32. Ans. 19'2. 

47. Given the three sides of the 
triangle abc to find; Ist, the segment 
of the base bd ; 2d, the perpendicular 
ad ; 3d, the area of the triangle. 

Ex. 1. Let bo = 20, ba = 10, and 
AG =12. 

Put «p ss bd, then d c = 20 — w, 

Now, from the right-angled triangles ADB*and adc, we can 
find two independent expressions for ad 8 . 
See Cor. 2, 

ad 2 = 10 1 — a*, and also ad 2 = 12 2 - (20-a?) 2 - 
But these expressions for the same thing must be eqoal. 

•\ 12 2 -(20-.*)2 = 10 2 -* 2 .. 
From this equation we readily find x = 8*9, which is the seg- 
ment BD. 

To find the perpendicular, we have ad 2 =s10 2 — 8*9 2 , and 
/. ad = 4-55. 

Hence the area of the triangle = — * * ^ = 45*5. 

2. Required the same as in the last example, when ac == 
6, ba = 4, andcB==5. 

Ans. bd =*5, ad =3*96, and area = 9*9. 

48. To raise a perpendicular on the ground by means of 
the chain or tape line. 

From the given point D, in the chain 
line ab, let it be required to lay down 
the perpendicular dc. 

Measure off d w = 30 links; with / 
one extremity of the chain at m extend */ 
90 links along mnv, then if a staff be 

put at n, making Dn==40 links, and/« / 

tnn=- 50 links, the line nn produced will 
be the perpendicular required. 
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For mnn wfll be a tigfet-angled triaag*e> since 4*»5 2 
and any multiple of 3, 4, and 5, will have the same property. 

49. Theorem. In an obtuse-angAed triangle, 
the Square of the side ab subtendiog the 
obtuse angle, is greater than the &um of the 
Squares of the othter two sides, bc and. A»c» 
by twice the rectangle o*f the base bc and the b 
distance cd of the perpendicuiar from the obtuse angle. 
That is, ab 2 = bc 2 + ac 2 + 2 bc . cd, 

By Art, 44. we have, 

bd 2 =bc 2 -|-cd 2 4-2bc , od 
adding ad 2 to these equals, we have, 

BÖ^f AD 2 = BC 2 -f C D 2 -f A D 2 -f 2 BC . C D ,* 

but bd 2 + ad 2 = ab 2 ; and od 2 + ad* = ac 2 ; 

AB 2 '=BC*-|-AC 2 -f 2bC . CD. 

50. Theorem. When the side ab, 
subtends an acute angle, then 

a b 2 = BO a 4- A«f£— 2 BC.CP. 
By Art. 44. equality (2), ^ 

BD 2 = BC 2 + CD 2 — 2 BC . CD ; 

adding ad 2 to these equals, and proceeding as in the last theorem 
we have 

BD? + AD 2 = »C 2 +•« B*+ A D* - *BK) . OB f 
,\ AB 2 = BC 2 + AC 2 — 2 B6\ ÖD. 

51. Theorem. In any triangle abc, if 
CD be drawn from the vertex to the 
middle of the base, then we shall have, 

AC 2 + cb 2 = 2 ad 2 -f 2 CD 2 . 

Draw ce perpendicular to ab, then fcom the tBi&aaglcs 
ADO and dbc, by the two preceding theorems, we hm% 

AC 2 = AD 2 + CD^-h 2 AD . DB 
CB 2 = BD 2 + CD 2 — 2 BD . DP 





D E 
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Adding these equalities togetfeer, *a«d obs«ramg fhat ai> 
= bd, we have, 

AC 2 + CB 2 = 2 AD 2 + 2 CD 5 . 



RATIO OP LINES AND SÜRFACES : SIMILAR TRIANGLES. 

52. The ratio of two lines, or itrdeed quantities «f any 
kind, is their relative naagnitude. Thus, if the line cd 
contains five units, and ab three c i . t ? ■ \ d 
tmits, then cd will be five timea 

the third of ab,*ot, as the ratio ** * « — ^* 

is usually expressed, £?-=f; thus it will be eeen that tke 
ab 3 

ratio of cd to ABis the number of times tfcat jl<b3s contained 
in cd. 

In like manner if äie swrfoce 
of the Square fs contains nine 
square units, and the Square AC 
four sqnare units, then the gar- 
face fs will be nine times the 
fourth of the surface ac, pr 

FS__9 

Whea we kave an ecjuality of ratio, tjie teraa* Awan a 
panopoDtioa * thus, if we 3iav« 5?='?, we«haM »Isoiia^e tfae 

A>B a 

Proportion cd : ab! 15 l 3. Or A B 

generally, if 1toe ratio of ab to 
cd is eqjaal to the ratio of jef 
to jai, we shall kave, 

■ — ... (1) 



AB 
CD 



Expressing this equality of ratio in the usual form of a 
Proportion, we have, 



ab : cd: :ef : hi 



(«)> 
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which we express in language by saying, 
ab is to cd, as kf is to HI. 
From the definition (1) of this proportion, we readily find 
by multiplication, 

ab . hi = cd . ef . . . (3) ; 
that is, in any proportion the product of the extreme terms 
is equal to the product of the middle or mean terms. 
From this last equality we have by division, 
AB CD .... 

— = — , or ab : ep : : cd : hi ; 

EF HI 

hence it appears that if four terms are in proportion, as in 
eq. (2), then they will also be in proportion when we inter- 
change the places of the two middle terms. This is called 
alternation of the terms. 

Similarly we have, cd : ab : : hi : ef ; 
where the terms of the proportion in (2) are inverted. 

Again, let a : b : : o : d, and also a : b : : e : f, then o : d 

: : b : f. Because, from the first proportion we have, - = 

BD 

and from the second then by equality ■?•=—, and 

bf ' ^ D F 

/. o : d : : b : f. 

Various other properties may be readily deduced.* 

* It is highly desirable that the Student should koow something about 
the doctrine of Umito, and its applicatipn to the proof of certain geome- 
trical theorems. Let a + cx=b + eybe an equation such that a and 6 are 
constant, but ex and ey admit of being diminished to any extent we 
please, by decreasing the variable quantities x and y ; then we shall have 
a=b, and cx=ey. 

For we have, by transposition, cx—ey=*b—a: 
now if b is not equal to a, let the difference be spme constant quantity r, 
then cx—ey=r* From this equation it appears, that the difference of 
cx and ey cannot beconie less than the fixed quantity r, which is con- 
trary to the hypothesis ; therefore we must have a—b > and cx=ey. This 
constitutes the principle of the method of limits. Here, by diminishing 
x and y, the values of a and b approximate to each other, so as to render 
their difference less than any quantity which can be assigned. The pro- 
posed equation taken at its limit gives a=b. 

The rule given at page 34. may be more rigorously establbhed by 
the application of this principle. 
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53. Theorem. Let CA be divided into any number of 
equal parts, ce = er = rs = . . ., and let eA, rm, sp 9 . . . be 

2fo rectangles abcd anJ asfd, having the tarne altitude ad, are to eacÄ 
ofAer at their bases a b and ab. 

First let the bases be comraen- d p / c . 

surable, or exaet multiples of 
some otber line ; and suppose a b 
to be divided into five equal parts, 
and tbat ab contains three of 
them; from each point of the 
division ereet a perpendicular to 
the base, then five equal rectangles will, thus be formed; but abcd 
will contain five of them, and aefd three of them, 

abcd 5 AB 

• =-» or — ; 

AXFD 3 AK 

or, in the form of a proportion, 

abcd : akfd :: ab : AB. 
It is obvious that precisely the same reasoning may be applied, wbat- 
ever may be the ratio of ab to ab. 

Second, let the bases be incommensurable : suppose ab to be divided 
into any number of equal parts, and let e be the point in the division 
nearest to x, then, because ab and xe are commensurable, 
Ae/p 
abcd" 

but because xc/f and x« may be reduced as small as we please, whilst 
the other quantities remain constant, we have by the principle of limits, 



Ae ab fd xe/x 

= — , or + — — = 

AB ABCD ABCD 



ab xe 

— +— ; 

AB AB 



ABCD AB 

• The rectangles abcd and a b fi are to each other ae theproduet of their 
baees by their aUUudee. 

Froduce if to h, then by the preceding D c 

theorem, 

ABB I AB , , ABCD AD 

= — , and also = — ; 

ABFI AB ABHI AI 

multiplying these equations together, 

ABCD AB.XAD 



AXFI AB X AI 

Let ai and ab be each taken unity, then aefi will be a unit of 
surfitee, and 

.'. the units of surface in abcd=ab x ad, 
where a b and a d are understood to mean the number of linear units con- 
tained in them. In this sense, therefore, we say that the area of a 
parallelogram is equal to the produet of the base by the perpendicular. 
As a triangle is one-half the parallelogram having the same base and 
altitude, the area of a triangle is measured by one-half the produet of the 
base by the perpendicular. 
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drawn parallel to as, tfaen ob •will bcdivided into £he Arne 
Bumber of «cpual parts, c&=Äm = mp = . • . 

Draw £», mo, ...parallel to oa; Abb the 
triangles o«A and Änm will be identical*; be- 
cause of the parallel Knes, thnr wül be * 
parallelogram, and therefore nfc== r«^«p, 
Z i»ä» == Z kce, and Z Anw = Z oe*^ thfl»^ 
fore, Art. 17., Aro = cÄ. In pmcisdy the 
same way H inay be shown {hat mj» = c*, and 
sp on. 

Cor. Taking any of the points r in Ca, it follows tbat Cr 
will be contained in CA üb mazny tinoes as cm is contained in 
cb, that is, 

oa ob 

«r*A T«or::«e» 

or of» 

54. Theorem. TCgpiiangiflar triangles 
are similar, m bam& their Ukc «ides 
proportional 

Let abc and*KPGbe two eqtnangular 
triangles, hav&g Za==Z*» /b=/.e, 
and .% Z C = Z G, tben will 
oa * ob * * o& * or, 

For, take er = gk, and cm = op, and join Jto>pmts.rtaiid4»£ 
then the triangle cr*n will be identical with gjef. Stnöe Z 
Z k or Z a ; therefore (Art. 30.) rm is parallel to ab. 

Let er and rA be divided into anyammber of equal pmsta ; now 
if lines be drawn, from the points ©f division, parallel «to ab, 
then, by the last theorem, the liöcici» will faß cut dato the mmut 
nunAer of parts that there are in ©r, and ob into the same 
number of parts that there are in oa. Heiice it follows that er 
or ok will be contained in o a as naany tisnes as om or o ras con- 
tained in ob ; that is, 

OA OB 

— =s — , or«cA * ok:*..cb : gf; 

QK G.F 

and by alternatkra, Art. <j a : ob ::«k .: g-f.* 
* If the lines er and ca are incommensurabl^, that w, if >the pacts into 
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Applications ff the prtcedinjj Theorem. 

1. To di viele a given line ab into any number of eqiufl 
£>arts; let the number öf parts be .Tour 
for example. 

JProm A. draw any straight line ac, * 
and with any opening of ihe com- \ \ \ 

passes mark off the four equal parts aj — V o b 
ad, de, ef, and TO ; join the points 
c and b, and draw yG, eh, and di parallel to cb ; ihen Alst 

1H=HG = GB. 

.2. The Diagonal Scale. In this scale übe equal division» 




L »TD WIPO 



R 10 30 SO 70 90 Sl 



whioh er is difided do not enetry divide the line ca, then the theorem 
maylbe established in the following manner: — 

Litt er be divided into any number of equal parte, »«! measure dfT one 
of them from r towards ▲ ; let An be the portion ia flfccess, ifien dt&w+tv 
parallel to ab. Becanse cn and er are commensurable, we have, by the 
above theorem, 

cn cv 
er cm' 

but c»aCA + An, and cv^cb + bv, by Substitution, 



CA + An CB + Bü 



CA An 
or — + — = 
er er 



CB BV 

: + . 

on cm 



-er 'cm 

By ineieatixg the 'number of'dWistons. in er, tfae excess An and bv may 
be made as small as we please ; therefore, ~ and ^ may be indefinitely 
decreased, .and then we ultimately must have, (see note, Art 52.) 

CA CB 

er cm 

'Ulis theorem may also be proved precisely öfter the method given in 
the note to Art. 64k« 
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eb, BS, st, &c, are supposed to contain 100 parts ; eb being 
divided into ten parts, each part will contain 10 units ; and 
the diagonal lines being drawn from 10 to l, 20 to 10, 30 to 
20, &c, enable us to take off units ; for example, the dis- 
tance from k to i will be 401 ; and taken on tbe horizontal 
line 3 from px to the diagonal L 10, will be 402, and so on. 
As a further illustration, let it be required to take off 354 ; 
first extending the compasses from o to 50 will give us 350, 
and for the 4 units, carry down the left point of the com- 
passes on the vertical line ov until it comes to the fifth 
horizontal line ; then extend the other point of the compasses 
until it reaches to the intersection of the diagonal line 50 
with the horizontal line marked 5, and it will give the dis- 
tance 354 required. 

3. To find the height ab of an object by means of a 
mirror placed horizontally _ 

at c. Let the surveyor _s|^b 
be at d, when he observes 
the reflection of the top of 
the object b ; then as the 
angle of incidence of a 
ray of light is always 
equal to the angle of re- 
flection, it follows that 
Z.acb=^.doe, and the triangles acb and dce will be 
«imilar ; hence we have 

DE.OA 

dc * de:: ca : ab; .\ ab = . 

DO 

For example, suppose the surveyor finds by measurement 
CA = 100 ft., D c = 6 ft., and the height of the eye de = 5 ft., 
then. 

The height of the object ab = 5X ^°° =83^ ft 

4. To find the height of a tower by means of the shadow 
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of a pole. Let ab be the beight of the A 
tower and bc its shadow ; dc the height 
of the pole and cb its shadow ; then as 
the sun's rays ac and de (forming the ex- 
tremities of the shadows) are parallel to each other, it follows 
that Z.BCA. = L ced, and therefore the triangles bca and 
CBD are simflar. 




ob : od:: bc ; ab;. 



od . BC 



(Ex. 1.) The shadow cast by a pole 10 ft. long is 7 ft., re- 
quired the height of a tower which at the same time casts a 
shadow of 140 ft. 

In this case we have, 

7 : io:: 140 : AB=200ft. 

(2.) Required the same as in the last example, when c d 



Ans. 80 fl. 




=5 ft., c e=4 ft., and b c=64 ft. 

5» To find the distance b a of an object a 
without approaching it. By means of the 
cross staff or theodolite, lay down the line 
bd at right angles to b a; take b c and 
G D any convenient distances, and place 
a staff at c ; lay down d k at right angles to 
b d, and put a staff at k so that it may be 
in the same straight line with c and A, and then measure D k. 

Because Z.bca = Z.dck, and Zb = /. d, being each right 
angles, the triangles boa and cd k are simüar. 

.% ob: bk::ob: ab; /. ab= pk * CB . 

OD 

(Ex. 1.) Let b c=40 ft., dc=20 ft., and DK=60ft., then, 

20 : 6o:: 40 : AB=ri20ft 

(2.) Eequired the distance ab, when bc=4 chains, dc= 
1 chain, and de =3 chains. Ans. 12 chains. 

6. To measure the height of an inaccessible object c b by 
means of the geometrical square. 

i> # 
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The geometrical Square consists of a 
Square frame, nser, having the edges, s e, 
e r, and r n, divided each into 100 equal 
parts ; a plummet, s o, Längs from the 
corner * ; and on the edge n s are two 
sights, which enable the surveyor to direct 
the edge n s towards the summit c of the 
object. By this instrument the elevation 
of an object is readily determined by the 
property of similar triangles. 

Case I. When the plummet cuts the side r n. 

Let s d be parallel to the horizon, and d b the height of 
the instrument from the ground. Measure the base line * d 
and the height D b of the instrument ; direct the sights n 
and s to the top c of the object, and then observe the number 
of parts in n o. 

The triangles n o s and s j> c are similar, for since s o is 
parallel to c b, the L n s o= Z «cd, and L n= L i>, being 
each of them right angles. 

ns .sd. 



TIS II SD 



CD = 



And the height c b = 



ns .SD 



n o 



+ DB. 



n o 

Ex. 1. Let s d=66 ft., n o=20, and D b=5 ft. Here we 
have, 20 : 100 :: 66 : c d = 330 ft. ; and c b = 330 -f- 5 = 
335 ft. 

2. Required the height cb, when «D=60ft., no=50 
ft., and the height of the instrument D b=6 ft. Ans. 126 ft. 

Case IL When the plummet 
cuts the edge r e. 

In this case the triangles oes 
and s d c are similar, and then 



we find, c b = 



eo. st> 



-f DB. 



Ex. 1. Let 5D=66ft., co = 
€0 andtDB=5ft. 
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Here, 100 : 60 : : 66 : oi> = 39*6 ; and *\ ob = 39'6 + 5 
= 44 6 ft. 

2. Required cb when s d= 100 ft., co=80, and db= 
5 ft. Ans. 85. 

55. Theorem. The areas of equiangular or similar tri- 
angles are to each other as 
the Squares of their like 
sides. 





Let abc and fgk be the 
equiangular triangles ; let fall 
the perpendiculars cd and ki, 
then the triangles acd and fki will also be equiangular (Why ?) 

AB^AC OD AO 

* * FG FK* KI "**PK ' 

multiplying these equals together, we have 



j-AB, OD AC 2 



that is, 



AreaACB ao ! 



FK 

.2 



_ ; or . 

2 y FOi Kl 



= — | ; and this expressed in the form of a 



proportion, becomes 

Area acb : Area fgk:: ac 2 : fk 2 . 
In general it may be shown that the areas of all similar 
figures are to each other as the Squares of their like sides.* 
Exercise. From a given triangle, abc, (see fig. Art. 
54.) let it be required to cut off a part, r m c 9 equal to one- 
fourth of the area a b c, by a line r m parallel to the side a b. 
Here, Area abc ; Area rmc cb 2 ; cm 2 ; 
or 1 : cb 2 : cm 2 ; 

.*. cm 2 = —r~ 3 and cm = 

4 2 



THEOREMS AND PROBLEMS RELATIVE TO THE 
CIRCLE. 

56. Theorem. A straight line c d, drawn from the 

* Def. Similar figures bave their several angles equal, each to each, 
and the sides about the equal angles proportional. 

D 2 
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centre c of a circle, to the middle point d of a chord A B. is 
perpendicular to that chord. 

The triangles cdb and cda are exactly aüke, 
for cb = ca, db = da, and cDbelongs to them 
both; therefore /odb= Z.c»a, that i% the 
line cd is perpendicular to ab. 

If cbe be folded over on the line cde, the 
pomt b will fall upon a, and the arc b e will 
cover the arc ea. Hence it follows that the 
line which bisects the chord also bisects the arc 

The converse of this theorem is also trne ; that is, if cd 
be drawn at right angles to a b, it will bisect it, and more- 
over the arc aeb will be bisected in the point e. 

Because cb = ca, the triangle abo will be isogoeles, and there- 
fore Z b = Z. A ; then in the triangles cbd and c ad, we have cd 
common to both ; the angles at n equal, being right angles ; 
Z. b = Z. a ; and therefore (Art. 34.) die reraaining Z. bcd will 
be equal to the xemaining Z. aod ; hence it follows (Art. 16.) 
that the triangles are exactly alike, and therefore db=ad. 

Cor. A line d c bisecting any chord ab at right angles 
passes through the centre c of the circle. 

Exercises. 

1. The radiuß ac of a circle is 10, and the chord ab is 
16, required the perpendicular c ix 

Here AD=|-AB=:j of 16=8 ; then from the- right-angled 
triangle adc, we have, 

cd 2 = ao 2 -ad 2 = 10*-8*= 36; /.cd=6. 

2. Eequired c d, when ac = 20, and ab = 24. Ans. 16. 

3. Required ab, when ac = 15, and cd = 9. Ans. 24. 

4. The radius A c = 5, and the versed sine d e = 2, re- 
quired the chord. ab. 

Here cd = ce — d e = 5 — 2 = 3; then, 

ad = a/5 2 - 3 2 = 4, and /. a b = 2 A d =r 2 x 4 = 8. 

5. Required ab when a c = 8, and d e = 3. Ans. 12 49 

6. Required a c, when a b = 64, and d e = 16. 
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Let ar = AC? then ad of ©4= 32; € D'srCB — di 
= ar — 16 ; and 

/. AC 8 =r AD 2 -f DC 2 ÖT X* =r 32 a -f (# — 16)*; 

solving this eqnatibn we find ar = 40. 

7. Required a c, when ab = 8 feet, and de = 2 feet. 

Ans. 5 feef* 

&T* Problem* To find the eentfce of 
a given circle ABD; 

Draw any two chord» a b and. bi>;- bisect 
these chords by the perpendicttlars p c and 
<*e, interaecting eack other in the point e ; 
then this point will be the centre of the 
circle. 

Because, by the last theorem, the centre of the circle will He in 
the line fc; and for the same reason, it will also lie in the line 
gc; therefore it mvst be in the intersection e. 

58. Peobleät. To draw & circle throagh. three given 
points, a, B, and d. (See the last figurei) 

Join two of these points by the etöradght Unem ab and Bl> j 
bisect these laues by the perpendieulars p •© and/ ö c, and the 
intersection c will be the centre of the circle. Then onctti 
a centre, with. the radius C A, describe the circle abd, 
passing through the given points» 

Application ef this problem. 

1. To construct an arch. Let a b the span of a» arch, 
and d f its perpencficnlar 
height. Find, by the prece- 
ding problem, the centre c of 
the circle to pass through the 
given points A,p,ands. Divide 
the arc afb into any conve- 
nient number of equal parts ; 
join these points of division and the centre <T, and' it will 
give the joints of the arch-stones. The arch-stones, being 

D 3 
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in the form of a wedge, mutually prevent each other from 
falling. 

2. To construct a gothic arch. Let ab be the span of 
the arch. Upon a as a centre, and with the radius a b, 
describe the circle B c ; and then upon 
b as a centre, with the same radius, 
describe the circle a c, intersecting the 
former in the point C ; divide the arcs 
A c and b o into any convenient num- 
ber of equal parts; join these points of Ä ~b~ 
division in the arc A c with the centre B, and those in the 
arc b c with the centre A, and it will give the joints of the 
arch-stones. 

3. To construct an arch when 
the intrados ab is a straight line. 
Divide the span A b into any con- 
venient number of equal parts ; 
and upon ab construct the equi- 
lateral triangle abo; then c in 
this case will be the centre to 
which the lines, forming the joints of the stones, must be 
drawn. 

89, Theorem. A line a e perpendicular to the extre- 
mity of the radius D A is a tangent to the circle. 

For take any point g in the line ab, and 
join g and the centre of the circle d ; then, 
since d ag is a right-angled triangle, the hypo- 
tenuse na (Cor. 1. Art. 45.) will be greater 
than da or dhj and consequently the point 
g must He without the circle ; and as the 
same thing may be shown for every other 
point in the line ab, it follows that this line 
only meets the circle in the point a, or, in other words, ae is a 
tangent to the circle. 

The converse of this theorem is true, that is, if ae be a 
tangent to the circle, the radius da will be perpendicular to 
AE. 
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For since the tangent ae lies entirely without the circle except 
at the point of contact a, the point o will he without the circle, 
and any line dg will he greater than the radius dh or da; in 
other words, da will he the shortest line that can he drawn from 
D, to meet the line ae; and therefore (Art 25.) da is perpen- 
dicular to ae. 

60. Theorem. An angle acd at the centre c of a circle 
is double the angle abd at the circumference, upon the same 
arc aed. u 

There are two cases in this theorem: first, 
when the centre C lies within the angle abd, and ( 
second, when the centre c lies without the angle 

ABD. 

Join sc, and produce it to e. The triangle aob 
isisosceles; and .\ ^.cba=Z.oab; hut by Art. 
34b the extenial Z. aoe= Z.CBA + Z.CAB; 

L A0E=2Z.CBA. 

In precisely the same way we have, 

/. DCE = 2/.CBD. 

Then, in order to prove the theorein in the first case, we have, by 
adding these equals, 

Z.A0E-f-Z.D0E = 2 Z.CBA + 2 Z.OBD; /. L A0D = 2Z.ABD. 

To prove the theorem in the second case we have, hy sub- 
tracting, 

/.DGB— A0E= 2 Z.CBD — 2 Z.CBA; .\ L ACD = 2 ABD. 

Cor. 1. All angles bad, bed, &c., Standing a r 
on the same arc, are equal, and they are mea- 
sured by half the arc bd: because each of 
these angles is equal to half the angle bcd. 

Cor. 2. The angle adb in the semicircle adb is a right 
angle : because it is measured by half the Q 
arc acb, or|of 180° = 90°. 

Cor. 3. If aq be a tangent to the circle at 
the point a, then the L daq, cut off by the 
chord ad, is equal to the Z. b, at the cir- 
cumference of the circle, Standing on the arc 
ad cut off. 

D 4 
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For «mce ab iß a diaraetet, Z<*AB.= a «gbt angle j <tout 
Z.*s=a right,angLe; 

from theae e^uals take.away ^dab; 

Applications of the precndwg Theorems. 

1. On a given line ad, to describe a circle adbc, whieh 
shall contain the angle b äqual to a ,given Angle. (See the 
laßt figure.) 

Draw aq, making the angle daq equal to thegiaren angle 
(Art. 26.). Draw ab perpendieular to aq ; from d draw jaq, • 
making the angle ADO equal to das; then o will he ithe 
centre of the eircle uequired. (Cor. & Art 40-) 

2. The distance between two objecto a ,aod 3» is 3 aftäea. 
(See the preceding figure.) A surveyor Aakes the angle 
apd (=45°) which the two objects form at the Station p; 
he then measures pd (= 4 iniles). itequired to find by cqp- 
struction his distance from the object A* 

Ans. li&er 3l8 amiles. 
T?rom a seale of equal parte take ai>-= 8 ; -and by the 
last exercise describe a circle acbd to contain the angle 
äpd = 45° ; then on D as a centre, with ä radius containing 
4 parts of the Beate, describe an .anc cutting the circle a-c d 
in the points p and B ; join p A, and it will be tke distance 
required. It is obvious <that the are described upon i>aa<ft 
centre will cut the eircle a c d in two pointo p aad s ; besäe 
the question admits of two answers ; that is, the units in pa 
or b A*will satisfy the oonditians of the iquestioa.* 

3. The distances of three objects a, b, and c, from each 
other are as follows : a b=12 miles, b c=7'2 anües, and a o 
=8 miles. From a Station d, I took the angles b i>c=25°, 
and c d a=19°. Required my distance from the object c. 

Constrnct the triangle abo; from b draw b e, making the 

* Thii problem admits of another method of construction. 
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ZABÄ>=19% that iß -the same ras 
/.cda; in like manner fr&m 4* 
draw a e, making the .Z.bab=5=25°, 
that is the same as L bdc ; ihrough 
the three points a, b, and e (Aüt. 
58.) describe the ekele a db e; join 
C e and produce it nntil it intereect 
the circle in the point J>, then this 
point will be the Station, and the 
nnits in dc will be the distance 
reqnired =16 miles. Because T>y Art 60^ £ a b e = L a^m, 
and Z.BAE— Z.bdb. 

4. To describe the arc of a circle through three given 
points K> b, and c, without 
finding the centre. "Fix »two 
pins at A and c ; take two 
latus, ab and cb, and fix 
them in the maimer shown in 
the figure. Move the trian- 
gulär frame, thusformed, round, constantly keeping the sides 
b A and bg pressing agamst the pins A and c ; then a pencil 
applied at the Vertex b will trace the circle required. This 
method is frequently employed~by workmen when the radius 
of thecirele is verj great. 

5. To find the joint nmofan arch a«b, 
without knowing the centre of the cirdle. 
On eaoh side of the given point n take n A 
= »b; draw ab and Trisect it wifh the 
perpendicular cnm (Art. 22.) ; lihen nnt -will be ihe joint df 
tjhe arch-stone required. Vor mc will evidently run to the 
centre of the circle. 

6. To draw a perpendicular ad to a given lme ab Crom 
the extranity A. 

n 6 
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On any point casa centre, with ciasa radius, describe 
the circle ad g, cutting the line ab in g ; 
join GC, and produce it until it cuts the 
circle in the point d ; join da, and it will 
be the perpendicular required. Because 
dag will be a semicircle, and therefore 
the L a will be a right angle. 

61. Theorem. If two straight lines cut 
each other, in the point f, either within or 
without the circle, the rectangle of the parts 
of the one is equal to the rectangle of the 
parts of the other, that is, fb . fa = fo . fd. 

Join ao and db; then, in both figures, the 
triangles fdb and fac are similar ; because, 
Cor. 1. Art. 60., Zo=Z.b; Zf of the one 
equals /. f of the other ; and therefore the re- 
maining /, fdb of the one will be equal to the 
remaining /, fao of the other ; hence we have, 
by Art. 54., 

fb : pc : : fd : fa ; .\ fb . fa = fo . FD. 

Cor. 1. When cad, in the first figure, is a semicircle, and 
af is taken perpendicular to cd; then fa-fb, and 

/. FA 2 = FC . FD, 

that is, the Square of the ordinate in a semicircle is equal to 
the product of the abscissa. 

Cor. 2. Let the line fb, in the second figure, revolve 
on the point f until it comes to touch the 
circle, as in the annexed figure; then the 
part ab will vanish, and fb . fa will become 
fa 9 ; in this case, therefore, we have, 
fa 2 = fc . fd; 

that is, the Square of the line touching the 
circle is equal to the product, or reetangle, of the whole 
secant into the part without the circle. 
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Applications of the preceding Properties. 

1. To determine the correction in levelling, arising from 
the earth's curvature. 

Let ab be the direction of the level line 
taken from A, then ab will be a tangent to 
the earth's surface at A ; and therefore if c 
be the centre of the earth, ab will be perpen- 
dicular to ac. Draw BQ throughthe centre 
C; then in the distance ad, the deviation 
of the apparent from the true level will be the line bd ; but 
by Cor. 2., we have, 

« ab 2 

BQ.BD = AB 2 j /. BD= . 

BQ 

But as bd is, in all actual surveys, very small as compared 
with the diameter of the earth, the line bq may be taken 
equal to dq, without incurring any sensible error; and for 
the same reason ab may be regarded as the same as ad. 
Let d=zVQ, the diameter of the earth (796^0 miles nearly), 
theo, 

AB» 

bd=-j-. 

If ab be taken one mile, then BD = y^g miles, = 8 inches 

nearly. Hence for eyery mile of survey the true level, or 
surface of the earth, is 8 inches below the apparent level. 

2. To find the distance at which an object may be seen at 
sea. 

•J^et the height of the object bd = A ; and the distance ab 
= c ; then we have as before, 

d.BD = AB 2 , that is, dh = c 2 ; .\ c= */dh. m 

Ex. 1. The Peak of Teneriffe is about 2£ miles above the 
level of the sea ; at what distance can it be seen ? 

D 6 
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Here, h = 2£ ; .\ c = V7960 x 2£= 141 miles. 

Ex. 2. The top of a tower was seen at the distance of 25 
miles, required its height. Ans. AlAfeet. 

Ex. 3. At what distance may the Peak of TeaerifFe be 
seen from the top-mast of a ship 80 feet above the surfaoe of 
the sea? Ans. 152*04 miles. 

Ex. 4. If a mountain 1 mile above the level of the sea 
can be seen at the distance of 89 miles, what must be the 
diameter of the earth ? Ans. 7921 miles. 

62. Theorem. When thedistance ab, between'the oentres 
A and B of two circles, is equal to the aum of «their radii ac 
and cb, the circles will touch each other externally. 

The circles will obviously pass through 
the point c, but they will have no other 
point in common ; for let d be any pomt in 
the circumferenee of the lircle a.; join ad 
and bd ; then, in the triangle adb, the 
sides adH-db will be greater than the ade ah; fromvthis in- 
equality take away ad or ac, then db will be greater than cm, 
that is, the point d must lie without the circle b; and the sarne 
may be shown for any other point in the circle a. Therefore the 
circles will only meet each other in the point c ; that is, they will 
touch each other in this point. 

63. Theorem. When the distance ab, betweenthe centres 
a and b of two circles, is equal to the difference of the radii 
ad and bd, the circles will touch each other internally. 

Proceeding as in the last theorera, let o be a point 
in the circumferenee of the smail circle dp ; join 
bc and ac; then, in the triangle abc, the side 
ac will be less than the sum of the sides ab+bc; 
but since bo = bd, therefore ab + bo = ad; and 
consequently ac will be less than ad, that is, the 
point c lies within the large circle d e ; and the same may be 
shown for any other point in the am all circle d f. Therefore, &c 
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Applications of the ttoo preceäing Theorems. 




1. To draw a Cima recta abq. Join 
aq, and bisect it in the point b; bisect 
ab by the perpendicular dc ; take at 
pleasure any point d in this Jine as a 
centre, and with the radius bb describe 
the arc ab. Join i>b, and produce it 
until bp = bd; then on p as a oantre 
with the radius pb describe ihe aue bq. 
It is obvious from Art. 62., thätthe circles -touch each öther 
in the point b, and therefore the Serpentine curve. abq fanms 
a continuous line. 

2. To describe an oval cvdt. 
Divide the major diameter cd 
into three equal parts in the points 
q and R. On Q and r as ceatres 
describe the circles ctx and dz v, 
intersecting each other in the 
points s and T. Join tq, and 
produce it until it intersects the circle ctx in the point t.; 
then on t as a centre, with the radius tt, describe the ätc 
tz; and in like manner on s as a centre describe the arc 
xv. The.arcs here described will obviously touch each other 
in the points x, z, v, and x. 

By dividing cd into four equal parts a more elongated 
oval may be formed. 

3. To describe a Spiral cal. Take 
G for the eye of the Spiral, and e g = G F 
as the radius of the amallest semicircte 
B hp. On g as a centre, with the given 
radius ge, describe the semicircleEHF; ' 
then on e as a centre, with the radius 
ep, describe the semicircle pik; now 
on g as a centre, with the radius gk, 
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describe the semicircle klm; and so on to any extent, 
observing to take the. centres g and E alternately. 

64. Theosem. In the same or equal circles the angles 
acb and dqk at the centre 

are in the ratio of their arcs 
ab and dk. j 

Let, for example, the an- * \Y j 
gles aob and dqk be to each A 
otber as 3 to 2, that is, let the * 
lines cp, ob divide the Zaob 
into three equal parts, and qo the Z.dqk into two equal parts; 
then Z.acp=Z.dqo, and the sector aof will be identicai with 
the sector dqg, and also the arcAF = the arc dg, and so on 
(Art. 13.); consequently the /. aob will have the same ratio 
to the dqk that the arc ab has to the arc dk; that is, 

/aob arc ab . , „ . 

= , or in the form of a proportion. 

dqk arc DK 

Z.AOB : Zbqk:: arc ab l arc dk.* 

65. Problem. To inscribe a Square in a given circle. 

* If the angles are incommensurable. Let the less angle dqk be 
placed upon the greater, so that Zace= Z dqk, and arc ae = arc dk; 
then if the theorem above demonstrated is not true, let 

Zicb : Z dqk :: arc ab : arc ao. 

Conceivc the arc ab to be divided into auy number of equal parts, each 
of which is less than eo, then there will be at least one point i of the 
division between k and o. Then by the above theorem, we have, 

Zacb: Z aci :: arc ab : arc ai. 

Nov in these two proportions the antecedents are the same ; 

.*. Zdqk: Z aci :: arc ao : arc ai. 

Here arc a o is greater than a i, and if therefore this proportion be true» 
Z dqk must be greater than Z aci; but this is not the case, on the con- 
trary it is less; hence it follows, that it is absurd to suppose that Z acb 
J Z dqk : : arc ab I an arc a o greater than ab. 

In the same manner it may be shown that the last term of the propor- 
tion cannot be less than ab; hence it follows that ab itself must be the 
fourth term, that is, 

Zacb: Z dqk :: arc ab : arc ab or dk. 
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Draw two diameters bd and ac at right 
angles to each other ; join the points a,b,c,d; 
and then abcd will be the required Square. 
For in the triangles abe and ade, we have 
be = ed, ae common to both, and the 
Z.BBA = iiDEA, being both right angles; 
therefore the triangles are identical; and 
ab = ad; in the same manner it may be 
shown, that ad = dc = cb. Moreover, because bad is a semi- 
circle (Art. 60.), the Z.bad is a right angle ; hence abcd is a 
Square« 

An octagon may be inscribed, by bisecting the arcs ad, 
dc, &c., and joining these points of division. 

JSxercises. 

1. Let r = the radius of the circle; required the side of the 
inscribed Square. 

From the right-angled triangle aeb, we have« 

AB*=BE a + AE 2 =2r*; .\ AB=*V2. 

2. The radius of the circle =4; required the area of the 
inscribed Square. Ans. 32. 

3. The area of the inscribed square=18; required the 
diameter of the circle. Ans. 6. 

66. Problem. To describe a circle about a given Square. 
Let abcd be the given Square (see the last fig.) ; draw the 

diagonals ac and BD, cutting each other in the point E; then 
these diagonals will bisect each other, making ea=ed=ec 
=eb (Why ?). Therefore e will be the centre of the cir- 
cumscribed circle required. 

67. Problem. To describe a Square about a given circle. 
Draw two diameters, fk and eh, at right a e d 

angles to each other ; and through the points 
f, h, K, and e, draw ab, bc, cd, and da, 
touching the circle; then abcd will be the 
Square required. 

Let it also be required, to inscribe a circle B H 
fhke in a given square abcd. 
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68. Problem. To inscribe a regulär JwMtfigon in a jgiven 
circle. 

Suppoee the problem done, and that 
abod, &c, is the inseribed hexagon; 
draw the radii ag and bo. Now the 
l_ a ob = i of 360° = 60° .; and because 
ga = gb, the Z.oab = Z.gba; and as * 
the sum of all the angles of the triangle is 
equal to 180°, it will be readily säen that 
^gab or Z.gba = 60°; therefore the 
triangle agb is equilateral, and hence the 
ade of the inseribed hexagon is equal to thcrsÄustf the ohrele. 

Cor. 1. The chord of 60° is equal to the radius. 

Cor. 2. By joining the points a, c, and E, we should ob- 
viously form the inseribed equilateral triangle. 

Cor. 3. Regulier polygam are not anly equilateral, but 
also equiangular ; thus, L abc = L bcd = &c 

69. Problem. To inscribe a circle in a 
Let abc be the given triangle; bisect 

the angles bca and cba (Art. 7SL) by the 
lines cd and BD meeting each other in the 
point D ; from D let fall dp perpendieular 
to bc, then dp will be the radius of the 
inseribed eincle. 

Draw de and dg perpendieular to ba and 
■CA ; then the triangles bs>f and bbc will be F c 

identical (Why?) ; and therefore d&=pf. In like manner it 
may he shown that dg = dp. Hence the circle described on 
the centre d, with the radius d f, will pass through the points f, e, 
and g; and by Art. 59., the circle will likewise touch the sides 
of the triangle in these points. 

JExevd&es. 

1. Let r=DP, the radius of the inseribed circle, *the side 
BC=a, ba=c, and AC=o; required an expresaon for the 
area of the triangle. 

Here the triangle abc is made np of three triangles, vis. bcd, 
oda, and bad. 




grven triangle, 

A 
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Area bcd = aX Area cda = Z>x ~; Area baj> = c x -i 
.\ Area Asc = ax |-+6x| + cx ~ = '(a+& + c) 

2. The two perpendicular sides of a right-angled tri angle 
are 8 and 6 ; required the radius of the inscribed cirele. 

Ans. 2. 

3. The base of a right-angled triangle is 18, and the hy- 
potenuse k 30 ; required thexadius of the.in^cribed circle. 

Ans. 6. 

70. Theorem. A circle may be described about, or in- 
scribed within, any regulär polygon, and conversely. 

Let abcd, &c, be a regulär polygon ; 
through the three points b, o, and d, 
(Art. 58.) describe a circle, of which the 
centre is o, b / and c' being the middle of 
the chords bc and cd. Join ob and 
ob ; then if the quadrilateral oc'de be 
folded over upon oc', it will exactly 
cover the quadrilateral oc'oB(Why?); 
and therefore oe = ob, that is, the ciroW 
will also pass through the point e of the 
polygon. In precisely the same way it may be shoran that the 
circle which passes through the points c, d, «ad e, wül.ateo pass 
through the next point a of the .polygon, and so on. 

Again, as bc, cd, de, &c, are all equal chords, the perpendi- 
-culars ob', od', ob', &c, will be all equal to eadh other, and 
therefore the circle described on o as a centre, irith the radius ob 7 , 
will touch the chords in the pointe b', e', d', &c, that is, the circle 
will be inscribed in the polygon. 

As tbe angles bog, cod, &c, are all equal to each. other, 
each of these angles will be a certain part of W0° indkated 
by the number of sides in the polygon. To in3cribe a 
polygon, therefore, in a given circle, we must divide the 
circumference into as many equal parts as there are sides in 
the polygon, and then these pomts being joined will give the 
polygon required. And in the case of the eircumscribed 
polygon, we must draw tangents to these points of division. 
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71. Theorem. The area of a regulär polygon is equal to 
the rectangle of the perimeter (or sum of the sides) by half 
the radius of the inscribed circle. 

Let fo be the radius of the inscribed 
circle, theo, 

the area of the triangle pba = abx}fo. 

Now if there are n sides in the poly- 
gon, there will be n triangles identical 
with FBA, 

,\ Area polygon = n x ab x fg ; 
but n x ab =s the perimeter, 
,\ Area polygon = the perimeter x^- fo. 

72. Theorem. The perimeters of two regulär polygons 
of the same number of sides are to each other as the radii of 
the circumscribed c 
circles ; and more- 
over their areas 
are to each other 
as the Squares of A ^ 
the radii. 



Let i and s be 
the centres of the 
circumscribed cir- ° 

cles ; then the triangles ibc and slm are equiarigular, and 

BO I LMÜIB : SL. 

If n be the number of sides in each polygon, then multiplying 
the first and second terms of this proportion by n, we have, 

n Xbo * nx lm :: in : sl ; 

that is, the perimeter of the polygon abcd, &c. is to the peri- 
meter of the polygon klmn, &c. as ib is to sl. In like manner 
it may be shown that the perimeters are to each other as the 
radii of the inscribed circles. 

Again, by Art. 55., we have, 

Area abi : area kls : : ai 2 : ks 2 ; 
or, n x area abi ; n x area kls : : ai 2 : ks 2 ; 

thatis, the area polygon abcd, &c. is to area polygon klmn, &c 
as ai 2 is to ks 2 . 
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73. Theorem. The chord ab is less than the convex 
curve apb ; and the line adb is longer than the convex 
curve which it envelopes. 

First, as ab is a straight line, it must be 
shorter than any other line apb which can be p^"** 
drawn between the points a and b. a "b 

Again, if apb is not shorter than all the lines which enclose it ; 
among these, some line adb must be shorter than all the others. 
Draw the straight line fc touching the curve in the point p and 
cutting ad and db in p and c ; then as fc is shorter than fdc, it 
follows that afcb must be shorter than afdcb; but by hypo- 
thesis, afdob is the shortest line, which is absurd; hence the 
hypothesis is false, and therefore the enveloping lines must be 
longer than the convex curve apb. 

74. Theorem. The circum- 
ferences of circles are to each 
other as their radii. That is, 
cir. circle ca : cir. circle OQ 

::ca:oq. 

If tbis theorem is not true, oa 
l oq:: cir. circle ca * cir. of a 
circle greater or less than oq. First suppose it less, and if possibie 
let ca : oq : : cir. circle c a : cir. circle ot. 

Draw nm, touching the circle ot in the point t; produce ot to 
p, and let pk be a quadrant of this circle. Take away the half 
of pk, and then the half of the remainder, and so dn, until we 
have an arc pv less than pu ; draw vq perpendicular to op ; 
then vq will obviously be a side of a regulär inscribed polygon : 
let ab be the side of the polygon, inscribed in the circle oa, 
having the same number of sides : then, Art 72., 

per. polygon ab l per. polygon q v : : ca I oq. 
But by hypothesis, 

oa * oq * * cir. circle ca : cir. circle ot; 
/.per. poly. ab l per. poly. qv : : cir. circle ca l cir. circle ot. 

Now, this proportion is false, for (Art 73.) the per. polygon 
ab is less than the cir. circle ca, whereas the per. polygon qv is 
greater than the cir. circle ot; therefore it is impossible that ca 
can be to oq as cir. circle ca is to a circumference less than the* 
cir. circle oq. 
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In precisely the same way it may be sbown> that it is im 
possiblethat od am be to ca as the cir. circle oqjXs to a circum*- 
ference less than the cir. circle ca; or, what amounts to the same 
thing, o a can not be to oq as cir. circle CAis to the cir. circle 
greater than oq. 

Having shown that the fburth terra of eur proportion can 
neither be less nor greater than cir. circle oa, it föllows that, 

ca * o q * I cir. circle ca : cir. circle oq. 

7& Theorem. The area o£ & circle ia 
equal to the rectangle contained by its eir- 
cumference and : half tlie radius : that is, 
area circle cd = cir. circle gd x % cd. 

For if cir. circle cdx}cd is not equal to 
the area of the circle whose radius is cd, it 
must be equal to the area of a circle either 
greater or lest, Let us suppose it to be equal to the area of a less 
circle whose radius is cf; that is, if possible, tet cir. circle 
cd x £ ob = area cirele of. 

Draw ov, a tangent to the point f; and join cv, cufcting the 
circle of in p. Let fn be a quadrant of the circle cf; take 
away the half of fn, and then the half of the remamder, and so 
on, until we have an arc fi less than the arc fp ; take fa = fb, 
then' ab will be the slde of a regulär potygon circumscribed about 
the circle c f. By Art. TL, the area of this- polygen = its peri- 
meter x £ gf. Bat. this perimeter ia less thaw the cir: oirrie cd, 
and also o» i» lese tiian od ; therefore the area of the* polygen is 
less thw* ch* circle eox^ cPy wtrich by suppositiam is equal to 
die area af tfas circle or ; tbat is, the area« of the polygen is less 
than the area of the circle cf ; but it is mamfestly greater, since 
the circle lies whally within» the poiygon hence it is impossible 
that cir. circle od*x£- cd can be equal to a circle tess than the 
circle cd : and by a similar construetion about the circle od v, it 
may be shown that it is not greater. Therefore, &c 

Cor. Let «=the circumference of a circle whose diameter 
is unity, then as the circumferencea of circles are to each 
other as their radii or diameters, we shall have, (see figure 
first to Art. 74.) 

# * 7 circum. abg 71 1 I 2 ac ; 

circura. abo = 2 vXao; 
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and then by the foregoing theorem, 
area abo = circura. aböx|ic 

= 2 TT X ao x -j- ac = ir X ao 2 . 
Here as v is a constant quantity, it followa that the areas 
of circles are as the Squares of their radii. 

In order to find the area of a given circle we must be able 
to determine the numerical valne of t ; this will be done in 
a fhture article. 

76. The two preceding theorems may be proved'. more 
easily in the following manner : — 

Let abd and qvg be any two circles, 
having the common centre c. Suppose the 
circumference of abd to be divided into any 
nnmber of indefinitely small parts ab; 
produce ob to v, and ca to q; then if ab 
is contained in the circumference abd » 
times, qv will be contained ti timea in qvo. 
As ab is very small (and it may be taken 
as small as we please), it may be regarded as a straight line, and 
then aob and\Qc? will be similar triangles, and hence we have 

ab • qv : : ca • cq; 
or, n X ab : »x qv : : oa : oq ; 

hat n x ab = cir: circle ex; and n x qv = ein. circle cq; 

.". cir, circle oa * cir. circle cq;; ca ; oo, 

which establishes the theorem Art.. 74. 

Againy area cab=abx|oa, 

»V »X area oab = n x ab x ^ ca* 

that is, area circle ca = cir. circle cax|ca ; 
wWch establishes the theorem, Art. 75. 




THEOREMS, ETC. RELATIVE TO PLANES AND SOLIDS. 

77. DEFINITIONS. C 

L If ab and CD be two planes cutting A _ 
each other in ef, this line is called the ! 



common section. ' ^ 

2. A straight line is perpendicular to 
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and let 



a plane when it is perpendicular to every 
line meeting it in that plane. Thus let 
ba be perpendicular to the plane lmn, 
&c, and from the foot a of the perpendi- 
cular, let any straight lines al, am, &c. 
be drawn in the plane ; then the angles 
bal, bah, &c. will all be right angles. w 

3. Let ab be the common section of two planes 
fg and lm be drawn, in these two planes, 
at right angles to ab ; then the angle lcf 
is the measure of the inclination of the two 
planes. If the angle lcf is a right angle, 
then the plane albm is said to be perpen- 
dicular to the plane afbg. 

4. Let gh be a plane, and a c a straight 
line inclined to it ; from c let fall cd per- 
pendicular to the plane, and join ad ; then 
the angle cad is the inclination of ac to 
the plane gh. 

5. Parallel planes are such as being 
produced ever so far in every directum 
will never meet. 

6. A prism is a solid whose ends are parallel, and identi- 
cal plane figures ; and the sides or faces which connect the 
ends are parallelograms. A prism is named according to 
the figure of its base : thus, a triangulär prism is one that 
has a triangulär base, a rectangular prism is one that has a 
rectangular base, and so on. 

7. A parallelopiped is a prism bounded by six parallelo- 
grams, every opposite two of which is parallel 
and identical. A rectangular parallelopiped 
has all its faces rectangles. A cube is a 
Square prism, having six equal square faces. 

3. A cylinder is a prism having circles for its ends. It is 





Digitized by 



PRDfCIPLES OF GEOMETRY. 



71 




formed by the revolution of a straight line be 
about two equal and parallel circles ab c. and 
dep, and this revolving line is always parallel 
to the axis gh, which joins the centres of the 
two circles. 

9. A pyramid is a solid, having any right- 
lined figure for its base, and all its side faces 
plane triangles, whose vertices meet in a point 
called the Vertex of the pyramid. 

10. A cone is a pyramid having a circular 
base. It is formed by the revolution of the 
line eb about the fixed point e, the other ex- 
tremity B being constantly kept in the circum- 
ference abc of the base. The line ed, joining 
the vertex and the centre of the base, is called 
the axis of the cone. In a right cone this 
axis is perpendicular to the base. 

11. A sphere is a solid bounded by a 
curve surface, which is everywhere at the 
same distance from a certain point called 
the centre. A sphere is formed by the 
revolution of a semicircle about its dia- 
meter. This diameter is in consequence 
called the axis of the sphere. 

12. The altitude of a solid is the perpen- 
dicular drawn from the vertex to the base. 

78. Theorem. If a straight line ap is perpendicular to.' 
two other straight lines PC and 
pb, cutting each other at its 
foot in the plane gh, it will 
also be perpendicular to the 
plane gh. 

Through p draw any straight 
line pq in the plane oh ; draw 
bc, through any point q in the 
straight line pq. making bq = 
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qg; then from the triangles bop and bca, vre ha*» by Art. £KL, 

PB 2 + PO 2 = 2 PQ 2 + 2 QC 2 ; AB* + A<3 2 = 2 A4* 2 + ä-QC 2 -; . 

subtracting the first equaüty from the second, 

AB 2 — PB 2 + AO 2 — P0 2 =2 AQ 2 -2 P^ ; 

but from tbe right-angled triangles apb and apc, we have, 
ab 2 — pb 2 = ap 2 , and ac 2 — pc 2 = ap 2 ; 

.\ 2 AP 2 = 2 AQ 2 - 2 PQ 2 

and ,\ a p 2 = a q 2 — pq 2 , or aq 2 = ap 2 -f pq 2 . Hence afq 
is a right-angled triangle, and ap is perpendicular to pq. 

Cor. 1. It is evident that there can be only one perpen- 
dicular drawn from a given point a to meet the plane gh, 
.and that this perpendicular is the shortest line. 

Cor. 2. Let ap be perpendicular to the plane gh, and bg 
&ny line in that plane ; if from the foot p of the perpendicu- 
lar, the line pq be drawn perpendicular to bc, then qa> 
drawn to any point in the line ap, will be perpendicular 
to BC. 

Take bq = QC, and join ce, bp, ba, CA; then the triangles 
bpq and QPC will be identical (Art. 16.), and therefore pb= 
pc. The triangles bpa and cpa will also ba identical, and 
therefore ab = ac. The triangles abq and acq will be 
identical (Art. 19-), and therefore L aqb = L AQC, that is, 
aq will be perpendicular to bc. It is evident that bc is 
perpendicular to the plane apq. 

Cor. 8. If ap be at right angles to each of the three 
straight lines pb, pq, and PC, then these three straight lines 
will be in the same plane. 

79. Theorem. Two planes a and b perpendicular to the 
same straight line ab, are parallel to each other. 

If possible, let the planes meet in a 
point p ; join ap and bp ; then, because 
the line ab is perpendicular to the two 
planes a and n, the angles pab and pba 
are right angles, and therefore ap is pa- 
rallel to bp, which is contrary to the sup- 
position ; therefore the planes cannot meet 
in p, and must therefore be parallel. 
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Cor. If a and b be two parallel planes, and ab is perpen- 
dicular to one of them, it will also be perpendicular to the 
other. 

80. Theorem, If two parallel planes a and b be cut by 
a third plane cqkd, the intersections CQ and de are paral- 
lel. (See the last figure.) 

For as the parallel planes cannot meet, neither can the lines 
cq and dk drawn in these planes. But cq and dk are in the 
same plane, therefore they are parallel to each other. 

Cor. The parallel lines od and qk, between two parallel planes 
a and b, are equal. 

81. Theorem. If ab is perpendicular to the plane gh, anj 
line cd parallel tp ab will be perpendicular to the same plane. 

Let a plane pass through the parallel lines ab 
and cd, cutting the plane gh in the line bd ; in 
the plane oh draw ib perpendicular to bd, and 
join da. 

By Cor. 2, Art. 78., ib is perpendicular to 
the plane abd; therefore L idc is a right angle ; 
but the Z- odb is also a right angle, because ab 
is perpendicular to bd, and cd is parallel to ab. 
Now as cd is perpendicular to the two lines di 
and db, it is therefore perpendicular to the plane oh. 

Cor. 1. Conversely, if ab and od are perpendicular to 
the plane gh, they will be parallel ; for the line cd, which 
is parallel to ab, is by this theorem perpendicular to the 
plane gh, and there can be only one line drawn from the 
point d perpendicular to the plane. 

82. Theorem. Two lines ab and cd parallel to a third 
line ep, are parallel to each other. 

Let o h k be a plane perpen- A 
dicular to bp; then the lines 
ah and ck, being parallel to 
bg, will by the preceding the- 
orem be perpendicular to the 
plane ghk, and therefore, by 
Cor. 1., they will be parallel to 
each other. 

s 
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83. Theorem. If two angles abc and def, have the »des 
ba parallel to e r>, and bo to if, then those angles will be 
equal. 

Take ba = ed,bo=ef, and join the 
different points in the figure» 

The figure ab ed is a parallelogram 
(Art. 36.); and therefore ad = be; for a 
aimilar reason b c f e is a parallelogram, and 
therefore cp = be. 

Now because a d and o r are both parallel 
and equal to b e, it follows, Art. 82., that 
ad is parallel and equal to c f ; therefore 
A o f d is a parallelogram, and therefore d f 
= ag. Hence the triangles abc and def are identical, and 
il abo = Z. »bf. 

84. Theorem. If the straight line bd is perpendicular 
to the plane mn, any plane abd passing through bd will be 
perpendicular to the plane mn. 

Let a d be the intersection of the 
plane a b with the plane m n ; in the 
plane m n draw d o perpendicular to 
ad; then as b d is perpendicular to the ^ 
plane m n, the £_ bdo will be a right 
angle ; but this angle (Def. 3.) measures 
the inclination of the plane a b to m n ; 
therefore these planes are perpendicular 
to each other. 

Cor. If the planes ab and ob are perpendicular to a third 
plane mn, their common section bd will also be perpendicu- 
lar to MN. 

For from the point d let a perpendicular be drawn to die plane 
m Ny then this perpendicular must obviously lie in the plane a b, 
and for the same reason it must also lie in the plane o b, there- 
fore it must form the common intersection of the planes. 

85. Theorem. If any prism abcl be cut by a plane pa- 
rallel to its base, the section will be equal to the base. (See 
figs. 1 and 2 to Art. 90.) 

Let ohi be the parallel section. The two parallel planes abc 
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and ghi being cut by the plane aboi, the line 10 will be pa- 
rallel to ab (Art 80.) ; in like manner oh will be parallel to bo, 
and so on to all tbe other sides ; but, by the definition of a prism, 
ai and bg are parallel ; therefore aboi ia a parallelogram, and, 
Art. 35., ig= ab; in like manner oh=bc, and so on to the other 
sides; that is, ioh and abo are mutnally equilateral. Again, by 
Art 83., l_ g= Z. b, h= JL o, and so on to the other angles; 
Hence, it follows that the section ich will be identical with abc. 

86. Theorem. If a cy linder abcg be cut by a plane pa- 
rallel to its base, tbe section dfe will be a circle equal to the 
Läse. 

Let acho and bikh be two planes passing 
through the axis km, cutting the section dfe in 
the points f, e, and l ; then by the definition of a 
cy linder, bf is parallel to ml; and, Art 80-, lp is 
parallel to mb; therefore bflm is a parallelogram, 
and then lf=mb ; and in the same manner it may 
be shown that le=mc, and soon. But mb is the 
radius of the circle abo, consequently dfx is a 
circle equal to abo. 

87. Theoreh. In any pyramid Qeda, a section parallel 
to the base is similar to tbe base, and these two sections are 
to each other as the Squares of their distances from tbe 
Vertex. 

Let ced be a section parallel to the base 
cbd; draw 4 6b perpendicular to the two 
planes; join eb and bb; then, Art 80., ce and 
ed will be parallel to ob and ed, and there- 
fore, by Art. 83. /. ced~ L ced; in like man- 
ner /_d = / m T>, and so on; that is, the section 
ced is equiangular with ced. From the si- 
milar triangles ace and xce we have, ■ 

ae l xe II ge l ce* 

In like manner, from the similar triangles abd and Aed> 
ab • Ae * * ed * ed, 
/. ce 'cell bd l ed* 

In like manner it may be sbown that all the sides in the section 

B 2 
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ced are proportional to all the corresponding sides in ced ; hence 
we have (Art. 55.), area ced l area ced ;: ce j l c« 3 . . 

But, ob : ce :: ae l xe; 
and also from the similar triangles abe and Ahe, 

AE * Aß l * AB I Ab; 

.\ ce : c« :: ab; a£, and squaring 

ce 2 : ce 3 :: ab 2 : Ab\ 

/. area ced I area ced ab 3 : a& 2 . 

88. Theorem. In a cone ab cd, any section parallel to 
the base is a circle ; and this section and the base are to each 
other, as the Squares of their distance from the Vertex. 

Let dvy be a line perpendicular to the two 
parallel planes; and let the planes bhd and 
chd pass through the axis doh, cutting the sec- 
tion efo in the lines of and oo. Then by 
Art. 80., of is parallel to hb, and oo to hc, and 
consequently the triangles dhb and dop are 
similar, and also dho and dog; hence we have, 
dh : do :: hb I of; andDH |do:: ho; oo; 

,\ hb : of ;: hc : oo. 

But hb=hc, being ra^ii of the circle abc, 
therefore of=oo; and the same may be shown 
for any other point in the circumference efo; 
therefore it is a circle. 

Again, from the similar triangles dhy and dov, 

dy : dv :: dh ; do or :: ho • oo 

/. d y 2 : dv 2 ! : hc 2 : oo 2 ; but, by Cor. Art 75., 

area circle abc l area circle efo : : hc 2 ; og 2 , 
.*. area circle abo : area circle efo dy 2 l dv 2 . 

89. Theokem. Every section of a 
sphere by a plane is a circle. 

Let aoo be the section of the sphere 
adcb, of which e is the centre. From' 
e draw ef perpendicular to the plane 
aoo, then befd will be the axis of the 
sphere. Let eado and eod be two 
planes passing through the axis. Iii the 
right-angled triangles afe and gfe, we 
have ea = eo, being radii of the sphere, d 
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and ef common to both triangles; therefore fa = fg. In like 
manner it may be shown that any other line drawn from f to 
the circnmference of the section agc is equal to fa; therefore 
aoo is a circle whose radius is fa. 

Cor. The section of the sphere passing through the centre 
will have ea for its radius, which is obviously greater than 
af ; hence agc is called a small circle of the sphere, whereas 
a section through the centre of the sphere is called a great 
circle. All great circles of the sphere are evidently equal to 
each other. 

* 

90. Theorem. Prisms and cylinders of equal bases and 
altitudes, are equal to one another. 

Suppose the prisms and 
cylinder, in the annexed a 71 ^ 



85., they are respectively 
equal to their corresponding bases ; and these latter are equal to 
each other by hypothesis. In the same manner it may be shown 
that any other parallel sections are equal. Now the prisms and 
cylinder may be regarded as being made up of these indefinitely 
thin equal lamins, or sections ; and as there must be the same 
number in each solid, their altitudes being the same, it follows 
that the prisms and cylinder are equal. 



1. A pack of cards laid upon the table in the shape of a 



the same plane, and let 
them be cut by a plane 



parallel to their bases, 1 



thereby forming the sec- 
tions 1 gh and dfe; then 
these sections will be all 
equal to each, for, by Art. 



figure, to be standing upon l 




Illustration* and Applications. 




prism, will always form a solid of the same content or volume, 

s 3 
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whatever may be the inclination oft he aide faces. Here, the 
thin laminaß (the cards) form prisms, having the same base 
and altitude. 

The method of proof given in this theorem is due to Ca- 
vallerius, and is known bj the name of the arithmetic of 
infinites. It is certainly not so rigorous as the method of 
exhaustions given by Eucüd ; but the prolixity of this latter 
method renders it ineligible for elementary instruetion, more 
especially as the method of the integral calculus is incom- 
parably superior to all Äthers in point of conciseness and 
precision. 

2. To find the content of a rectangular 
solid. Let the length ab contain fbur 
units, the breadth ac three units, and 
the height ad four units; then in the 
whole height ad, we shall have 4 plates 
each one unit thick ; but out of each plate 
we may evidently cut 12 solid units or 
cubes ; therefore, in the whole rectangular 
solid we must have four times 12 or 48 
solid units or cubes. Hence it appears that we find the 
number of solid units, or volume, in a rectangular solid, by 
multiplying the length, breadth, and thickness together, or 
what amounts to the same thing, by multiplying the area of 
the base by the perpendicular height. Thus, 

area base abg=3 x 4 ; and content abdc=3 x 4 x 4. 

If the linear dimensions are in inches, the content or 
volume willbe in solid or cubic inches ; if in feet, the volume 
will be in cubic feet, and so on. 

Ex. 1. A block of stone is 6 feet long, 3 feet broad, and 
2 feet thick ; required its volume. Ans. 36 cubic feet. 

Ex. 2. rlow many inch cubes can be cut out of a block 
2 feet long, 7 inches broad, and 6 inches deep ? Ans. 1008. 

3. To find the solid content of prisms and cylinders. As 
all prisms and cylinders of equal bases and altitudes are 
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equal, it follows that the irregulär prism abcl as well as the 
cylinder abcg, will have the same solid content as the reefc- 
angular solid abcl; and hence the solid content of any of 
them will be equal to the area of the base multiplied by the 
perpendicular height. 

Ex. 1. If the area of the base of a prism is 24 Square 
feet, and the perpendicular height 3 feet, required the 
solid content. 

Here, area base b 24 ; ,\ solidity = 24 X S == 72 cfi. 

Ex. 2. The base of a prism is a right-angled triangle, 
whose perpendicular sides are 6 and 4 inches, and the 
altitude of the prism 5 feet ; required the solidity. 

Ans. 720 cubic inches. 

9L Theorem. Pyramids and cones of equal bases and 
altitudes, are equal to one another. 

Suppose the pyramids, &a, to be 
atanding upon the same plane, and 
let them be cut by a plane parallel 
to their bases, thereby forming the 
sections epg and pqr; draw rih 
perpendicular to the two planes efg, 
abc ; and sot perpendicular to the 
two planes pqr, klm; then as dh 
= st, the perpendicular di = so. 
But by Arts. 87. and 88., 

area abo \ area efg \\ i>h* : Di 2 , 

and area klm ! area psr Übt 8 : so 8 , 

.\ area abc l area epg;: area klm ; area pqr; 

but by hypothesis, area abc = area klm;.*. area efg = area 
pqr. In the same manner it may be shown that any other 
parallel sections are equal ; therefore the pyramids, being made up 
of these equal parallel sections, will be equal to each other. (See 
Art. 90.) 

92. Theorem. Every pyramid having a triangulär base 
is a third part of a prism, of the same base and altitude. 

E 4 
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Let abc and def be the two ends of the 
prism. Conceive sections to pass through 
bob and dce, then the prism will thus be 
cut into three equal pyramids. For, Art. 9L, 
the pyramids abdo and bedc, Standing on 
the equal bases abd and beb, and having the 
same altitude, will be equal to each other. In 
like manner the pyramids abdo and dpec, 
standing upon the equal bases abo and dfe, 
and having the same altitude, will also be 
equal to each other. Therefore the pyramid 
abod will be one-third the prism abcf. 

Cor. 1. Every pyramid ghik 
is a third part of the prism oh im 
of the same base and altitude ; be- 
cause if the base have four sides 
for example, it may be divided 
into triangles, and therefore the 
prism may be divided into two 
triangulär prisms, and the pyramid 
into two pyramids, each of which 
is equal to one-third of its cor- 
responding partial prism ; therefore 
the two partial pyramids put toge- 
ther, or the entire pyramid, will be the third part of the two par- 
tial prisms put together, or the entire prism. 

Cor. 2. Every cone afbo is one-third part of a cylinder 
abbe or of a prism oh im, of equal base and altitude ; because 
it has been proved that the cylinder abbe is equal to the prism 
gh im, and that the cone abo is equal to the pyramid ghik ; but 
this pyramid is equal to one-third part of the prism ohim; 
thereföre the cone abo will also be equal to one-third of the 
prism ohim. 




Applications. 

To find the solid content of a cone or pyramid. Multiply 
the area of the base by the perpendicular height, and one- 
third the product will be the content. 

Ex. 1. The base of a pyramid is a Square, whose side is 
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3 feet, and the perpendicular height of the pyramid is 8 feet; 
required the solid content. 

Area base = 3 2 = 9; content = = 24 c.fi. 

Ex. 2. The area of the base of a cone is 6 square feet, and 
the perpendicular height 7 feet ; required the content. 

Ans. 14 cubicfeet. 

Ex. 3. Required the content of a square pyramid, whose 
perpendicular height is 12 feet, and the side of the base 
21 inches. Ans. 12-25 cubic feet. 

93. Theorem. A sphere is two-thirds of its circumscrib- 
ing cylinder. 

Let no be the axis of the sphere A 
cndl, the circumscribing cy linder 
befa, and the cone afm, where the 
point m is the centre of the sphere. 
Let gh be any section of tbe three L 
solide, parallel to the base be, cutting 
the cylinder in o, the sphere in o, and 
the cone in p ; join these points and the 
centre m ; and draw ln parallel to be. 

From the similar triangles adm and 
prm, we have, 

ai> : dm:: pb : m»; 

but DM = AD, MB — PB. 

Again, from the right-angled triangle mro, we have mo 2 = 
or 2 + mr 2 j but uo = ob, and mb=pb; .\ or 2 = ob 2 + 
pb 2 . Now, Cor. Art. 75., the circle whose radius is r may be 
denoted by r 2 tt ; therefore multiplying each side of the last 
equality by *r, we have, 

V . o b 2 = v . ob 2 +v . pb 2 ; that is, 
area circle oh = area circle ov-f-area circle ps. 

In other words, the section of the cylinder is equal to the sum 
of the corresponding sections of the sphere and cone. Now, as 
this will be the case for every parallel section we can make, it fol- 
lows that the volume of the semi-cylinder lp is equal to the sum 

i5 
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of the volumes of the semi sphere ldn and the cone afmj bat 
the cone apm ia equal to one-third the semi-cylinder lf ; 
.\ Semi-cylinder lf = semi -sphere ldn+| semi-cylinder lf ; 

/. f semi-cylinder lf = semi-sphere ldn; and talring the 
double of these equals, 

J the cylinder brfa = the sphere ldno. 



GEOMETRICAL EXERCISES. 

94. The best mode of teaehing the first principles of 
geometry is to proceed Step by Step from the truths that are 
known or admitted, until we at length arrive at the truths 
which were at first unknown* or which were required to be 
proved. This method, which has been almost invariably 
pursued in the preceding pages, is called synthesis. Although 
this plan is most admirably fitted for communicating a know- 
ledge of truths which have been previously discovered, yet 
it is a comparatively inefficient instrnment as it regarde the 
discovery of truth, or the means by which a proposed truth 
may be established. There is another method of conducting 
geometrical investigations, called ancdysis, which consists in 
assuming the thing required to be proved, and then in 
tracing the various consequences which kgitimately and 
progreasively follow from this assumption, tili we arrive at 
some conclusion which we already know to be true, Wlien 
this is done, we at once infer that the assumption is also 
true, and our analysis is completed. If we now retrace the 
steps in the analysis, until we come to the thing assumed, 
we shall have pursued a synthetical demonstration. It will 
be observed that analysis is precisely the reverse of syn- 
thesis. 

Geometrical analysis, being a method of invention, is 
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peculiarly adapted for discovering the Solution of problems. 
In conducting an analjtical process, no general rules can be 
laid down : the nature of the problem will suggest various 
peculiar artifices to enable us to attain our object ; some- 
times lines will have to be drawn parallel to, or forming 
certain angles with, other lines ; given angles or lines will 
have to be bisected ; circles will bare to be described, pass- 
ing through certain points ; and so on. The fofiowing exer- 
cises are intended to illustrate some of tkese artifices. The 
Student may commence the exercises marfced No. I. after he 
has read as far as p. 39. of this work ; and those marked 
No. II. after he has read as for as p. 66. 




No. L — Problems. 

1. Given the base, one of the angles at the base, and the 
sum of the remaining sides, to construct the triangle, 

Analysis. — Suppose Bio the triangte rc- D 
quired, having bo equal to the given base, 
2. b the given angle at the base, and bd 
equal to the sum of the sides ba and ag. 

Join od, then ac = ad, and acd will be 
an isosceles triangle; therefore acd = 

L ADO. 

Hence we have the following conatruction: 

Take sc equal to the given base ; draw bd making /_ b equal 
to the given angle at the base ; mark off bd equal to the sum of 
the two sides ; join cd; and from c draw c a, meeting bd in A, 
making the acd= l_ ado. Then bac will be the triangle 
required. 

2. Given the base, one of the angles at the base, and the 
perpendicular height, to construct the triangle. 

3. To construct an isosceles triangle, whose perpendicular 
height is equal to the base. 

4. Given the base and the angle at the Vertex of an isos- 
celes triangle, to construct it. 

6. To find a point which shall have a given perpendicular 

x 6 
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distance from a straight line, and shall also have a given dis- 
tance from a given point in that line. 

6. To find a point in a given straight line, which shall be 
at the same distance from two given points. 

7. To construct a right-angled triangle, so that the hypo- 
tenuse shall be double the base. Show that the angle oppo- 
site to the base is equal to 30°. 

8. To construct a square when the diagonal is given. 

9. To construct a rectangle when the diagonal and one of 
the sides are given. 

10. To divide a triangle into two equal parts by a line 
drawn from the Vertex to the base. 

11. To bisect a given straight line ab. 
Synthesis. — With Aas a centre, and 

any radius greater than half ab, de« 
scribe the arc dfc ; with b as a centre, 
and the same opening of the compasses, 
describe the arc dgc, cutting the for- 
mer in the points c and D. Join cd, 
and it will bisect ab in the point e. 
Bequired the demonstration. 

12. From a given point c in the straight line ab to draw 
the perpendicular cd. 

With c as a centre, and any radius * 
ce, describe the semicircle ef. With 
e and f as centres', and any opening of 
the compasses greater than ce or- cf, 
describe arcs cutting each other in d. 
Join cd, and it will be perpendicular to a b. Bequired the 
demonstration. 

13. To bisect a given L bac. 
With a as a centre, and any opening of the 

compasses, describe the arc de. With d and e 
as centres, and the same opening of the com- 
passes, describe arcs cutting each other in f. 
Join a f, and it will bisect the L bac. Be- 
quired the demonstration. 
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14. From a given point c to let fall the perpendicular cd 
upon the straight line ab. c 

With o as a centre describe an arc cutting 
ab in e and f. With e and f as centres, 
and any radius greater than half ef, describe A 
two arcs cutting each other in o. Join cg, 
and it will be perpendicular to ab. 

When the perpendicular falls near the end 
of the line. With any point o, in ab, as a 
centre, and oc as a radius, describe the arc oe. 
With any other point f, in ab, as a centre, A 
and fc as a radius, describe another arc, cut- 
ting the former in the points o and b. Join 
ce, cutting ab in d, then cd will be perpen- 
dicular to ab. Required the demonstrations. 

15. Through a given point to draw a straight line, whicb 
shall form an angle of 45° with a given line. 

16. To find a point in the base of a triangle, from which 
a straight line drawn parallel to one of the sides and limited 
bj the other, shall have a given length. 

17. From a given point to draw a straight line, so that the 
part intercepted between two given parallel lines shall have 
a given length. 

18. To divide a right angle into three equal parts. 

19. To divide a parallelogram into two equal parts bj a 
line passing through a given point. 

20. To inscribe a Square in a given right-angled isoscelea 
triangle. Show that the Square is half the triangle. 

21. To find the point e in the d 
straight line ah, so that the lines ce 
and de drawn from the two given 
points c and d shall make the Zcea 
= Z.deh. 

Analyst?. Suppose the thing to be 
done. Draw co perpendicular to ab; 
and produce d e until it intersect co pro- 
ducedinF. ByArt.28. Z.feg = ^dbh, 



c 
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but L oeg= £ i>bh, .\ L fio = L ceg. Now in the triaagles 
feg and cbg, we have ge common to both, /. feo = Z. ceg, and 
Z fobssZcge, being both right angles ; therefore, by Art. 17., 
these triangles are identical, and gf = gc Hence the following 
construction. 

Draw cgf perpendicular to ab ; take gf = gc ; and join fd, 
cutting ah in e. Then e will be the point required. 

22. The triangle ABC being given, F 
to make the triangle aef equal to it, c - y /\ 
having given the base ab equal to the ^X^j/ * 
line d. 

Construction. Take ae = »; join ce; a j i> ( B 
from b draw bf parallel to ce cutting ao ^ 
produced in f ; join e f, and aef will be equal to a b<j. Required 
the demonstration. 

23. Given the base, one of tbe angles at tbe base, and the 
perpendicular height of a paraUelogram, to construct it. 

24. From a given isosceles triangle to eut off a trapezium, 
which shall have the same base as the triangle, and the three 
remaining sides equal to each other. 



Theorems. 

25. The diagonals of a paraUelogram bisect each other. 

26. The diagonals of a Square divide it into four identical 
triangles. 

27. The sum of the angles of a four-sided figure is equal 
to four right angles. 

28. The two perpendiculats kt fall from the extremities 
of the base of an isosceles triangle upon the sides, are equal 
to each other. 

29. If a line be drawn bisecting a given angle, any point 
in that line will be equally distant from the two lines form- 
ing the angle. 

30. Any straight line which bisects the diagonal of a 
paraUelogram, also bisects the paraUelogram. 

31. If a given Uhe be bisected by a perpendicular, any 
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point in this perpendicular will be equally distant from the 
extremities of the given line. 

32. If a point be taken equally distant from two parallel 
lines, and any two straight lines be drawn through that 
point meeting the parallel lines, the two triangles thus 
formed will be identicaL 

33. If two straigbt lines are parallel to each other, a line 
drawn perpendicular to one of them, will also be perpen- 
dicular to the other. 

34. The perpendiculars drawn from the opposite angles of 
a parallelogram, upon the diagonal, are equal to each other. 

35. If one of the equal sides of an isosceles triangle be 
produced beyond the Vertex, the line which bisects the ex- 
ternal angle will be parallel to the base. 

3»6. If two straight lines bisect each other perpendicularly, 
the lines joining the extremities wiü form an equilateral 
parallelogram, or rhombus. 

37. The area of a rhombus is equal to half the product of 
the two diagonale. 

38. The parallel ruler. Two a g 
rulers ab and cd are connected 
by two equal pieces of brass, bp y & 
and hg, having pins or pivots at 

e, h, f, and g, so that eh = fg. Show that ab is always 
parallel to cd, whatever maybe their distancesfrom each other. 

39. In Exercise 21, show that the sum of the lines ce and 
de, is shorter than any other lines which can be drawn from 
the pointB c and d to meet the line ah. 

No. II. — Problems. 

40. To construct a Square which shall be equal to the sum 
of the Squares described upon the four given lines 

ab, bc, CD, and DE. 

Construction. On ab and bc as sides construct 
the right-angled triangle abo; on ac (the hypote- 
nuse last found) and cd as sides construct the right- 
angled triangle acd ; and so on. Then the Square 
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described upon ab will be equal to the sum of the Squares de- 
«cribed upon ab, bo, od, and de. Required the demonatration. 

41. To inscribe an equilateral triangle in another equi- 
lateral triangle. Show that the inscribed triangle is one- 
fourth the other. 

42. Through a given point, between two straight lines 
inclined to each other at a given angle, to draw a straight 
line which shall be bisected in that point. 

43. Find a point in a given triangle, whose perpendicular 
distances from two of the sides are given. 

44. To describe a circle, having a given radius» which 
shall pass through two given points. 

45. To inscribe a Square gkih in a c * 
given triangle acb. 

Analysis. Suppose the thing to be done. 
Draw cd perpendicular to ab, and ob pa- 
rallel to ab. Join ai and produce it until 
it cut ce in the point e. Then, because 
the triangles aki and aoe are similar, we 

have — but the triangies ako and aod are also similar, 

AK KI 

, A OD OB OD , _ . _ _ 

and — = — ; ,\ — = — ; but ki = kg, being aides of the 

AK KG KI KG ° 

square, .% ob = od. Hence we have the following construction : 
Draw od perpendicular to ab, and ob parallel to ab. Take 
ce = cd, and join ae, cutting ob in i. Then i will be one of 
the corners of the Square. 

46. To draw a tangent to a circle, which shall be parallel 
to a given line. 

47. In a given circle to draw a chord, which shall have a 
given length and shall be parallel to a given line. 

48. To describe a circle which shall pass through a given 
point, and also touch a given line in a given point. 

49. To describe a circle which shall have a given radius, 
and its centre in a given straight line, and shall also touch 
another given straignt line. 
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50. Through a given point a to draw a straiglit line pa- 
rallel to a given straight line cd. a^- 

Take any point g, in cd, as a centre and 
the distan ce qa as a radius, and describe 
the semicircle cad. Take the distance oa, c 
and apply it from d to e, on the arc de, 




a 



Gr D 

Through the pointa 
a and b draw the straight line ab, and it will be parallel to cd. 

Or thus. From the given point a as 
a centre (with an opening of the com- 
passes found by trial) sweep a circle 
touching the given line cd in o ; with 
the same opening of the compasses and 
d as a centre, sweep the arc e ; through 

a draw ab, just touching the arc e. Then ae will be parallel 
to CD. 

Required the demonstrations. 

51. To describe a circle wbich shall touch a given circle 
in a given point, and shall pass through a given point. 

52. Given the base, the vertical angle, and the perpen 
dicular height of a triangle, to construct it. 

53. Through a given point a to draw 
a tangent ab to a given circle. . 

Construction. Join a and e, the centre 
of the given circle ; bisect ab in o, and on 
o as a centre with ce or ca as a radius, de- 
scribe the semicircle eba, cutting the given 
circle in b ; join ab, and this line will touch 
the given circle at b. Required the demon- 
stration. 

54. To divide a triangle abc into three equal parts, by 
lines ag, bg, and CG, drawn from 
the three angles, to meet in a point 
G within the triangle. 

Construction. Take ad a third part 
of ab; draw de parallel to ac, the 
nearer side; bisect de in o; join ao, jf 
bg, and co, and these lines will divide 
the triangle into three equal parts. Required the demonstration. 
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55. To bisect a given triangle by a straight line drawn 
from a given point in one of the sides. 

56. To bisect a given trapezium by a straight line drawn 
from one^>f the angles. 

57. Inscribe a circle in a given quadrant. 

Thegbexs. 

58. Give a simple proof of the 47 th of Euclid, when the 
sides of the right-angled triangle are eqnal to each other. 

59. The Square of the perpendicular of an equilateral 
triangle iß equal to three-fourths of the Square of the side. 

60. Lines drawn to the middle of the sides of a Square, 
will form a Square which is half the given Square. 

61. If a straight line be drawn to the middle of the base 
of a triangle, it will bisect all lines drawn parallel to the 
base. 

62. In a parallelogram the Squares of the diagonals are 
equal to the sum of the Squares of the sides. 

63. The sum of the perpendicukrs let fall from any point 
within an equilateral triangle upon the sides, is equal to the 
perpendicular let fall from one of its angles upon the opposite 
side« 

64. If the sides of any four-sided figure be bisected, and 
these points be joined, the figure thus formed will be a pa- 
rallelogram. 

65. The two sides of a triangle are together greater than 
twice the line drawn from the Vertex to the middle of the 
base. 

66. The arcs intercepted between two parallel chords are 
equal. 

67. If two circles cut each other, and any straight line 
be drawn through one of the points of intersection, limited 
by the circles, the lines drawn from the extremities of this 
line to the other point of intersection will contain a con- 
stant angle. 
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68. A line drawn from the middle of the side of a triangle, 
parallel to the base, will bisect the opposite aide, and the line 
thus drawn will be equal to half the base. 

69. The radius of the circle inscribed in an equilateral 
triangle is half the radius of the cireumscribed circle. 

Problems. 

70. The base, the vertical angle, and the sum of the two 
sides, of a triangle being given, to construct it. 

Analym. Suppose bao the triangle required (see fig. to Ex- 
ercise 1.), having bo equal to the given base, /. bao the given 
angle at the Vertex/ and bi> equal to the sum of the sides ba 
and ao. 

Join od, then acd will be an isosceles triangle ; and therefore 
Zbao = 2Z.bdc. Hence we have the following construction : 
On the given base bo describe a circle so as to contain the 
£_ BDO equal to half the given vertical angle. (Ex. 1. p. 56.) 
With b as a centre and a radius equal to bj>, the sum of the two 
sides, describe an arc cutting the circle in d. Join od and bd ; 
draw ca making /.aod = Z.adc. Then bao will be the 
triangle required. 

71. Given the sum of the sides, and the angles at the base 
of a triangle, to construct 

72. To draw a straight line which shall touch two given 
circles. 

73. To describe a circle, which shall touch a given straight 
line in a given point, and shall also touch a given circle. 

74. To construct a regulär polygon, on 
a given line ab, having any proposed 
number of sides. 

For example, let the number of sides be 
eight. 

Analysis. Suppose the thing done, and that 
o is the centre of the cireumscribed circle. 
Join ao and bo; then acb will be an isosceles triangle, and 
L a = L b. Therefore 2 L a + L o = 180°, and /. L a = 
\ (180°- L c) ; but L o = \ of 360°= 45° ; /. L a= i (180* 
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—45°) = 67^°. Hence the foUowing construction. DrawAc 
and bc, making the a and Z. b each equal to 67^° ; on c as a 
centre, with c A or cb as radius, describe a circle ; apply the chord 
a b to the circumference, and it will form the polygon required. 

75. To inscribe a regulär polygon of any proposed number 
of sides, in a given circle. 

76. To divide a given straight line ab into two parts as 
and SB, so that the rectangle contained by 
them shall be equal to the Square upon the 
given line c. 



DF 




S B 



Construction. Bisect ab in b, on e as a 

centre, with the radius ea or eb, describe the | , 

semicircle adb. Draw bf perpendicular to 
ab, and make it equal to c. Draw fd parallel to ab, cutting the 
circle in d. From d let fall ns perpendicular to ab. Then 
a s . 8 b = c 2 . Required the demonstration. 

78. To make a rectilineal figure adkef similar to a given 
rectilineal figure ablhg. 

Join Ali, ah, and produce them, 
if necessary. Take ad equal to 
the side of the required figure; 
draw d k parallel to bl; ke pa- 
rallel to lh; and ef parallel to 
hg. Then adkef will be simi- 
lar to ablho. For byArt.31., 
Z. akd= /. alb, and £ akb= a 
L alh ; therefore by adding these equals, /. dke = blh; in 
precisely the same way it may be shown that Zkef=/.lhg; 
and so on. Hence the figures are equiangular. Moreover from 
the similar triangles, we have, ak; alT.dk |bl, and ak ; 
al : : ke ; lh ; therefore dk \ bl : : ke * lh ; in like manner 
it may be shown that ke ; lh : : ef : hg, and so on. Hence 
the sides about the equal angles are proportional, and therefore 
the figures are similar. 

Again, these similar figures are to each other as the Squares of 
their like sides. 




For, 



area abf a e* ak 2 

area ahg ah 3 *"a l 2 



A B 
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area AEF_area aho 
/# — ad 2 """ ab 2 ' 

In like m anner, 

area AKE__area alh area adk area abl 

AD 2 "~ AB 2 ' AD 2 "~~ AB 2 

Adding these equals together, we have, 

area adkf area abl o - area adk p ad 2 



ad 2 ab 2 ' area ablg ab 2 



Theorems. 

79. The equal triangles, abc and dbg, on the same base sc, 
are between the same parallels. 

For if ad is not parallel to bc, draw ab 
parallel to bc, and join ce. Then, Art. 41., 
Aabc = Aebc; but by hypothesis, Aabo 
=s Adbg ; Aebc = Adbo, which is ab- 
surd; therefore ae is not parallel to bc. In 
the same manner it may be proved, that no 
other line but ad is parallel to bc. 

80. In the triangle pcd, if fd 2 = cd 2 -f- cp 2 ; then /_ fcd is 
a right angle. (See fig. Art. 23. p. 21.) 

Draw co perpendicular to cd; take cg = cp; and join od; 
then, Art 45., xjd 2 = cd 2 + co 2 or cp 2 ; but fd 2 = cd 2 -f cp 2 ; 
/. od 2 = fd 2 , or od = fd; hence, Art 19., the triangles fcd and 
god are identical, and £FCD=2iGCD = a right angle. 

81. If the like sides of the triangles abc and kfg be propor- 
tional, the triangles are equiangular. (See fig. Art. 54. p. 46.) 

Take er = ok, and draw rm parallel to ab; then ac ; cb;*. er 
oroK : cm; butby hypothesis, ac : cb :: ok ; of; /,op = cwi; 
and in like manner kp = rm; that is, Akfo is identical with 
Ar wo, and /. equiangular with Aabo. 
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APPLICATION OP ALGEBBA TO 
GEOMETRY. 

95. In the preoeding pages, various problems have been 
given, illustrating the applicatibn of algebra to geometiy. 
In this section, we shall chiefly consider the geometrical 
interpretation of the plus and •minus values of algebraic 
quantities. 

Let it be required to construct the expression a -f b — c 9 
where each of these letters is put for a certain number of 
linear units. In the straight line xx' take any fixed point 

O; measure off oc=a; cx _j . . . . 

= *;andxp=*; thenOP x ' * p cx 
— a + b — c. Here it will be observed, that whilst the 
plus quantities have been measured towards the right of the 
fixed point o, the minus quantity has been measured in 
the contrary direction. When c is greater than a + b, it is 
evident that the point required must lie to the left of o. In 
this case, let xp'=c, then OP / =a + 5— c = a minus quan- 
tity; thereby showing that if quantities measured to the 
right be called plus or +, those measured to the left must be 
minus or — . It is perfectly arbitrary as to the direction in 
which we measure plus quantities, provided we always take 
care to measure the minus quantities in the contrary direc- 
tion. However, it is usual to refer plus quantities to the 
right, and minus ones to the left ; and, in like manner, if we 
consider distances measured above a given line as plus, those 
that lie below that line must be minus. 

1. Let a traveller start from x towards o, at the rate of n 
miles per hour, what will be his distance from o, at the end 
of h hours, supposing xo = wi miles? 

Take p for the required place, then the distance travelled, 
or xp, = wä, and therefore op = m — nk. 
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If »=20, n = 4> and A=3, then op=20 — 4x 3 = 8. 
A result which shows that he had not arrived at the place 
o, and therefore op must be regarded as a plus quantity. 

Let now m = 20, » = 4, and Ä = 6 ; then OP=*20— 
4 x 6 = — 4. The question now arises, how are we to Inter- 
pret this minus result ? It is obvious, from the data in this 
case, that the traveller must have passed the place o ; that 
is, he must have got 4 nriles beyond it, and therefore p must 
be taken at p', lying 4 miles to the left off o. 

2. Let oa be a given line = a\ it is required to find OP, so 
that op 9 shall be equal to pa. 1. 

Let x = op, then pa = a—x\ hence . . 
we have the equation, * ° * A 



x 2 z=a—x, and a?=£ (+ >/4a-f-l— 1). 

Let a=6, then x = 2 or —3. Hence there are two points 
which suit the conditions of the problem, viz. op = 2, and 
op' = 3; for we have the following verification: Ist, op 2 
=PA,thatis,2 a = 6— 2;2d, op'^p'a, 
that is, 3* = 6+8. 

3. The radius ad of a circle is r; 
required the position of a perpendieu- 
lar, db=|7, let fall upon the diameter K 

KC 

Fat x = a b, then from the right- 
angled triangle adb, we have, 




A b? = ad*— d b*, that is, « a = r 1 — jp*, + //r 2 — p*. 

Let r = 5, andp = 3, then x=± a/25— 9 = ±4. 

This result shows that we may draw the given perpendi- 
culareither to therightof a, or to the left of a. If wetake 
AI = ab = 4, and draw the perpendiculars db and ei, the 
triangle abd will be the same as aie, with this difference, that 
whereas the base of the former is measured towards the 
right, the base of the latter is measured towards the left 

4. Given AD=r, and ab = c, in the last problem, to 
find bd. 

Digitized by Google 



96 



PKINCIPLES OF GEOMETEY. 



Put a? = BD, then x 2 =r 2 —c 2 , ,\ x = ± */r*—c\ 
Let r= 10, and c = 6 ; then x= ± ^/ 100—36= ± 8. 
Here, if db be produced to meet the circle in G, the line 

bd will be the plus value of x> and bg will be the minus one ; 

thus the plus value is measured upwards from the line kc, 

and the latter downwards from the line kg. 

5. Through a given point f, to draw a straight line fdc, 
cutting a given circle ab cd in the points f 
d and c, so that the part dc may be equal 
to a given straight line. 

Draw fab cutting the given circle in a 
and b, and let fb = a, f a = b 9 dc = c, and 
fd = x. Then to = x + c; and, by Art. 61., c 
FC . fd = fb . fa; that is, (x+c) x = ab. 

ftolving this equation, we find, x = \ {— c± +/c 2 + 4ab). 
Let a = 8, 5 = 3, and c = 2; then x = 4 or —6. 

Here the positive value 4 is fd, in accordance with the 
assumption; and for the negative value we have fc = 6. 
For if we put FC = x, we shall obtain an equation which has 
x s= 6 for its positive root. 

Observation. The Operations of algebra being more 
general than those of geometry, we frequenüy arrive at 
results, in the course of our analysis, which do not admit of 
direct geometrical interpretation, without changing the re- 
fitricted form of the data. However, the meaning of a nega- 
tive result may generally be ascertained by substituting 
— x for x in the original equation, for then the resulting 
equation must have the same roots, only with their signs 
ehanged. 

Thus, putting ---a? for x, in the foregoing equation, we 
find (— x+c)x —x 9 or (x—c) x=ab; ,\ x = 6 or —4. 

This equation is obviously the same £isfd.fc = fb • fa, 
jk being put for fc. 
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6. Given the point a between the perpendicular lines CB 
and ce, to find a point b, so that bae, 
passing through A, shall cut off the area 
bce = w 2 . 

Draw ad perpendicular to cb, and let 
CD=c, ad = c, bc=x ; then bd = a?— a, 
and 

bd : ad:: bc : ce 
«-« : c : : x : c e = ; 

x— a 

but bo- ce = 2wi*, .\ «x — = 2»«; 

x—a 9 

m 2 , m — r — - — 
/• * = — + — 2ac. 
c — c 

Here the two values of x are always plus and real, when 
m* is greater than 2ac. When 2ac is greater than m\ the 
problem is impossible, for we have then to find the Square root 
of a negative quantity. When a is taken on the line ce, then 
2tn 2 

cd or er = 0, and x = . 

c 

Let a = 5, c=ä, and »i 3 = 36, then 



36 . 6 



* = -g- ± 2 >/ 36 - 2 x 5 x 2 = 30 or 6. 

7. In the given triangle gae, to find the position of a 
given straight line fd, which shall be parallel to the base 

OB. 

Let ge = a, ga = 3, fd = /», and 
GP = a?; then FX = b—x 9 and by the 
ßimilar triangles gae and fad, 

ge : ga:: fd ; fa, F 

or a : b\\ m : b — x; G / 
.\mb = a (b — x) ; ,\x = — \ b 




l^et * = 8, a = 4, andro = 2, then a? = 4. This result, 

F 
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being positive, shows that gf is measured towards the upper 
aide of the line ge, agreeably to the assamption. 

Let b = 12, a = 3, and m = 5, then ar= — 8. This result, 
being minus, indicates that x must be measured in a direction 
contrary to that in which it was measnred in the first case. 
TakeGB = 8, and draw bo parallel to ge, then bc will be 
the position of the given line in this case. For, changing x 
into— x in the preceding proportion, we have, a l bum l 
b + x, a proportion which applies to the triangles age and 

ABC. 

8. The base and perpendicular of the triangle, in Exer- 
cise 45, p. 88., being given, to find the side of the inscribed 
Square. 

Let ab =6, CD==p, and the side of the square gh=x. 
Thea by the similar triangles acb and KCl, we have, 

ab : cd:: ki : cd— kg, 
or, b : p::x: p—x, 

.% px = b (p — ar), .\x = j£j^. 

9. Given the base of a triangle, its perpendicular height, 
and the ratio of its other sides, 
to find the triangle. 

Suppose abc to be the re- 
quired triangle, and OD the 
given perpendicular. Let ab 
= 5, cd = 2, bc = 2ac, and 
ad = x, Then db = 5 — x y and from the right-angled 
triangles adc and bdc, we have, 

AC 3 = x 2 + 4 ; and bc 2 = (5 — x*) -f 4 ; 
butBC = 2AC, or bc* = 4ac 2 ; /. (5 — x) 2 + 4 = 4 (x* + 4). 

Hence we find x = 1 or — 4£. Here there are two distinct 
triangles answering to the conditions of the problem, viz., 
abc and abc 7 , where ad = 1, and ad'=4£. 

10. The base of a right-angled triangle = 6, and the 
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hypotenuse added to twice the perpendicular = 26 j required 
the perpendicular. Ans, 8* 

11. The hypotenuse of an isosceks right-angled triangle 
is 18 ; required the sides. Ans. 12*72. 

12. The radius of a quadrant of a circle is r; required 

the side of the inscribed Square. Ans. 

13. Required the side of the Square inscribed in a segment 
of a circle, when the radius of the circle is 5, and the chord 
of the segment 8. Ans. 1-908, or — 6-708. 

14. The radius of a quadrant of a circle is r; required 

r 



the radius of the inscribed circle. Ans. 



1+ a/2- 



15. Given the perimeter, or sum of the sides, of a right- 
angled isosceles triangle = p ; to find the hypotenuse. 

Ans.p (V2— 1). 

16. Given the difference between the perimeter and per- 
pendicular of an equilateral triangle = d\ to find the sides. 

Ans.™ o . 

6- 

17. The base of a right-angled triangle is 12, and the 
difference of twice the hypotenuse and the perpendicular is 
21 ; required the perpendicular. Ans. 5 or 9. 

18. The sum of the two sides of a triangle is s, and the 
two segments of the base, formed by the line bisecting the 
vertical angle, are c and d respectively ; required tha sides. 

Ans. " and JL. 
c + d c + a 

19. Given the area of a triangle = 160, the base = 40, and 
one of the sides = 20 ; to find the remaining side. 

Ans. 23-099, or 58-876. 

20. The two legs of a right-angled triangle are 12 and 16; 
required the sides of the inscribed rectangle whose area is 
equal to half the area of the triangle. Ans. 6 and 8. 

21. The three perpendiculars drawn from a point within 

r 2 
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an equilateral triangle, upon the sides, are 4, 6, and 8 ; 
required the sides. Ans. 12 V3. 

22. I took a point, in the continuation of the diagonal of 
a Square, and found its distance from the nearest corners of 
the square to be 40 and 60 ; required the side of the square. 

Ans. 24-63. 
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TRIGONOMETKY. 

DEFINITIONS ÄND CERTAIN FUNDAMENTAL 
THEOREMS. 

1. Tbioonometrt is that brauch of mathematics which treats 
of the relations subsisting between the aides and angles of 
triangles. 

2. Let bad be a circle described upon the centre c, with 
the radius cb= 1 or unity. 
Draw the diameter Beb, and 
let bp be any arc of the circle, 
then the number of degrees in 
this arc will be the measure of 
the angle bcf (Art. 64.). 
Thus if the arc bp contain 60° 
the Zbcp will be an angle of 
60°. From p let fall pö per- 
pendicnlar to cb, then pö is 
callecTthe sine of the arc bp or 
Z. bcp, cö is called the cosine, 
and bg the versed sine. Hence 
the following definition will be 
readilyunderstood; the sine of an arc is the perpendicular 
let fall from one extremity of the arc upon the radius passing 
through the other extremity; and the cosine is the distance 
from the centre to the foot of the sine. From b draw bt 
perpendicnlar to cb, and produce cp ontil it intersect bt in 
the point t, then bt is called the tangent of the arc bp or 
Z.bcp, and ct is the secant. Through the centre c draw 
ad perpendicular to cb, then ba will be an arc of 90°, an^ 
the arc ap will be the complement of the arc bp. From p 
let fall pe perpendicular to ca, then ep or co wiU be the 
cosine of the arc bp ; draw ak perpendicular to ac, cutting 

r 3 
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CT in the point k, then ak ig called the cotangent of the arc 
bf or Z.bcp, and ck is the cosecant. 

The annexed figure shows the method of constructing a 
scale of chords, sines, tangents, 
and secants. The most useful 
part of this scale is the line of 
chords. In Order to show the 
use of this scale, let h be re- 
quired to draw bg, from a given 
point b in the straight line bf, 
making the Zb = 50°. (See fig. 
p. 22.). With Basa centre and 
tbe chord of 60° as a radius 
(see Art. 68. Geo.) describe the » 
arc fg ; with the compasses take | J 
off the chord of 50°, and on f g 
as a centre describe an arc 
cutting the former in the point 
G; join bg, and then Z.fbg=s 
50°, as required. 

Tables have been calculated 
giving the sines, cosines, &c, of all angles, so that the sine, 
cosine, &c, of an angle haTing any ntnnber of degrees and 
minntes, can at once be found, and conversely also the number 
of degrees and minutes corresponding to any given quantity j 
representing the sine, cosine, &c. The method of calculating 
these tables will be hereafter ezplained. 

These definitions may be expressed in t&e foüowing ab- 
breviated form. Let the number of degrees in the arc bf 
or ZbcfäA, then FG = sin A, CG = cos A, BT = tan a, 
CT = sec a, ak s= cot a, CK=cosec a, and bg=v. sin a. 

From these definitions we readily derive the following 
properties. • 

3. Since fg=ce, it appears that while fg is the sine of 
the arc bf, it is at the same time the cosine of the arc af, 
that is, the sine of an arc = the cosine of its complement; or j 
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putting A for the number of degrees in the arc bf, sin a= 
cos (90° — a); thus, for example, sin 30° = cos 60°. In 
like manner, AK is the tangent of the arc af, and at the 
same time the cotangent of the arc bf; hence also the tangent 
of an arc = the cotangent of its complement. And so on to 
the other cases. 

4. If the arc ee be taken equal to cd (seefig. page 95.), 
then ei = db, and arc ce is the Supplement of arc cd ; 
hence the sine of an arc = sine of its Supplement, or putting 
a for the arc cd, sin A = sin (180° — A> Thus sin 30° = 
sin 150°. So that in finding the sine of an arc greater than 
90° from the table», we must seek for the sin« of its Supple- 
ment. 

Ä. From the right-angled triangle cfg (seeßg. p. 101.), 
we have fg 2 + cg 2 = cf 2 ; now when cf=1, FG = sine 
arc bf or sin a, and OG = cosine arc bf or cos a* 
.\ sin 2 A-f cos 2 a = 1 (1). 

From the sunilar triangles cfg and otb, we have 

bt of sin A , _ 

-=-,th»tu,t»nA=— ... (3) 

CT OF 1 

OB O ^ COS A V ' 

f« bt _ tan a 

- = -,th.ti»,«nA= — ...(4). 

From the similar triangles cbt and cak, we bare, 

BT CA 1 

— = — , that is, tan a = — — . . (5) 

OB AK ' COtA V ' 

ck ct _ sec A 

"o7 = bV ™> A = • • • 

From the right-angled triangle cbt, we have, 
ct 2 = ob 2 + bt 2 , that is, sec Ä A = 1 + tan 2 A . . . (7). 

6. From these equations any of the quantities sin a, cos a, 
tan a, &c, may be found when any one of them is given. 

F 4 
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For example, from (1) we have 

sin a =s *f \ Z co8 2 a, and cos ▲= Vi — sin a A ... (1). 
Having given the tangent let the cosine be required. 

From eq. (3) we have, cos A= 8e * eubstituting the 
value of sec a derived from eq. (7), we find, 

C0SA= Vl+tan^ '--< a) - 
To find the sine in terms of the tangent. 
In eq. (4) Substitute the value of sec A derived from 
tq. (7). and we at once obtain, 
tan a 

sin a=s ■ /- — • . • (S). 

vT+tan*A v ' 

7. From the figure, p. 95., it will readily be Seen that the 
fhord dbg is twice db, and also the arc dcg is twice the 
arc dc ; but db is the sine of the arc dc, 

.% the chord of an arc = twice the sine of half the arc* 

8. To find the numerical values of the sine, cosine, and 
tangent, of 30°, 60°, and 45°. 

1. By the preceding theorem, the chord of 60° = 2 sin 30°; 
6ut by Art 68. Geo., the chord of 60° = radius = 1 ; 

.% 2 sin 30° = 1, and sin 30° 

By Art. 6., cos 30° = v'l-sm* SO = 

, . sin 30° 1 V3 1 

By eq. (2), Art. 5. tan & ^—p-^-g-^—g, 

a/3 

2. By Art. 3. sin 60° = cos 30° = -y-, 

and cos 60°= sin 30° = £. 

o== sin60^ ^3 1 
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3. By Art. 3. sin 45° = cos 45° ; but by Art. &, ein 2 45° 
4- cos* 45° = 1; 

/. 2sin*45°=l, 

.% sin 45° = -i-=cos 45°. 

, e0 sin 45° _ 

tan 45°= tto = 1. 

cos 45 

9. Extension of the deßnitions ofsines, cosines, Sp. 

Let bf be an arc whose radius ab is 
unity, po the sine, AG the cosine, and BT 
the tangent From any point d, in the 
line ab produced, draw de perpendicular 
to ad, intersecting af produced in the 
point e; then from the similar triangles 
agf, abt, and ade, we have, 

OF DB , DB 

— =— . that is. sin a = — . 

AF AB* ^ AB 

This result shows that, the sine of the angle at the base of 
a right-angled triangle is equal to the perpendicular divided 
by the hypotenuse. 

. , AO AD AD 

M** — =— > that is, cos a = — . 

This result shows that, the cosine is equal to the base 
divided by the hypotenuse. 

BT DB DB 

— = — , that is, tan a = — • 

AB AD * AD 

This result shows that, the tangent is equal to the perpen- 
dicular divided by the base. 

And so on to other trigonometrical definitions. We shall 
therefore hereafter use these results, when occasion requires, 
as the expressions of the eines, cosines, &c 
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10. Let r be put for ae, then de and ad will be respec- 
tively the sine and cosine of an arc whose radius is r. Hence 

the expressions, sin a= and cos a = ^ become, 



sin a to rad. unity = 



sin a to rad. r 



cos a to rad. unity : 



cot a to rad. r 



And so on to other cases. To transform formulas, there- 
fore, having the radius unity, into others having the radius 

r, we have simply to Substitute for sin a, 008 A for 

cos a, &c 

Moreorer if we nave giren the values of sin a, cos a, to 
radius unity, we can find tbem for radius r by simply mul- 
tiplying by r. 

11. The ratio of any two sides of a triangle is equal to the 
ratio of the sine» of the opposite angle». 

For by Art. 9. c 

OD _ CD 

sin a == — , and bo b = — : 
•ao bV 

dividing the first equation by the 

second, 

MA^OD CD ^ BO 
sin B~~ AC BC ** ao" 

Futting a for the side opposite the 
angle a, b for the side opposite the 
angle b, and c for the side opposite 
to the angle o, then 
a sin a 



b 



sin b 



(1) 




Aad so on to any other sides. Any 
three tersas in this equation being giren, the remaining one 
may be found. 
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In the right-angled triangle abc we simply 
have by Art. 9. 

sin a= ? . . . (2) 
cos a=^ ... (S) 

and tan a = ? • • • (4). 

Any two terms in these equations being given, the remain- 
ing one may be found. 

These properties will enable us to solve a variety of useful 
Problems. 




BXAMPLES. 

Solution of Triangle*. 

Ex. 1. In the triangle abc, given the aide ac or b =200, 
the Zb = 58°35', and Za = 64°; to find the aide bc or a. 

Here by eq. (1), we have, ^= 

ein 64° x 200 «89679 xSOO 01/>fi 
* 04 * a = sin 58° 35- ^"^BSSi ==21 °^ 

2. To find ab or c, in the last example. 

In this caae, we have, 1= 5™-?. Now, by Art. 34., Z c = 
6 8in b 

180° - (Z b + Z. a) = 57° 25'. 

sin 07° *5' X 200 



= 197-4. 



• # *~ sin 58° 35' 

3. Oiven es in the last exampfe, <?«80, Z^=80° 5', 
Z b=43°, and /. Z c = 56° 55' ; to find a and b. 

Ans. bc = 94-05 and±c = 65*11. 

4. Given o=70, ^=80, and Zb=60°; to find the re- 
maining angles and side. 

f 6 
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Here we muat first find the /. c ; for this purpose, we have, 
c sin o 
T ~" sin b ' 

sin 60° X 70 
.\ sin c= — =75777, 

.% from the table*, we find, L c = 49° 16', 

and.\ L a = 180°-(Z. b + ^» = 70° 44'. 

Then, proceeding as in the foregoing examples, we find, 
a = 87'2. 

5. Given <?=162, £«270, and Z.b=90°; to find the 
remaining angles and side. 

Am. Z.c = 36° 52', L A = 53° 8', and a = 21& 

6. In the triangle abc, given ab = 345, bc=232, and 
L A = 37° 20 / ; to find Z. c and the c 
side ac. 

This question admits of two answers. 
The reason of this will be best under- 
stood by going over the construction. 
From a scale of eqnal parts take off £~ 
ab =345; draw ac, making the ZA = 37° 20'; with the 
centre b, and radius bc = 232, describe an arc cutting ac in 
the two points C and c ; join bc. Then ac being measured 
off the scale of equal parts, will give the two values, 174 and 
374, for the side required. 

By calculation. First to find L c, we have — = . 
* <i sin A 

. _ sin 37° 20' x 345 
smc — 232 #t 

Hence we find L c = 64° 24' or 115° 36', because (Art. 
4,) the sine of any angle is the same as the sine of its Sup- 
plement We now find (Art 34.) L B s= 78° 1 6' or 27° 4'. 

Taking the first angle and proceeding as in Ex. 3. we 
find, ac = 374*5. In like manner, taking the second angle, 
we find, ac= 174-07. 
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7. Given as in the last example, ab =90, bc = 75, and 
Z A = 45°; to find Z C and the aide AC. 

Ans. 58° 3' or 121° 57', and AG = 103 3 or 23-5. 

8. In the right-angled triangle abc, given the hypotennse 
ä?=48, and Z a = 53° 8'; to find the perpendicular and 
base. 

First., to find the perpendicular, we have, by eq. (2), aa 

a = ™, that is in the present case, sin 5S° 8' = ~, 
o 48 

.\ a = sin 53° 8' X 48=S8'4w 

Second, to find the base, we have, by eq. (3), cos a = ->that 

is, cos 53° 8'=~ , 
48 

.\ c = 28'8. 

9. Given as in the last example, b = 64*5, and Z A=39 a 
10" ; to find a and c. Ans. 50 and 40-73. 

10. In the right-angled triangle abc, given c=200, and 7 
Z A=35°, to find a. 

Here by eq. (4), tan a = that is, tan 35° 

.% o = tan 35° X 200 = 140. 

11. Given as in the last example, c = 100 fit., and Z A = 
74° ; to find a. 348*7 fi. - 

12. 7b ^/fmf the area of the triangle abc, having given 
the two sides ab and ac, and the included angle a. (See 
fig. Art IL, p. 106.) 

Area triangle abc = £ x ab x cd. 

In this equation it is requisite, that we should eliminate 
cd ; for this purpose, we have, Art* 9^ 

OD 

sin a= — , 

AC 

/. ods aox sin A, 
•\ area triangle abo = £ X ab x ac X sin a; 
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that is, the area qf a triangle is equal to half thejproduct qf 
mny two sides by the sine qfthe included angle* 

Since a paraUelogram is double the area of the triangle cut 
•ff by a diagonal, it foMows that, the area qf a paraUelogram 
«* equal to theprcduct ef the two adjacent sides by the eine 
qf the included angle. 

¥.Y AlffFf.'Bft. 

Ex. 1. The two sides of a triangle are respectively 10 
and 30 ft., and the included angle 30°. 

1. In the triangle abc (see fig. Art. IL), ab = 30 ft., 
Ac=10ft., and L a = 30°; required the area. 

Here the perpendicular od = 10 X sin 30° = 5, 
V. area triangle = £ x SO x 5 = 75 sq. ft. 

2. Required the same as in the last preblem, when ab = 
40 yds., A€=20 yds., and L ü = 451 ig*«. 282*8 «?. yds. 

3. Required the area of a paraUelogram, Whose adjacent 
sides are 36 and 25*5 feet, and the included angle 58°. 

Here, area = 86 x 25*5 X sin 58° = 778*5 sq. ft. 

4. Required the area of a paraUelogram, whose adjacent 
«ides are £*07 and 10*4, and the included angle 80°. 

Ans. 26*36. 

5. To measure a -large piece of ground abcde, the sur- 
veyor places his instrument at a point f, 
from which he can see aU the corners. 
He finds L afb = 85°, L bpo = 80°, 
Z. ofd » 86°, L bfb =s 70°, and the 
remaining Z. efa =39°, which it must 
be in order to make up 860°. Ee then 
nieasures fa = 2000 links, fb = 1640 links, fo = 2310 links, 
fd = 3000 links, and fe= 1500 links. Required the area. 

Ans. 100 acres, 22-4 poles. 
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13. To find the area of a trapezium ab CD, having given 
the /_ afd formed by the diagonal* ao and bd, and the 
lengths of thete ckuganals. 

Draw hak and pog pa&llel to BD, 
and sdp and kbg parallel to ao ; ihm 
it is obvaoas frorn the fignre, that the 
paraUekgram hxgp, thus formed, -will 
be double the area of the trapezium 
abcd, and also that Z.h = Z.apd or 
L p ; bnt by Art. 1&> 

Area hkgp = hjc X hp X «n h = bd X ac x sin p; 
.•. area abcd=Jxbd x ac x sin p. 

Ex, 1. In xneasuring the four-sided field abcd, the 
surveyor placed his theodolite at the point f, where the 
diagonals of the field intersected each other ; he then found 
the Z.* = 34° 15', the diagonal bd =600 links, and ac = 
420 links ; required the area of the field. 

Here frorn the table of nat rones, we find, sin 34° 15'= 
•562805, 

/. area abcd = \ X 600 x 420 x '562805 =70913-4 sq. 
links = 2 r. 3S'4ß p. 

2. Required the aame as in the last problem, when Z. p = 
26° 25', bd =800 links, and ac=*720 links. 

Ans. 1 acre, 1 r. 5 p. 

Computation by Logarithm*. 

14. Calcnktions in trigonometry are very much facili- 
tated by the aid of logarithms. 

In the common logarithms, the logarithm of a number is 
that index or power of 10 necessary to produce the number ; 
thus as 100= 10 2 , the logarithm of 100 is 2; 1000 = 10 8 , 
the logarithm of 1000 is 3 ; or if n be any number such that 
n = 10*, then x is the logarithm of n, or log N =ar. Here 
the 10 is ealled the base of the System. In the hyperbolic 
aystem the base is 2*71828, which number is nsually repre- 
sented by e. 
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15. Since 1 = 10°, .\ log 1=0; 10= 10«, /. log 10= 1; 
100=10», /.log 100 = 2; 1000 = 10», .\ log 1000 = 3; 
and so on. Hence it follows tbat the logarithm of a number 
between 1 and 10 will be some* decimal quantity ; the log. of 
any number between 10 and 100 will be between 1 and 2, 
or 1 + a fraction ; the log. of any number between 100 and 
1000 will be between 2 anö^3, or 2 + a fraction; and so on 
generally, the log. of any number having n integral figures will 
contain n — 1 units + a fraction. The whole number in the 
logarithm is called the index or characteristic, and the decimal 
part is called the mantUsa ; thus it has been found that 406*5 
= 10*- 60906 , or log 406-5 = 2*60906, where 2 is the character- 
istic and -60906 is the mantissa. Ab the characteristic is 
always 1 less than the number of figures in the integral part 
of the number, the logarithm given in the tables is only the 
decimal part of the required logarithm, and the integral part 
or characteristic must therefore be supplied by the calculator. 

16. The logarithm of the product of any numbers is found 
by adding together the logarithms of the factors. 

Let a, b, c, &c. be any numbers, and x,*/, z 9 &c their loga- 
rithms, taking a as the base ; then, 

a = ö*, B=dV, c = a*, &c. ; whence by multiplication, 
axb xox&c = ö*xayxa jr x&c. = o r+ » + * + * - 

.% log (A X B X C X &C.) = *+y •f«+&C = log A + log B 
+ log + &C. 

Ex. find by logarithms the value of 36 x 2*45. 

Here log (36 x 2-45) = log 86 + log 2-45 
log 36 « V556S 
log 2-45= -38917 

1-94547 = log 88-20 

36x2-45 = 88*2. 

17. The logarithm of the quotient of two numbers is 
found by subtracting the logarithm of the divisor from the 
logarithm of the dividend. 
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For - = ~= a?-9 
b aP 



log-^ = *— y = log a — log b. 

-Kr. Divide 782 by 23. 

Here log ^=log 782-log 23 

log 782 = 2-8932 
log 23 = 1-36172 



1-53148 = log 34 

/. 782 h- 23 = 34. 

18. The logarithm of a number raised to any power is found 
by multiplying the logarithm of the number by the ex« 
ponent 

ForA = a*, /. x n = a nm 
/. log A" = n* = » x log A ß 

• mm 

Or in general a* = a m ; 

l0gA w = = — log A. 

Ex. 1. Calcnlate 1-2 3 by logarithms. 

log 1-2 8 = S xlog 1-2 

log 1-2 = '0791 8 
3 



•23754 = log 1-728 
/. 1-2»= 1-728. 

Ex. 2. Required the cube root of 10648. 

log 10648^ = £ X log 10648 = 1-34242. 

The number answering to this logarithm is 22, which is 
therefore the root required. 
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Ex. 3. Given a*b n * = c ; to find x. 
Taking the log. of each side of the equation, 
w log a + nw log 6 =log c; 

. j— lo S c = lo & c 

log a + n log 6 log (aJ*)' 

In calcalating by logarithms it appears, iherefore, that 
multiplication is effected by addition, division by ßubtraction, 
the raising of powers by multiplication, and the extraction 
of roots by a process of division. The use of fhe tables may 
be learnt from the explanations given in the prefaces to such 
books. 

19. Sincelog 10" =n, 

/. Iog(wx K>-) = logir + log 10"=logK + »; 

from this it foHows that if log 5*754 = -57449, then log 375*4 
or S-754 x 10 a = log 3-754 + log 10 a = -57449 + 2 = 2-574*9. 
And so on to other etces. 

Again, log = log k «— log 10" := log n — n ; 

from this it follows that if log 5-621 =. 7498, then log -05621 

5*621 — 
or -j^r = '7498 — 2, or as this is usually written 2*7498. 

And so on to other cases. 

20. To avoid minus characteristics in the logarithm tables 
of sines and cosines, the radius is taken 10 10 . If sin a be 
the symbol for the sine of A when the radius of the circle is 
unity, and Sin A the symbol for the sine of the same arc 
when the radius is 10 10 , then by Art. 10., we have, 

SinA . , 
sm A = Yqiö ; lo g sin A=log Sin a — 10. 

21. To calculate a from the equation sin a = ? &c. (See 
Art. U.) 

Here a = b sin a ; then by Art 16., 
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log a=log b -j- log sin a 

= log 6 + log Sin a — 10 (1). 

And so on to similar cases. 

Also in the oblique-angled triangle, ~ = ~^j~i 

.\ log 6 — log c=log Sin b— log Sin o ... (2); 

where any three terms being giren, the remaining one may be 
found. 

As an illnstration of tbis method of cakulatioa let uß take 
a few examples. 

Ex, 1. In the rigbt-angled triangle abc (aeefig. Art. IX.), 
AC s= 363, and L A = 63° 25'; required bc. 

B0 

Here sin a = — , .% bc = ao . sm A ; 
. ao 

whence log so = log Ao + log Sin a — 10. 

log ao or S6S= 2-559907 
log Sin a = 9*951476 
-10 =-10 

kg bo sc 2-511383 = log 324-6 
bc= 324-6 

Ex. 2. In the triangle abc (Art 21.), given c = 50, Z. a 
= 74° 14', L b = 49° 23', and .% £c = 56° 23'; to find 1k 
Here front eq. (2), Art 2L, we bave, 

log 6 = log c + log Sin b —log Sin o 
log c or 50= 1-69W 
log Sin b =s 9^38029 
— log San o sss —9*92052 

log b = 1-65874 = log 45-58 
,\ ac or 5=45-58. 
As further exercises the stndent may solve, by the method 
of logarithms, all the examples given in Arts. IL 12. and 
13. 



Digitized by 



116 



TMGONOMETBY. 



22. To trace the sign* of sin A, co* A, <*rc A 

increasesfrom 0° 360°. 

An inspection of this fignre will 
show, 1. When the arc cd is less than 
90°, the sine and cosine are both po- 
sitive. 2. When the arc ce is greater 
than 90°, the sine, ei, is positive ; but 
the cosine, ai, is negative. 3. When 
the arc cqf is greater than 180° or 
2 right angles, the sine, Fi, is negative ; and the cosine, AI, 
is also negative. 4. When the arc cqhg is greater than 
270° or 3 right angles, the sine, gb, is negative; but the 
cosine, ab, is positive. 5. Let 2 v be put for the whole cir- 
cumference of the circle or 360°, and let a be put for the 
degrees in any arc cd, then if we add 2 v to a it will ob- 
viously bring us to the same point d in the circle ; or gene- 
rali/ if we add any number of times 2 ir to A, it will always 
bring us to the same point in the circle ; and this will be true 
whether A be taken below the diameter ck or above it, that 
is, whether A be positive or negative. Hence we have, 
sin A = sin ( »x 2* + a), where the sign will be positive or 
negative according as A is positive or negative, or according 
as the point D is in the semicircle CQK or che. In like 
manner cos a = cos (» x 2* -f a), where the sign will be po- 
sitive or negative according as the point d is in the semi- 
circle hcq or qkh. 6. When A=0 the sine, db, evidently 
becomes 0, and the cosine, ab, becomes ac or 1 ; when a = 
90° the sine db, becomes q a or 1, and the cosine, ab, becomes 
; when a = 180° the sine again becomes 0, and the cosine 
becomes» 1; when a = 270° the sine becomes— 1, and the 
cosine becomes 0; when a = 360° the sine becomes 0, and 
the cosine becomes 1. Expressing these resnlts analytically, 

we have, sin = 0, cos 0= 1, sin |= 1, cos ^ = 0, sin <* =0, 
cos v = — 1, sin ^ = — 1, cos ^ = 0, sin 2 * =0, and 
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cos 2ir = 1. It is also evident that if any of these arcs be 
increased by 2v or any multiple of it, the result will not be 
altered. 7. If the Student thoroughly understands the nature 
of these results, he will find no difficulty in tracing the signs 
of any trigonometrical expression which may hereafter occur. 
For example, let it be required to find the sign of the tangent 
of an arc A, greater than 90° and less than 180°. In this case, 
sin a is positive, while cos A is negative, 
+ sin a 

m \ tan a = — ^ ^ = a negative quantity. 

23. Trigonometrical formuke involving two or more angles. 

To prove that, 

sin (a + b) = sin a . cos b -f cos a . sin b 
cos (a + b) = cos a . cos b — sin a . sin b , 
sin (a — b) = sin a . cos b — cos a . sin b , 
cos (a — b) = cos a • cos b + sin a • sin b . 

Let L oad=sA, and Z.dab = b, then 
/. gab= a + b. From b, any point in ab, 
let fall so and bd perpendiculars on ag 
and ad ; and from d, let fall dg and dp per- 
pendiculars, on ag and sc. Then of = gd, 
fd = cg, and because dp is parallel to ag, 

Z. ADF = A, ,\ L DBP = 90°— Z.BDP = 

Z. adp = a. Now because Z.bac = a+b, 

. , . N BO DG + BF DO BF 

sm (a + b) = — = = — H 

AB AB AB AB 

DO AD BP BD 

AD * AB BD AB 




ai / . n A0 AO — * DP 

Also COB (a + b) = = = 

AB AB AB 



= sm A . C08 B + COS A . sin B. 

AO DP 
AB 



^ AO AD DP BD 
A D * AB BD * AB 

ss cos a . cos b — sin a • sin b. 
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Let Z.oA» = A, and /.bad±=b; then 
/. oab = a — b. From b, any point in 
ab, let fall bo and bd perpendiculars on ao 
and ad ; from d let fall do perpendicular to 
ac; and from b let fall bf perpendicular to 
do. Then bp = co> bo=fo, and Z. bi>f " M c 
= 90° — Z. ado= L oad=a. Now be» 
cause Z.gab = a — b, 

. , N B0 BO — DF DO DP 

sm (a— b) = — = = 

V AB AB AB AB 

_ DO AD DF DB 
~~ AD " AB DB " AB 

ssb sin a . cos b — cos a . sin b. 

A1 , v AO AO + BF AO , BF 
Also COS (a— b) = = ss 1 

N AB AB AB AB 

AO AD BF BD 

AD * A.B BB " AB 

=cos a . 009 b + sin a . sin b. 

These four expressions oonstitate the fundamental formuko 
in analjtical trigonometry, from which a great variety of 
useful properties may be readily derived. The ralnes of A 
and b being perfectly general, we may assign to them any 
particular values we please. 

24. To prove that sin 2is2 sin A . cos A. 

In fonnula (1) let b = a, then a + b = 2a, and 
.% sin 2 a = sin a . cos a + cos a . sin a = 2 sin a . cos a. 

25. To prove that cos 2 a = cos 2 a— sin 2 a, &c. 
In formula (2) let b= a, then we have, 

cos 2 a = cos a . cos a — sin a . sin a = cos 2 a — sin 2 a. 

In this expression put first 1 — cos 2 a for sin 2 a, and after- 
wards 1 — sin 2 a for cos 2 a (Art. 5.) then, 

• cos 2 a = cos 2 a — (1 — cos 2 a) = 2 cos 2 a — 1 
cos 2 a = 1 — sin 2 a — sin 2 a = 1 — 2 sin 2 a. 

26. In the formula? of the last two articles, let 2 a = a, and 



,% A = g, then, 
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sin a 



2 sin - . cos - 



cos a 




cos a 




27. Adding and subtracting formul» (1) and (3), Art. 23., 

sin ( a + b) -f sin (a — b) = 2 sin a . cos b ... (1) 
sin (a + b) — sin (a— b) = 2 cos a . sin b ... (2) 

Adding and subtracting fozmul» (2) and (4), 

cos (a + b) + cos (a — b) = 2 cos a . cos b ... (3) 
cos (a — b) — cos (a + b) = 2 sin a . sin b ... (4?) 

28. To find the sine and cosine of an arc in terms of the 
sine of double the arc 

cos* a + sin 2 a = 1 

2 sin a . cos a = sin 2 a ; 

•\ by addition and subtraction, 

cos 1 A + ^sütA.eosA-h «n 2 a=ä 1 4- sm 2 a, 
cos 2 a — 8 sm a . cos a + sin 3 a = 1 — sin 2 a ; 

taking the square root of each side, 



If a is less than 45°, then it is evident that cos a. will be 
greater than sin in this case therefore the two roots will 
be both positive. By addition and subtraction, and dividing 
by2. 



29. Given the tangents of two angles, to find the tangent 
of their sum or difference. 



cos A + sin a = + V 1 + sin 2 a, 



cos a — sin a = + v' 1 — sin 2 a. 



cos a=£{ V1 + 8in2A + V1~mh2aJ 



sin a = +sin 2 a— a/1 — sin 2 a}. 



tan (a -f b) 



sin (a + b) __sin a .cos b + cos a . sin b 
cos (a ■+• b) ~~cos a . cos b — sin a . sin b 
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and dividing numerator and deaominator by cos a . cos b, 
sin a sin b 

cos a cos b tan a + tan b 

tan ( A+Bi = . . 1 = — r 

v »-r» y 8m A sm B 1 — tanA.taiiB 

cos a * cos B 

tll.Tl .A. mm * m tflfl B 

Similarly it may be shown that, tan (a — b) = ~- - 

1 -j-tanA.tanB 

Cor. 1. IfB = A, tan 2a= . 

1— tan 2 a 

Cor. 2. If B = 45°, then since tan 45° = 1, (Art. &) 
,ov __1 +tan a 



tan(A + 45°)=^-f- 



tan . 



sin 



1 ^ cos a cos a -f sin A 

= sin a cos a — sin a* 
* ~~ cos A 

30. By development and multiplication, 

an (a + b) . sin (a — b) = sin 2 a . cos 2 b — cos 2 a . sin 2 b 
= sin 2 a — sin 2 b 
similarly cos (a + b) . cos (a — b) = cos 2 a — sin 2 b. 

31. In formal» (1) and (3) of Art 27., for A put na, and 
for b put a; then A + B = »a + a = (»+ 1) a, and a — b = 
«a-a=(»-l)a; 

sin fn + 1) a + sin (n— 1) a = 2 sin na . cos a, • . . (1) 
>and cos (n 4- 1) a -f cos (n — 1) a = 2 cos na . cos a . . . (2), 

If n==l,from (1), 

sin 2 a = 2 sin a . cos a; 

from (2), cos 2 a + 1 = 2 cos 2 a, 

.•. cos 2 a=2 cos 2 a — 1. 
Ifn = 2, from(l), 

sin 3 a -f sin a = 2 sin 2 a . cos a = 4 sin a . cos 2 
= 4 sin a (1 — sin 2 a) 
= 4 sin a — 4 sin 3 a, 
.•. sin 3 a = 3 sin a— 4 sin 8 a. 
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Similarly from (2), we find, 

cos 3 a = 4 cos 3 a — 3 cos a. 

These last two formulae give the values of the sine and 
cosine of the triple arc, in terms of the sine and cosine of 
the simple arc. By successive Substitution the sine and 
coskte of any multiple arc may be found. 

32. In the four formulae Art. 27., let A -f B = a, 

j , . , a + b , a — b 

and a — b =6, m which case A = — ^ — > an ^ B= — 7>~> 

a + b a — b 

.% sin a + sin b = 2 sin — — . cos •••(!) 

sin a — sin 5 = 2 cos — — - . an . . . . (2) 
2 2 v ' 

a+b a—b , _v 
cos «-f cos &=2 cos—— . cos —g— . . . (3) 

cos 6 — cos as=2 sin ^ . an — — • . • (4). 

33. Dividing (2) by (1) of the preceding Article, observing 

that -5?— — tangent» 
cosine 

a — b 
. . tan a 
sin a — sin o % 

sin a + sin 6 a + 6* 

taa-g- 

Similarly, dividing (4) by (3), 

cos ( — cosa a + 6 a— 6 

L — = tan • tan 

cos a + cos 6 2 2 

As a and 6 in these formube express any angles whatever, we 
may put a for a, and b for 6. 

34. To calculate the sines, cosines, Sfc. of arcs. 

(1.) Having given the sines and cosines of any two arcs, 
we can always find the sine and cosine of their sum or differ- 
ence; forexample, 

G 
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sin 75° = Bin (45° + SO ) = sin 45° cos 30° + cos 45° sin 30° 

a/3 — 1 

Sirailarly, cos 75°= g ^ g . Also, sin 75°== cos 15°, and 
cos 75°=si„ 15°. ^^=^±1^ =^±1 

(2.) To find the sine and cosine of 18° and 36°, 
cos 54° = sin 36°, or cos 3 . 18° = sin 2 . 18°. 

But by Art 31., 

cos 3 . 18° =4 cos» 18° — 3 cos 18° 
and sin 2 . 18° = 2 sin 18° cos 18°, by equality, 
4 cos 3 18° — 3 cos 18° = 2 sin 18° cos 18°, 
/. 4 cos« 18°-3 = 2 sin 18° . . . (1). 

Let sin 18°=«», the* cos 9 18° = 1 — **, and this equatkm 
becomes, 4 8* + 2 x s= 1, whence we find 
a/5 — 1 

x - A = ain 18° or cos 72°. 

4 

Substitnting this value of sin 18° in eq. (1), 



4 co.» 18-3 = 4*fl, /. co. 18«= ^±£1. 
Again, sin 54° — co. 86° = cos 2 . 18° 

= co.» 18°-««» 18 °=^_i^=!±_^. 

8 8 4 



cos« 54° = 1 -sin* 54° = 1 - 



S+*A5 5— */5 



.% cos 54° or sin 36° = — r- 2 — . 

4 

(3.) Having given the sine of any arc, we can always find 
the sine and cosine of half the arc, by the two formal» of 
Art. 28. Thus, as sin 30° = J, we have, 

sin 15° = l { ^1+1- V'T=i} =i(Vt-Vl). 
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We may then successively procecd to determine the sines of 
15° 15° 15° 15^ 
2 9 2 2 ' 2 3 ,,, 2 10 ' 

15° 225 

In this way we find sin or sin — g . 1' = '000255625. 

Now in very small arcs like this, the sine varies (practically) as 
the arc itself ; 

,\ sin 1' = ^™ X -000255625 = -00029088820. 

225 

The cosine and tangent of 1' can now be found, 



cos 1' = V 1 - sin 2 1' = 9999999577, 

and tan = '00029088820. 

cos 1' 

Here it will be observed that the values of the sine and 
tangent of 1' agree as far as the first ten decimal figures. 

Now (Art 73. Geo.) the arc of a circle is greater than the 
sine and less than the tangent ; but as the values of the sine 
and tangent of an arc of 1', agree as far as the figures here 
given, it follows that, 

The arc of 1' to rad. unity = -00029088820, &c 

Since there are 21600' in the whole circle, the circumfer- 
ence of the circle will be 21600 times this qnantity, or 
6-283185 &c. ; and this result must obviously be correct, at 
least, as far as the sixth decimal place. But this quantityis 
the circumference of a circle, whose radius is 1 or diameter 
2, therefore the circumference of a circle, whose diameter is 
tmity, will be $ of 6-283185 &c. = 3-14159 &c This is the 
value of the Symbol v. In practical calculations this number 
is usually taken 3*1416. 

Hence we have, by Art 75. Geo., Cor., 

Circum. circle whose diam. is d =d x 3*1416, 
and Area „ „ = d*x , 7854. 

(4.) To find the sine and cosine of. 2 / , 8', 4', &c. 
In the formul» (1) and (2), of Art 3L, put a= T, and 

o 2 
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n = 1, 2, 3, &c, and the resulting expressions will enable us 
to calculate the ßines and cosines of all angles for every 
minute of a degree. 



Exercises. 
1— tan 2 A 

1. To prove tihtat cos 2 A= 1+tan2A . 

cos 2 A=cos 2 A — sin 5 a, by Art. 25., 

=( 1 -Si) c08iA=(l - tw,,A)cos8A 

1— tan* a 

= rRm ,by(2)Art.6. 

2. To prore that tan» a= \ 

4 , 2ain»A l-cos 2 a • ' 

tan ' A= 2^x = i+co.2A - b y Art2S - 

3. Prove the following formulae : — 

sin 2 a 2 cot i A sin 2 a 

tanA =l + cos2A == (cotiA)«-l ; <** a= 1-cos2a*' 
ain (30° + a) = oos a — sin (30° — a) ; tan a =cot A — 
2 cot 2 A; (cot A . cos a) 2 = cot 2 A «— cos 2 a; sec A = l -f 
tan a • tan £ a. 

4. Determine x in the following eqnations : — 
(1.) 3 tan ;r=tan 2 x ; 

2 tan x 

3 tan s=tan 2 ^= 2— tan 2 s > b ^ - ÄJt . 29, 5 

2 _ 1 

• ## 3 ~l-tan 2 *»- / - tan ^^73' 

A by Art. a, #=30°. 
(2.) sin 2 jc=sin *. ,4n*. a?=c60°. 

(3.) tan x=coaee 2*. Ans. *=45°. 
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35. To find the coeine qf the cmgle of a triangle in terms 

qf the sides. 

Now in fig. 2., Geometry, Art. 50., 

AB 2 =BC 2 -f- AC 2 — 2 BC . DC ; 

in fig. 1., Geometry, Art. 49., 

AB 2 = BO J -f AC 2 + 2 BC . DC. 
« . „ « BC 

Butinfig.2., — -= cos c, or dc= ac . cos c; 

and in fig. 1., ^=cos acd = — cos acb or — cos c ; 

AC 

.% do = — ao . cos c. Therefote in both cases, by Substitution, 

AB 2 =BC? + AC 2 — 2 BC . AO . COS C, 
BC 2 + AC 2 -AB 2 

.*. cos cä= - ; 

Sbo.ao 

or adopting the notation of Art. 11., 

ö* + 6 2 - c* 

cos o = — - — , 

2 ab 9 

..... fta + c 2 -« 2 
and simüarly cos a= — ; and so on. 

In order to adapt this formula to logarithmic computation, 
we nave by adding i to each aide of the equality, 

P+Zbc + tP-a* (6 + c) 2 -a 2 

1 4- COS A = ■ — : = * 

T 2 bo 2 be 

_ (p + c + fl)(o + c-*a) 

2 6c 

But by Art. 26., 1 +cos Aas 2 cos 2 and if s be put for 

2 

g "^2^" C> **• 2 " BS=Ä + Ä + Ö ' and2 (s — a) = £-fc — a; 
Q a 2sx2(s — a) 

a . /s(s— a) „ N 
a 3 
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Or adapting the formul a to radins r, (see Art 10.) 

a / s (s— a) . , . A 

cos - = r /y/ - b - ; or in loganthms, 

log cos | = 1 + i (log 8 + log (s— a)— log &— log c J ...(2). 

Similarly we find, 

fl 2«( & 2. 2 6 c + c 2) 2(s-&)(ß-c) 

1 — COS A = 7TT — . 5 

but 1 — cos a = 2 sin 2 5, (Art 26.) 

Tb 

Dividing (S) by (1), 
Multiplying (3) and (1), we have, 

A A 2 

sin a = 2 sin - cos - = — Vs( 8 "" fl ) ( 8 ~" ( 8 "" c ) ••• 

% Z c 

These three last formulae may be expressed in logarithms, 
after the same manner as formula (1). 

By any of the formulae, (1), (3), (4), and (5\ the angles 
of a triangle may be computed, when the stetes are given. If, 
however, the angle required be near 90°, the last formula 
should not be used, because the sines of arcs near 90° differ 
but little from each other. 

Examples. 

Given the three sides of a triangle to find an angle. 

Ex. 1. Let a = 7, b = 9, and c = 8 ; required L *~ 
Here by eq. (1), ß = i (7 + 9 + 8) = 12, 



cos* 
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.% | = 24° 6'; and a = 48° 12'. 
Or by logarithms, eq. (2), 
log cos |= 10 + ^{log 12 + log 5-log 9-log 8] 

.•. | = 24° 6', and a = 48° 12'. 



9'9604; 



2. Given thethree sides of a triangle 81, 135, and 108; to 
find the angle opposite to the least side. 

To solve this question by eq. (3). Putting a for 81, 
the opposite angle, which we have to find, will be A, and 
then the two remaining sides will be b and c; and s = 
£(81 + 135 + 108) = 162. 



3. Bequired the remaining angles of the triangle in the last 



4. The three sides of a triangle are 53, 53, and 92*36 ; 
required the angle opposite to the greatest side. 

Ans. 121° 14'. 

5. The three sides of a triangle are 112*65, 120, 112; re- 
quired the angle opposite to the first named side. 

Ans. 57° 58'. 

36. To find the area of a triangle in terms of the sides. 
Let fl, b, c be the given sides ; then, Art. 12., 
Area A = £6cxsinA; 
substituting the value of sin a, given in eq. (5), Art. 35., 
Area A = V s (s— a) (s— ft) (s— c) 

Ex. 1. * What is the area of a triangle, whose three sides 
are 25-69, 49, and 50 25 ? 



Mn 2 V 135 x 108 




example. (See eq. (1), Art. IL) 



Ans. 90° and 53° 7'. 



o 4 
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Here s=i (25-69 + *9 + 50*25) = 62-47, s-a = 62-47— 
25-69 = 36-78, s-6 = 13-47, and s-o = 12-22 ; 



.% Area A= 62 47 X 36-78 x 13*47 X 12*2« = 6l4£)t 
Or by logarithms, 
log Area A = £ (log 62-47 + log 36-78 + log 13-47 + log 12-22). 

2. What is the area of a triangle, whose three sides are 
20, 30, and 40 ? Ans. 290-47. 

37. Curen any fu-o riefe« o/ a triangle and the xncluded 
angle, to find the other parts. 

By eq. (1), Art IL, ^ = ; adding and subtracting 1, 

6— o ein B—sin c6-fc _8inB + eino 
c sin o ' o sin o * 

by division and Art. 33., we have, 

6—o sin b — sin o b — o b + o 

— — «~ - — : — =tan -— — -4-taa — — ; 

6 + c sin b + sin o 2 2 9 

hat b + c= 180°- a, and tan ^j^=s taa I^-lzf-,«* |. 

B—O 6—0 A 

.«. log tan -2^5 a= log (5—«)— log (6 + «) + log cot |. . 

B — C 

The angle — g— being determined from thia fbrmula, and 

b + c being known, we can readily find Z. b and Z c. The 
remaining side of the triangle may be fonnd by Art 11. 

Ex. 1. Giyen& = 345, c = 174-07, and Z. a = 37° 20' ; to 
find z b and L C. 

Here, 6-o=170'93, 6 + o= 519*07, and | = 18° 40 / ; there- 
fore by the formula, we have, 
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log 170-93 = 2-2328183 
-log 519*07 = - 2-7152259 
cot 18° 40' = 10-4712979 

log tan = 9*9888903 = log tan 44° 16'. 

2 2 2 

adding these equations together, we find/ b= 115° 36', and by 
subtracting we find /, o = 27° 4'. The remaining aide will be 
found, by Art. IL, to be 232. 

2. The two sides of a triangle are 46' 18, and 26*5, and the 
included angle is 29° 23'; required the remaining angles and 
aide. Ans. 121° 14', 29° 23', and the aide 53. 

38. To find B and r, the radix of the circles described in and 
about a triangle whose sides are given. 

By Exercise 1, p. 65., area A = r . 8 ; 
.\ Art. 3&, r . s= a/b (a— «) (a— *) c), or area A; 
... r= 

Let p be the centre of the circum- 
scribed circle abc, then fc = fa = fb 
= b. Draw pe perpendicolar to ac, 
then the triangles cfb and afb will be 
identical, and .% ce = ae, and L Cfe = 
\ L CFA; 

but, Geo. Art 60., £ oba = ^^. ofa ; /. Z. ofb== £ cba ; 
and sin ofe or sin b = — = — ; by eq. (5), Art 35 v 




abc -.(2). 



4 area A 

c 5 
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Multiplying (1) and (2), B r = |^...(3). 

Ex. 1. Eequired r and R, in a triangle whose sides are 6, 
8, and 10. 

24 

Here, area A = 24, and s=12; .\ by eq. (1), r=^| = 2; 

, . /o\ 6 x 8 x 10 . 
and by eq. (2), »=____ = 5. 



39. To find the area of a regulär polygon of n sides. (See 
fig. p. 65.) 

tt * . s6o ° , , 180° _ . _ 

Here JL aoe = , .% /. aoe' = ; by Art. 71. Geo. 

n n 

Area polygon = nx JaeXoe'; 

.ab' , t 180° . , , 180° 

but — > = tan aob' or tan ; hence oe =4 ae . cot : 

oe n 2 n 

,\ Area polygon = - . ab 3 . cot . 

4 n 

Cor. 1. If r be put for oe', the radius of the inscribed 
circle, then 

i * 180 ° 
r=*AB . cot ■■ . 

* n 

Cor. 2. Let b be put for oa, the radius of the circum- 
ßcribed circle, then we have, 

ae'_,.._ 180°, .180° 

o J 



— = sm — — ; ,\ b = 4 AB-5-sin . 

oa n * n 



n n üb - r 

Cor. 3. — = cos aoe' : ,\ - = cos 

oa k n 

Ex. 1. What is the area of a pentagon whose side is 5 ? 

Here, ae= 5, and n = 5, /. Area = | x 5 2 x cot. 36° = 
4S-01. 

2. What is the area of a hexagon whose side is 10 ? 

Ans. 259-8. 
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To determine the fundamental equations in Spherical Tri' 
gonometry.* . 

40.Let abc be a spherical 
triangle, formed by three planes 
passing through o, the centre 
of the sphere. Take od = 1, 
and in the planes aoc and 
boc, draw de and df each 
perpendicular to the edge oc, 
andjoinEF. Because fde 
is the measure of the inclination of the planes aoc and boc, 
it will also be the measure of the spherical angle c. More- 
over the number of degrees in the side cb or a will measure 
the Z cob, and so on. 

From the triangles edp and eof we have by Art. 35., 

EF 2 = DF 2 + DE 2 — 2DF • DE • COS FDE 
BF J =OF 2 + OE 2 — 20F . OB . COS FOEj 

by subtraction, observing that od = 1, and that odf and 
Ode are right-angled triangles, 

OF. OE . COS FOE = 1 +DF . DE • COS FDE, 

1 1 . DP DE 

.% COS FOB = • . . COS FDE. 

OF OE OF OE 

cos c = cos a m cos 6 -j- sin a • sin b • cos o ... (1). 
cos g — cosa . cos b 



/. cos c = - 



sin a . sin h 



.. (2). 



As this equation is not restricted to any particular sides, 
we may put b for a, b for a, and a for b, and so on ; so that 
in fact this equation represents three. 

To find sin c, we have, 



* The Student may pass over this section until he has read the 
** Problems on Heights and Distances." 

o 6 
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sin o= v'l — cos 2 o= y^l -f- cos o) (1 — cos ~o); 

adding 1 to each side of eq. (2), and reducing to a common 
denominator, 

, , cos c — (cos a • cos b — sin a . sm b\ 

1 + COS = ; ; ; - 

sin a • sxn o 

n . a + b + c . a+b—c 

, , _ x 2 sin - . sm - 

_ cos c— cos (g -f o)_ 2 2- 

sin a . sin 6 """* sin a • sin 6 

2 sin s . sin (ff — c) , v 

= : A-r — (See Arts. 32. and 35.) 

sm a . sm b v 7 

Similarly we find, 

% sin (s — &) • sin (s — «) 
sin a . sm 6 

2 



sin a . sin 6 



V sin s . sin (s — a) . sin (s— 6) . sin (s — c)r 



Dividing by sin c, and putting M for the symmetrica} 

sin c 

expression on the right hand, we have, - — = M. Now if 

sin c 

c and o be changed into b and b, or into A and a, the 
quantity m will not at all be altered. 

sin a sin b J_ sin o 
sin a sin o ~~ sin e* 



sm a sm a 

and nence also = — — r, &c, ... (3). 

sm b sm & ' v ' 

This result shows that in every spherical triangle, the sines 
of the angles are in the ratio of the sines of the opposite sides. 

From eq. (1), changing c into a, c into a, and a into c, 

cos cl = cos o • cos b -}- sin c . sin b • cos a 

substituting in this equation the value of cos e given in (1), 
and reducing, 

cos a . sin 6= cos & . sin a . cos o + sin c • cos a ... (4). 
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Diriding this equation by sin a; substituting for 
; and reducing, we find, 

cota.Bm& = co86.c8sc + cotA.sino .... (5). 

Dividing eq. (4) by sin a; substituting by eq. (3) ; and 
multiplying by sin A, we find, 

cos a . sin b = cos ft . cos o . sin a + sin c • cos a, 

similarly, ooe b • sin A = cos a , cos c . sin b + sin c . cos B, 
eliminating cos b from these twa equations, we finally have, 
cos a -f cos b . cos o 



sm b . sin o 



(6). 



The equations (1), (3), (5), and (6), constitute the funda- 
mental theorems of spherical trigonometry, and serve for the 
Solution of all triangles when the letters a, b, &c, are changed 
one into the other. By making the angles, in these formulaa, 
right angles, we readily obtain six equalities, which are 
known by the name of NapierV Analogies. 



PROBLEMS IN HEIGHTS AND DISTANCE& 

1. From the foot of a tower ab, a surveyor measured 
ae = 100 ft. on a leyel plane. 
He then took the angle dcb 
= 47° 30', which the top of 
the tower formed with the 
horizontal line cd. Eequired 
the height ab of the tower, 
the height of the instrument 
BC or ad being 5 ft. 

Here, after the method of 
Ex. 10. Art. IL, we find db = 109*13, and adding the height 
of the instrument, ab = 114*13 ft 
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2. Required the same as in Problem 4. page 15, when 
ad =100 yds., Z. cdb = 46°, and Z.cab = 31°. 

First to find cd. In the triangle adc we have, 

cd sin o AD 



/ acd = 46° - 31° = 15°, and 



AD 



sm CAD 

/. CD = X ADV 

sm ACD 

by logarithms, log sin 31° = 9'711839S 
—log sin 15° = 9*4129962 
log 100 = 2 

log CD = 2-2988431 
CB 

To find cb in the triangle bdc. Here — =sin cdb, 

CD 

/. cb = sin cdb x cd ; hence by logarithms, 

Jog sin 46° = 9*8569341 
;log cd = 2-2988431 
— 10 



log cb = 2*1557772 = log 143*14 ; 
.% ob = 143*14 yds. 

«* Obs: This distance may at once be found from tbe equa- 

sin cdb . sin cad .ad . . . . 

iion c b = ; , which is obtained by 

sin acd * 

substituting in tbe second equation, tbe value of cd given in 

the first. 

3. Two observers, 880 yards from each otber, in the same 
vertical plane with a clond and on the same side of it, find 
at tbe same moment its elevation to be 35° and 64°: required 
the perpendicular height of the cloud. Ans. 935*75 yds. 

4. Wanting to find the breadtb of a river at ab (see fig. 1. 
p. 24.), I measured AC = 200yds., and then found Zbac 
n=73° 15', and /.BCA = ß8 2': required ab. 

Ans. 296*5 yds. 
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5. Wanting to find the height of a tower CE standing on 
a hill ; at A I took the angle of elevation c ab = 33° 45' ; I 




then measured ad = 100 yds. in a direct line towards the 
tower ; at d I found the Z.cdb = 51°, and the Z.edb=40°: 
required the height of the tower. 

Here in the triangle adc, we have given ad = 100, 
L CAD = 33° 45', and Z.acd= Zcdb — ZCAD= 17° 15'; 
hence we find cd. Then in the triangle cde, we have given 

Cj>, ZCDB = Z.CDB— Z.EDB= 11°, and ZCEDss 2iEDB-h 

L ebd = 130° ; hence we find ce = 46*66 yds. 
6. Wanting to find the height of a tower ce, I measured 




the distance, ad = 52 yds., between two stations a and d not 
in a direct line wfth the tower; at a I found the /.cad 
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= 64° 30' ; at d the Z.adc = 72° 10", Z.cdb=58°, and 
Z.edb = 33° : required the height of the tower cb, and the 
height of the hill be above the level line db, drawn from 
the Station d. Ans. c e = 34*46, and be = 23*5 yds. 

7. What is the perpendicular height of a hill whose angle 
of elevation, taken at the bottom of it, was 58°, and 100 yds. 
directly farther off on a level plane, the angle was 32° ? 

Ans. 102-5 yds. 

8. From the top of a lighthouse ab, 85 ft. high, the angle 
of depression eac of a ship 
was 3° 38 / ; and at the bottom 
b of the lighthouse, the angle 
of depression pbo was 
2° 43'; required the hori- 
zontal distance cd of the 
vessel, and the height db of 
the promontory. 

Ans. cd = 5296 ft 9 and db = 251 ft. 
Here in the triangle abc, Z.acd = Z.eac = 3° 38', and 
Z.bcd=Z.fbc = 2°43 / , .\ Z.acb = 3° 38'- 2° 43'= 55'; 
Zcab = 90°-£bao = 86° 22'; and ab = 85; hence w« 
find ob. And so on. 

9. From the top of a ship's mast 80 ft. above the water, 
the angle of depression of the hüll of another ship was found 
to be 20° : required the distance between the ships. 

Ans. 219-79 ft. 

10. Required the same as in Problem 5., page 16., when 
BD = 40ft., DA = 60ft, L cbb = 41°, and Zc ab = 23° 45'. 

Here in the triangle adc, ad = 60, Z.a = 23° 45', and 
Zacd = 41°-23°45'= 17° 15'; hence we find cd=81-488. 
Then in the triangle dcb we have, bd = 40, cd = 81*488, 
and the included angle cd b = 41° ; hence by the formula 
Art. 37-, we find cb = 57'6 ft. 

11. Two objects a and b, whose distante from each other 
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is required, could only be seen at* 
the same time from a Station d. 
I measured the two base linee 
DC = 200 yds., and de =200 yds. ; 
I then tookthe angles adc=89°, 
adb = 72° 30', bde = 54° 30', 
bed=88°30', and dca=50° 30': 
required ab. 

From the triangle aod, we 
find, ad = 237*6. From the tri- 
angle dbb, we find bd = 332*2« A "d from the triangle 
adb, Art. 37., we find ab = 345*5 yds. 

12. Required the same in Exercise 14., page 29., cd=400 
yds., L CDAes 58° Zadb=s45 p 15', Zdcb = 58° 20% 




Ans. ab=635 ycfr. 



wem 




and Zbca = 37° 

13. "Wanting to know 
the distance between two 
towers a and b ; at a ^ 
Station c I took the angle ^ 
acb = 55° 40 7 ; I then 
measured c a = 7*35 
chains, and cb = 8*4 chains : required ab. Ans. 7*4 chains, 

14. The distances of three objects, A, b, and C from each 
other were known, viz. ab = 6 miles, bc = 3*6, and ac = 4. 
At a Station d, in a line 
with a and c, I found the 
L »=h 17° 47' 20" : required 

AD. 

In the triangle abo the 
three sides are given ; hence 
by Art 35., we find ZCAB 
=c 35° 34' 38". Then in the ö 
triangle dab we have given ab = 6, Z.i> = 17° 47' 20", and 
Zabd=Zcab— Z.d=17° 47' 18"; hence we find ad =6 
miles nearly. 
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15. From a ship at A I observed a point of land c to bear 
N.N.E., and after sailing 12 miles in 
a W. N. W. direction, I found the point 
of land bore N.E. b. E : required my 
distance from C at each point of Ob- 
servation. 

Construction, Mark off the N. N.E. 
point of the compass, that is, take 
nc = 22° 30' ; join Ae and produee it ; 
set off the W.N.W, point of the com- 
pass, that is, take ng=67° 30', and 
draw AG; on this line take ab = 12 ; set off the N.E.b.E. 
point, that is, take nd = 56° 15' ; join ad, and from b draw 
bc parallel to it ; then the units in ac and bc will be units 
of miles in the distances required. 

By calculation. In the triangle ABC we have given, 
ab=12, ZBAC = NG + Ne==67°30' + 22 o 30'==90 o , and 
Zbca=:Zcad = nd-nc = 56 15' - 22° 30'= 33° 45'; 
hence we find bc=21*6 miles, and ac = 17*9 miles. 

16. Three objects, a, c, and b, in the same straight line, 
were at a known distance from 
each other, viz. ac= 1*813, and 
cb = 4*187 miles ; at a Station d 
I took the angles adc=19°, and 
cdb = 25°: required the dis- 
tances da and db. 

See the construction to Pro- 
blem 3., page 57. In the triangle 
abe, we have given ab = ac + 

CB = 6, Z.ABE = Z.ADE = 19°, 

hence we find the sides ae and be. 

In the triangle ace, we have given ae, ac, and the in- 
cluded angle cae ; hence by Art. 37., we find the L c. 

In the triangle adc, we have given, ac, L adc, and Z.C ; 
hence we find da =4*73 miles. Similarly in the triangle 
dcb, we find db = 8*42 miles. 




Zbae = Z.EDB = 25° 
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17. Wishing to find the height of the tower sd, I took a 
base line pb in the same hori- 
zontal plane with the bottom 
of the tower, and placed sta- 
tions at p, g, and b, making 
pg = gb = a, At p I found 
the angle of elevation = £_ p ; 
at g the angle of elevation 
= L o ; and at b the angle of 
elevation =Zb: required an 
expression for the height of 
the tower. 

Let x = 8D ; then bv=z cotp, bq=x cot g, and 8B=x cotn; 
therefore by Art. 5JL Geo., 




x 2 cot 2 p + * 2 cot a B= 2 a a + 2 cot 2 o ; 



2 a 2 



COt 2 P -f- COt 2 B — 2 COt 2 G* 

18. At the top of a tower a feet high, the angles of de- 
pression of the top and bottom of an upright column, Stand- 
ing on the same level plane as the tower, were found to be 

30° and 60° ; required the height of the column. Ans. 

19. From the top of the Peak of Teneriffe, h miles high 
above the level of the sea, the visible horizon appeared de- 
pressed a° ; required the radius of the earth. 

Ans. h . cot^ . cot a. 
2 
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1. Problem. To find the area of a Square, rectangle, or 
any paraüelogram. 

Eule. Multiply the base by the perpendicular height or 
breadth, and the product will be the area. (See Geo. pages 
31 and 34.) 

Note. The dimensions of artificers work are usually taken in 
feet and inches. Land is measured by the chain, which is 66 
feet long, and contains 100 links. An aere eontains 10 sq. 
chains, or 100,000 sq. links. The content of land is also ex- 
pressed in roods and perches : 40 perches make 1 rood, and 4 
roods make 1 acre. 



ExAMPLES. 

1. Required the area of the rectangle p 
ab cd, whose base ab is 14*80 chains 
or 1480 links, and breadth bc is 5*45 
chains or 545 links. 



Links. 
1480 
545 



A 

ac. 8-066 
4 



7400 
5920 
7400 

100000)8-06600 acres. 



r. 0-264 
40 



p. 10-560 



Area = 8 ac. r. 10*56 p. 



2. Required the area of a parallelogram ab cd, whose 
base ab is 3 feet 4 inches, and perpendicular height de is 
2 feet 8 inches. 
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3ft. 4' 
2 8 

6 8 

2 2 8 

Area = 8ft. W 8* 

Here, as an inch is the 12th of a foot, we calculate by the 
scale of twelfths ; observing that units multiplied by units 
give units, units multiplied by twelfths give twelfths, and 
twelfths multiplied by twelfths give 144ths, or 1 sq. inch. 
The 12ths are written with an accent over them, and the 
144ths with two accents. 

3. A door is 7 ft. 3 in. long, and 3 ft. 6 in. broad ; re- 
qaired its area, and cost at 2s. Zd. per sq. foot. 

By decimals. By duodecimals. 





7-25 ft 


7ft.3' 






3-5 ft. 


3 


6 






3625 


21 


9 






2175 


3 


7 


6 


Area 25 375 sq. ft. 


Area 25 ft. 4' 


6" 




2 




s. 


d. 


d. 


50-750 




2 


3 


3 = | 


6-343T 






5 




57-0937 Shillings. 




11 


3 




12 






5 




1*1244 pence. 




2 16 


3 











9 


Ans. £2 17*. Id. 







H 






£2 17 





Byfractions. 7 ft. 3 in. = 7£ ft., and 3 ft. 6 in. = 3£ ft. 
/. Area=7±x3i = ^=25-|sq.ft. 
/. Cost =2«. 3d. x 25$ = £2 17*. lJdL 
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4. Required the axea of a rectangular table 9 ft. 6 in. long, 
and 4 ft. 3 in. broad. Ans. 40 ft. 4' 6". 

5. Required the cost, in the last example, at 1*. 6d. per 
sq. foot. Ans. £3 0s. 6fd 

6. What is the area of a Square table, the side of which 
measures 3 ft. 8 in. ? Ans. ISft. 5' 4". 

7. A rectangular floor is 29 ft. 2 in. long, and 18 ft. 4 in. 
broad ; what did it cost in paving at 6s. 9d. per sq. yd. ? 

Ans. £20 Is. 0$d. 

8. What is the area of a parallelogram, whose base is 

6 ft. 4 in. and perpendicular height 3 ft- 5 in. ? 

Ans. 21 ft. T 8". 

9. Required the acreage of a field, in the form of a paral- 
lelogram, whose length or base is 930 links, and perpen- 
dicular breadth 480 links. Ans. 4ac.\r. 34p. 

10. How many yards of carpet, 3 qrs. wide, will cover a 
room that measures 14 ft. 3 in. by 9 ft. 4\ in. ? 

Ans. 19 yds. 2ft. 4^ in. 

11. How many Square yards are there in a parallelogram 
whose length is 37 ft., and perpendicular breadth 2*625 ft? 

Ans. 10-79. 

12. How many acres are in a rectangular field, the length 
of which is 1375 links, and breadth 95 links ? 

Ans. 1 ac. Ir. 9p. 

13. Required the cost of a piece of ground 24 ft. 3 in. by 

7 ft. 6 in., at 3s. 6d. per sq. foot. Ans. £31 16s. 6 JA 

14. Let alcn represent a picture 
frame, where the length ab is 20 in., 
the height ad 16 in., and the breadth 
of each side of the frame 3 in. ; re- 
quired the surface in the frame. 

Here to find the surface in the 
frame, we shall subtract the area of 
the rectangle klmn from abcd. 

Area rectangle abcd = 20 x 16 = 320 sq. in. 
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i 

Now kl=20 — 6 = 14, and xn = 16 -6 = 10; 
,\ Area rectangle klmn = 14 x 10= 140 sq. in- 
,\ Surface of the frame= 320 — 140 = 180 sq. in. 

15. A coach road goes round the rectangulor field abcd ; 
it is required to find the area of the ground taken np the 
coach road, when its breadth is 4 yds. ; the length ab of 
the field being 88 yds., and the breadth 40 yds. 

Ans. 960sq.yds~ 

2. Problem. To find the area of a triangle when its base . 
and perpendicular height are given. 

Bulb. Multiply the base by the perpendicular height, 
and half the product will be the area. See Geo. p. 35» 



Exahplbs. 

1. Required the number of acres in 
the triangulär field ,abc, whose base ab j 
is 945 links, and perpendicular cd 480 / 

links. / >^ 

A 945 x 480 „ , a i> b ^ 

Area = g =226800 sq. links 

= 2 ac. 1 r. 2 p. 

2. Required the area of a triangulär field* one of whose 
sides measures 618 links, and the perpendicular on it, from 
the opposite angle, 730 links. Ans. 2 ac. 1 r. *912 p. 

3. How many Square yards of brick-work are in the gable 
top of a house, whose breadth is 20 ft 6 in., and perpendicular 
height 10 ft. 4 in. ? Ans, 1 1 yds. 6/t. 1 1'. 

4. How many Square yards are there in a right-angled > 
triangle, whose base is 49 ft, and perpendicular 25*25 ft ?. 

Ans. 68-736V 

3. Problem. To find the area of a triangle, given the 
three sides. 

Rülx. From half the sum of the three sides subtract eaoh 
aide severally ; multiply the half sum and the three x*~ 
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mainders continually together, and the Square root of the 
last product will be the area of the triangle. (See Trigo. 
Art. 9€.) 

Nöte. The perpendicular let fall upon any side of a triangle 
inay be föund by aividing the area by half that side. 

I^CAMPLEß. 

1. In the triangulär field abc, the 
side ab mcasured 9 chains, ac 8*4, and 
bc 7*8 chains; how many acres does 
the field contain? 
The half sam =£(9 +8*4+ 7*8)= 12*6; £ 
12-6 12-6 12-6 
9 8-4 7-8 

3*6 4*2 4*8 the three remainders. 

«•*• Area= vl2-6 x 3-6 x 4*2 x 4 8 aq. ch.=3<w\ 3-84 /*. 
By logarithms. 

log 12-6= M0037 
„ 3-6 = 055630 
„ 4-2 = 0-62325 
„ 4-8 = 0-68124 




Dividing by the index of the root 2)2*96116 

log area triangle = 1*48058 = log 30*24. 
.% Area triangle = 30-24 sq. ch. =3 ac. 3-84 p. 

2. The sides of a triangle are 9, 8, and 7 ; required the 
v area. Ans. 26-83. 

3. The sides of a field are 620 links, 540 links, and 710 
links ; required the area. Ans. 1 ac. 2r. \Sp. 

4. The side of an equilateral triangle is 12 ft. ; required 
its area. Ans. 62-353 sq.fi. 

5. The sides of a triangulär field measure 146*5, 119*5, 
and 92*5 yards; required its value at the rate of £370 per 
acre. Ans. £421 19s. lOd. 
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6. Bequired the area of a triangulär field, whose sides are 
469, 427*8, and 512-8 links. Ans. 3 r. 30-4 

7. In the triangle abc (see fig. page 143.) given ab= 35, 
ac = 28, and bc = 21 ; required the perpendicular cd. 

Here we first find the area to be 294 ; then we have, 
$ x 35 x cd = area triangle = 294 ; 
.\ cd = 294 i x 35 = 16-8. 

8. Bequired the perpendicular let fall upon the least side 
in example 2. Ans. 7*66. 

4. Problem. To find the area of a trapezium. 

Eule. Multiply the diagonal by the sum of the perpen- 
dicnlars let fall upon it, from the opposite angles, and half 
the product will be the area. 

Or, divido the trapezium into triangles, then the sum of 
the areas of these triangles, calculated by Problem 2. or 3., 
will be the area required. (See Geo. Art. 42.) 



Examples. 

1. Bequired the area of the trapezium 
abcd, whose diagonal ac is 65 ft., the 
perpendicular be is 33*5 ft., and the 
perpendicular dp is 28 fit. 

Here the sum of the perpendiculars 
= 33-5 + 28 = 61-5; 

65x61-5 _ 
.\ Area abcd = g == 1998*75 sq. ft. 

2. How many square yards öf paving are in the trapezium 
abcd, whose diagonal AC = 20yds., and the perpendiculars 
be = 4*2 yds., and dp= 3*8 yds. ? Ans. 80 sq. yds. 

3. In measuring the field abcd (see the last fig.) I found 
AE=125 links, eb = 280 links, AF = 540 links. FD =420 

H 
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links, and ac = 750 links. It is required to constroct the 
figure, and find its area. Ans. 2ac.2r. 20 p. 

4. Required the area of the field ab OD, wkose sides are 
ab = 600 links, bc = 480, cd = 320, and da = 540, and the 
diagonal ao = 760 links. Ans. 2ac.Qr. 27 p. 

5. In surveying the field ponm, 
I foünd po = 1621*5, and the per- 
pendicular ns =584, pn= 1209, 
and the perpendieitlar mk=^305 
links; required the area. 

Ans. 6 ac. 2 r. 12 5 p. p 8 ° 

5. Problem. To find the area of a trapezoid. 

Eule. Multiply the sum of the two parallel sides by the 
perpendicular distance between them, and half the product 
will be the area. (See Geo. Art. 43.) 

Note. The area of any irregulär figure may be found by 
dividing it into triangles or four-sided figores, et iato both. 




Examples. 



1. In the trapezoid ab cd, the parallel 
sides ab and dc are 4*6 and 3 chains, 
and the perpendicular distame d b ä 6*037 
chains ; required the area. 
The sum of the parallel sides 
= 4-6 + 3 = 7-6 ; 
7-6 x 6-087 



Area: 



22-94 sq. ch. = 2 ac. 1 n 7 p. 



2. In the trapezoid ab cd, the parallel 
sides ad and bc are 80 and 60 links, 
and ab, the perpendicular distance be- 
tween them, is 840 links ; what is the 
area ? Ans. 2 r. 14 p. 

3. Given, as in the last example, 
ad= 80, bc = 20, and ab =s 340 links, tofiftd the area. 

Ans, 27-2 p. 
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4. In measuring along one «de 
ab of the field abdc, I found 
ap = 1 10 links, the perpendicukr 
CP=352, AQ=745, the perpen- 
dicular dq=- 595, and ab = 1110; 
reqtrired the area, 

2 area triangle apc =110 x 352= 38720 
„ trapezoid pqdc = 947 X 635 = 601345 
„ triangle qbd =595 x365 = 217175 

2)857240 

Area abdc = 428620 sq. 1. 

= 4 ac. 1 r. 5*79 p. 

5. Required the same as in the last example, when 
AP =20, cp = 6, aq=30, DQi=14, and ab = 38 feet 

Ans. 2\ß$q.fL 

6. Required the area of the 
irregulär figure ab cd, &c, 
the following diagonals and 
perpendiculars being given, 
trcz.AC=27 , 5,B»=9,G»i=6'5, 
GC = 22, Dgr=ll*5, F0=26» 
go = 6, and bj>ss 4. 



2areaABü = 27-5x9 =«W 
„ agc = 27-5 x 6-5 = 178-75 
„ gdo = 22 x 11-5 -?263 
„ fgd = 26x6 =156 
„ fdb =26 x 4r »104 




21939*25 



Area abcd, && =469*625 

7. Required the area of a pentangnlar figure abcpga ; 
when the diagonal AC=40, and the two pei^eadiciilart, B» 
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and Gm, upon it are 8 and 9; the diagonal öc = 38, and 
the perpendicular vq upon it is 6. Ans. 454. 

6. Pboblem. Any two sides of a right-angled triangle 
being given, to find the third side. 

Rule. To find the hypotenuse ; add the Squares of the 
two legs together, and extract the Square root of the sum. 

To find one leg ; subtract the Square of the given leg 
from the Square of the hypotenuse, and extract the Square 
root of the difference. (See Geo. Art. 45.) 



Examples» 




Base 



1. In the right-angled triangle abc, 
the base ab = 33 ft., and the perpen- 
dicular BC=44ft. ; required the hypo- 
tenuse AC. 

Here, the sum of the Squares of the two 
legs = 33 a + 44* =3025; 

.\ ac=V3025 = 55 ft. 

2. If ac = 65, and bo = 52 ; required AB. 

Here 65* - 52* = 1521 ; .\ ab =v!52l =: 39. 

3. The legs of a right-angled triangle are 4*5 and 9 ; re- 
quired the hypotenuse. Ans. 10O623. 

4. If the hypotenuse is 70, and the perpendicular 42 ; re- 
quired the base. Ans. 56. 

5. The side of a Square is 5 ft. ; what is its diagonal ? 

Ans. 7-071 fu 

6. A rectangular table is 4 ft 6 in. long, and 2 ft. broad ; 
what is the length of its diagonal? Ans. 4*924 ft 

7. A line of 95 yds. will reach from the top of a Castle, 
which Stands at the side of a river, to the opposite bank ; 
required the breadth of the river, the height of the Castle 
being 32 yds. An*. 89*44 yds. 
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8. A ladder 45 ft. long, being placed in a street, will 
exactly reach to a window 27 ft. from the ground on one 
aide ; and, upon being turned over without moving the foot, 
will reach a window 36 ft. high on the other side ; required 
the breadth of the street. Ans. 63 ft. 

9. The legs of a right-angled triangle are 50 and 37*5 ; 
required the perpendicular let fall upon the hypotenuse from 
the right angle. Ans. 30. (See Geo. Art. 46.) 

Note 1. By means of this problem we are enabled to find the 
area of a rectangle, when the diagonal and one of the sides are 
given. 

10. The length ab of a rectangle abcd is 8ft., and the 
diagonal AC is 10 ft ; required the area. (See fig. p. 140.) 



Here, bc= VlO 2 — 8 2 = 6 ; 
,\ Area abcd= 8 x 6 = 48 sq. ft. 

11. The diagonal of a Square is 6 ft. ; required the area. 

Ans. 18 sq. fU 

12. Find the area of a rectangle, whose base and diagonal 
are 36 and 45 ft. Ans. 972 sq.ft. 

Note 2. The area of an isosceles, or equilateral triangle, may 
be readily found by means of this problem. 

13. Required the area of the isosceles 
triangle abc, when bc = 24 yds., and 
AB = AC = 20yds. 

Here the perpendicular ad bisects the 
base, therefore bd = £ of 24 yds. = 12 yds. j j 
then from the right-angled triangle abd 
we have, 

ad = V20 a -12* = 16 ; 
Area triangle abc = bd x ad = 12 x 16 = 192 sq. yds. 

14. Required the area of an isosceles triangle, whose base 
is 48 ft., and each of the equal sides 40 ft. Ans. 1 '68, sq.ft. 

15. Required the area of an equilateral triangle, whose 
aide bc is 16. (See last figure.) Ans. 110*85. 

H 3 
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HereBDssJof 16ss8, and ad»=s(2 x 8)* — & = &x 8 ; 

.\ ad = 8 V3, and 

area abo = bd x ad = 8 x 8 V3=e8* VS. 

Here the 8 is half the given side, and the a/3 will occnr 
in every question which can be proposed ; hence it follows 
that, the area of an equilateral (riangle is equal to the Square 

of half the side multiplied by the Square root of 3. 

i 

16. Required the area of an equilateral tri angle, whose 
side is 80 ft. Ans, 2771*28 sq.fu 

7. Problem. To find the diameter and circumference of a 
circle, the one from the other. 

Eule. Multiply the diameter by 3*1416, and the product 
will be the circumference. And conversely, divide the cir- 
cumference by 3*1416, and the quotient will be the diameter. 
(See Geo. Art 74., and Trigo. Art M.) 

EXAMPLES. 

1. If the diameter ec of a circle be 
8, what is the length of the circum- 
ference EDCBE? 

Circuin. when the diam. is 1 »3*1416. 
Circum. when the diam. is 8 = 8 times 3*1416 « 25*1328. 

2. What is the circumference of the earth, supposing it 
to be perfectly round, and that its mean diameter is 7912 
miles ? Ans. 24856 miles. 

3. The diameter of a well is 7 ft. 6 in.; what is its circum- 
ference ? Ans. 2Sft. 6' 8". 

4. The diameter of the planet Yenus is 7680 miles ; what 
is her circumference? Ans. 24127*488 miles. 

5. The circumference edcb is 35*5$ required tho 
diameter sc. 

Here, ec x 3*1416 = 35*5 j 
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.\ bc = 35-5 -(-31416 = 11-29997. 

6. The circumference of the moon is 6850 miles ; what is 
her diameter ? Ans. 2180*4 miles. 

7. The diameter of a circular plantation is 500 yds. ; what 
did the wall, going round it, coat at 8«. Ad. per yard ? 

^*w.£654 10*. 

8. Pboblsx. To find the length of any are of a circle, 
when the diameter and number of degrees in the arc are 
given. 

Eule, Find the circumference of the whole circle, multi- 
ply it by the number of degrees in the given arc, and divide 
this product by 360. 

Note. When the chord and height are the given quantities, 
the radius and number of degrees must he found by Problem 15. 



ExAMPLES. 

1. What is the length of an arc of 45° in a circle whose 
diameter is 4 ft. ? 
Circum. whole circle, or 360°= 4 x 3*1416 ; 

4 x 3*1416 



of 1° 



360 



... „ of45 o = 4x3>r416x45 =m()8A 

2. Find the length of 30° in.a circle whose diameter is 
36 ft. -4ns. 9-4248 ft. 

3. What is the length of a circular arc of 32°, the radius 
of the circle being 5 ? Ans. 2*7925. 

4. Find the length of an arc of 34° 20', the diameter 
being 6. 

Here 34° 20' = 2060', and 360° = 21600' ; then 
Circum. whole circle, or 21600' =6 x 31416 ; 
6 x 31416 



of 1' = 



21600 9 

H 4 
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* 6 x 3-1416 x 2060 / , _ 
Circum. of 2060' = 21600 = 

5. Find the length of an arc of 27° 18', the diameter being 
62-5 yds. Ans. 14-889 yds. 

6. The diameter of a circle is 5 fit. ; required the number 
of degrees in an arc whose length is 4 ft. 

Circum. circle, or arc of 360° = 5 X 3*1416 ; 

, 10 5x 3-1416 
arcofl ^ 360 ; 

/. No. degrees in the given arc = 4 -4- arc of 1° 

= 4- 5 X 3 6o 416 = 91,673 ° = 91 ° W 22 " 

7. The diameter of a circle is 16 ; required the number 
of degrees in the arc whose length is 14. Ans. 100° 16' 2". 

9. Problem. To und the area of a circle. 

Eule. 1. Multiply half the circumference by half the 
diameter, and the product will be the area. (See Geo. 
Art. 75.) 

2. Multiply the Square of the diameter by r7854, and the 
product will be the area. (See Trigo. Art. 34.) 

Note. If the area be divided by *7854, the quotient will be 
the square of the diameter. 

ExAMPLES. 

1. What is the area of a circle, whose circumference is 
22 ft., and diameter 7 ft. ? 

Here, area = y * 1= 38-5 sq.fi. 

2. What is the area of a circle whose diameter is 7 ? 

Area = 7 2 x -7854 = 38-4846. 

3. The diameter of a cylindrical vessel is 2 ft. 6 in. ; what 
is the area of its bottom ? Ans. 4-90875 sq.ft 
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4. The diameter of a circular table is 4 ft. 3 in. ; what is 
its area ? Ans. 14-186 sq.ft. 

5. The circumference of a stone column is 5 ft. ; what is 
the area of its base ? 

5 

Here, diam. base = g.^^ » 

,515 25 

•*• = i circum - x rad - = 2 x 2 x ^Ltä^-äme 

= 1-989 sq.ft. 

6. What is the area of a circular plantation whose circum- 
ference is 960 links ? Ans. 2 r. 37-3 p. 

7. The area of a circle is 24 sq. ft.; required the diameter. 
Here, diam. 2 x -7854 = 24 ; 

.\ diam. 2 = 24-*- -7854 = 30-5576, 

.\ diam. = V30-5576 = 5-527 ft. 

8. What length of cord will it take to tether an ass, so 
that he may graze over an acre of ground ? Ans. 39*25 yds. 

10. Problem. To find the area of a sector of a circle. 

Eule. 1. Find the area of the whole circle, multiply it 
by the number of degrees in the arc, and this product divided 
by 360 will be the area of the sector. 2. Multiply half the 
length of the arc by the radius, 

Note. When the radius and the arc, or the number of degrees 
in it, are not given, they must be found by Problem 15. 



Examfles. 

1. In the sector ikvl of a circle, the ra- 
dius ik is 7 ft., and the number of degrees 
in the arc kvl is 29° ; required the area of 
the sector. 

The circle may evidently be cut into 360 
sectors of one degree in the arc 

H 5 
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Area whole circle or 360° = 14 2 x -7854 ; 
14* x -7854 



area sector of 1° = 



360 



orsQ 14» x -7854 x 29 , ft , ' 
.\ „ „ 29° = m = 12-4^/*. 

2. The arc of a sector contains 18°, and its diameter is 
3 ft. ; required its area. Ans. -35343 sq.ft. 

3. Required the area of a sector, whose arc contains 
27° 40', and its radius is 14. Ans. 47*3218. 

4. The length of an arc of a sector is 8*6 inches, and the 
radius is 3 ft. 6 in. ; what is its area ? Ans. 1*254 sq. ft, 

5. The radius of a sector is 25 ft, and the length of the 
arc 8 ft ; what is its area ? Ans. 100 sq.ft. 

6. The area of a sector is 9 sq. ft, and the diameter of 
the circle is 5 ft ; required the numher of degrees in the arc 
of the sector. 

Area whole circle =52 x -7854; 

5 2 x-7854 

•\ Area sector of 1°= — ggQ — ; 

.% No. degrees in the given sector = 9 area sector of 1° 
„ 52 x -7854 



360 



• = 165° </ 4". 



7. The area of a sector is 18 sq. ft., and the diameter of 
the circle is 9 ft. ; required the number of degrees in the 
arc of the sector. Ans. 101° 51' 32". 

8. The area of a sector is 28*4 sq. in., and the radius of 
the circle is 8 in. ; required the length of the arc of the 
sector. Ans. 7'1 in. 

XL Pboblbh. To find the area of a circular ring, or 
space included between the circumferenees of two concentric 
circles. 

Eule. The difference of the areas of the two circles will 
be the area of the ring. Or, multiply the sum of the 
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diameters by their difference, and this product multiplied by 
•7854 will give the required area. 

Examples. 

1. The diameters ab and cd are 5 
and 3 ; required the area of the circular 
ring. 

Area circle ab = 5* x *7854 ; 
„ „ cd = 3 2 X'7854; 

/. Area ring = 5* x -7854 - 3» x -7854 = (5* - 3*) x -7854 
= (5 + 3) (5 - 3) x -7854= 12-5664. 

2. The diameters of the circles are 10 and 6 ; required 
the area of the ring. Ans. 50*2656. 

3. The exterior diameter of « metal pipe is 3 in., the in- 
terior diameter 2 in. ; what is the area of the circular ring 
in the section ? Ans. 8-927 sq. in. 

4. The interior diameter of a circular luilding is 48 ft., 
and the thickness of the wall 1 ft ; required the area of the 
ground occupied by the wall. Ans. 153-9384 sq.ft. 

5. Kequired the number of 
Square feet in the face of the 
circular arch abfd, when the 
radius AC = 10 ft., ©0 = 9 ft., K 
and the length of the arc 

ABB = 20 ft. 

To find the length of the arc 
ogp, we have, 

Length arc to rad. 10 ft. = 20 ft. ; 
•\ n » n lft. = |* = 2ft; 
f% „ * » 9ft.=9 times2ft. = 18fl. 

H 6 
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Or thus, without the formula. In this case the triangle 
aob (see last fig.) is equilateral ; therefore (Note 2. Pro- 
blem 6.) area aob= 1-5 2 x V3, and area polygon 

s6x l-5 a x V3«=23«58. 

5. Required the area of a regulär octagon, whose side is 
8 ft. Ans. 309-019 sq.fu 

14. Problem, To find the area of a segment of a circle. 

Eitle. Find the area of the sector 
acbe; also find the area of the tri- 



angle Abb ; then the difference of these ; /\ | D S 
areas, will be the area of the segment { j 

Abc, when it is less than the semicircle. ; ! f 

The sector must be added to the tri- \ j / 

angle when the segment is greater than \ j s 

the semicircle. t~~"' 

Note. When the radius and the number of degrees in the arc 
are not given, they must be found by Problem IS. 



ExAMPLES. 



1. What is the area of the segment abc, whose radius 
ae = 24, and the arc acb = 37° ? 

Here we find by Problem 10., 

48* x -7854 x 37 lojr ^ 
Area seetor acbe = ggg = 185-9 ; 

and by Problem 12L, we find, 

Area triangle abe = i x 24 x 24 x sin 37° » 173-3 ; 

/. Area segment abc = sector — triangle 

= 185-9 -173-3 = 12-6. 

2. What is the area of a segment, whose arc is 60°, and 
the radius of the circle 5 ft. ? Ans. 2 2647 sq.ß. 
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3. What is the area of a segment, whose arc ig 90°, and 
radius 9 ft ? Ans. 23-1 17 ß, 

4. Required the area of a segment, whose arc contains 
280°, the diameter being 25 yds. . Ans. 458*729 sq. yds. 

15. Problem. The chord and height of an arc of a circle 
being given, to find the radius and number of degrees in the 
arc. (See the last figure.) 

AD 2 

B7 Geo. Cor- L Art. 6L, cd . dp =ad 3 , # \ dp =— ; 

CD 

adding cd to each side of this equality, 

cp or diameter ==■— + CD. 

V/U 

Having found the diameter, we now proceed to find the 
number of degrees in the arc. 

By Trigo. Art 9., sin aec or sin \ aeb= — ; hence 

from the table of sines, we find L AEC,%nd .\ L aeb. 



EXAXPLXS. 

1. Given the chord ab = 8, and the height cd =2, to 
find the radius of the circle, and the number of degrees in 
the arc acb. 

Here, ad = £ of 8=»4; and 2xdf = 4»; /. dp = 8, 
and cp or diameter = 8 + 2 = 10, and the radius = 5. 
From the right-angled triangle ade, we have, 

sin aec =5 ~§ = i = -8, •% aec = 53° 8' nearly, and 

AE 9 

/.aeb, or degrees in the arc acb = 53° 8' x 2 =s 106° 16'. 

2. Required the same as in the last example, when 
AB= 12, and cd = 4. 

Ans. radius = 6'5, and arc =s 134° 45'. 

3. Given the height cd = 6, and the chord of the half arc 
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ac= 10, to find the radius and number of degrees in the 
arc. Ans. radius = 8£, and arc = 147° 28'. 

Here, ad 2 = 10 2 — 6* = 64 ; then df = ^* = lOf ; and so 
on, as in the first example. 

4. Beqoired the same as in the last example, when cd=9, 
and the chord of half the arc = lß. 

Ans. radius = 8, and arc = 194° 22 / . 

16. Problem. To find the area of any space by means of 
cquidistant ordinates or perpendiculars. 

Rule. To the two extreme ordinates add twice the sum 
of the intermediate ordinates, and this sum multiplied by 
half the common distance between them will be the area. 

Note. When the curvilineal boundary in the figure is some 
continnous curve, the area may be more accurately found by 
Thomas Simpson ß rule. 

ExAMPLES, 




1. Required the area of the curvilineal space ab cd, 
where the extreme ordinates or perpen- 
diculars ad and bc are 4 and 12 ft. re- 
spectively, the three intermediate ordi- 
nates, taken in order, are 6, 8, and 10 ft, 
and the common distance between them 
is 4 ft. 

Here, taking the curve lying between any two consecutive 
ordinates as a straight line, wc may consider the figure as 
being made up of four trapezoids, whose areas are as foüows : 
area lst=f (4+6) ; area 2d=$ (6+8) ; area 3d=£(8 + 10); 
and area 4th = # (10 + 12) ; 

•\ Total area=$(4+6)+£(6+8)+|(8+10)+f (10+12) 
= $ {4 + 12 +2(6 + 8 + 10)}== 128 

2. Required the same as in the last example, when 
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ad = 8 yds., bc = 21 yds., the three in termediate ordinates, 
taken in order, 11, 14, and 17 yds., and the common distance 
between them 6 yds. Ans. 339 sq. yds. 

3. Required the area of the curvi- 
lineal space ab on where the lengths of 
the equidistant ordinates are as follows : 

AB = 2, CD = 3, EP = 5, GH = 6, IK = 9, 

lm=10, and NO = 10*5 ft.; and their 
distance apart, ac = ce = &c. = *5 ft. 

Ans. 19-625 sq.ft. 

17. Problem. To find the area of an ellipse. 

Rule. Multiply the product of the two diameters by 
*7854, and the result will be the area. 

Let aba / b / be an ellipse whose major diameter is aa ; and 
minor diameter bb'. Let apaV be a circle described upon aa' 
as a diameter, and let pm and pm 
be any corresponding ordinates of 
the circle and the ellipse ; then it 
is one of the most remarkable pro- 
perties of these curves, that the 
ratio of pm to pm is the same as 
the ratio of aa' to bb'. Now if 
the ellipse and circle be divided 
into a series of very narrow bands, 
as shown in the figure, the area of 
any one of the circular bands will 
be to the area of the corresponding 
elliptical band in the ratio of pm to jpm or aa' to bb' ; hence it 
follows that the area of the whole circle will be to the area of the 
whole ellipse in this same ratio, that is, 

Area circle * area ellipse tt aa' : bb', 
/. Area ellipse = area circle X bb' h- a a' 

=s -7854 x aa' 2 X bb'-t-aa' 
= aa' x bb' x -7854; 
which is the analytical expression of the rule. 
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EXAHPLES. 

1. What is the area of the ellipse o 
aobd, whose major diameter ab is 16 
ft, and minor diameter cd 12 ft. ? 

Here, area acbd = 16 x 12 x *7854 
= 150-7968 sg.fi. 

2. The diameters of an ellipse are 18 and 8 ft. ; required 
the area. Ans. 1 13*0976 sq. ft. 

3. The diameters of an elliptical piece of ground are 3 
and 2 chains ; required the area. Ans. 1 r. 35*3984 p. 




MENSUEATION OF SOLIDS. 

18. Problem. To find the solidity of a rectangular solid 
or right-angled parallelopiped. 

Büle. Multiply the length by the breadth, and that pro- 
duct again by the depth or altitude. (See Geo. Art. 90.) 

Note. To find the surface of a rectangular solid, multiply the 
perimeter of its end by its length, and the product will be the 
area of the sides ; to whick add twice the area of its end, and 
the tum will be the whole surface. 

EXAMPLES. 

1. Find the number of cubie feet in a 
rectangular solid abge, whose length 
ab is 6ft. 3 in., breadth ae 4ft 6 in., 
and depth or altitude ad 3 ft. 1 in. 
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By decimals. By duodecimals. 



o «o iu 


f ft 


Q' 
& 




4-5 


4 


6 








A 
1/ 




2500 


3 


1 


6 


28*125 area base 


28 


1 


6 






3 


1 


84-375 


84 


4 


6 


2-3437 


2 


4 


1 6 


86-7187 c.fi. 


Am. 86 c./*. 8' 


7" 6"' 



Here the 8', instead of being cubic inches, denote 8 
twelfths of a cubic foot ; and the 7" denote 144ths, and so 
on. 

Byfractions. Solid content = gix4Jx8 1 V = V x $xfi 
= 86frf*.A 

2. What is the solidity of a parallelopiped, whose length is 
20 ft, breadth 5-75 ft, and depth 3-5 ft. ? Ans. 402-5 c.fi. 

3. Required the cost of a block of stone 8 ft 4 in. long, 
2 fit. 6 in. broad, and 1 ft. 3 in. deep ; at 10dl per cubic foot. 

• Ans. £1 \s. 8±dl 

4. What will be the cost of a log of timber 18 ft long, 
1 ft. 8 in. broad, and 1 ft 6 in. deep ; at 2s. 4dl per cubic 
foot? Ans. £5 5s. 

5. What will be the cost of cutting a drain 60 ft. long, 
5 ft 6 in. broad, and 10 ft 4 in. deep ; at 8d. per cubic yard ? 

Ans. £4 As. 

6. In the eube abce, ihe side ab or h g 

ad or ab is T75 ft; required its Spliiil^^c 
solidity. 

Here, as the length, breadth, and 
depth are the same, we have, 

Solidity = 1-75 x 1*75 x 1-75, *^ 
or, 1 -75* = 5-359 cfU 
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By logarithms. 

log 1-75 = 0-24304 
Multiplying by the power 3 

log solidity = 72912 = log 5-359. 

7. The side of a cube is 2 ft. 6 in. ; what is its solidity ? 

Ans. 15-625 c. ft 

8. A cistern is 7 ft. 6 in. long, 1 ft. 9 in. broad, and 3 ft. 
6 in. deep ; how many cubic feet of water will it contain ? 

Ans. 45-937. 

9. What will be the cost of hewing all the faces of the 
stone in example 3 ; at 5d. per Square foot ? Ans. £1 '8s. 7%d. 

10. A box, open at the top, is 4 ft. long, 2 ft. broad, and 
3 ft. deep, and the thickness of the deal is 1£ inches ; re- 
quired the number of cubic feet of timber in it. 

In this case it will be most convenient to find the content 
of the exterior solid, and then subtract from this the content 
of the interior part of the box. 

Content of exterior solid = 4 x 2 x 3 = 24 c. f t 

Nowthe interior length=4— £=3f, breadth = 2 — £ = 1£, 
and depth = 3 — £ = 2£ ft. • 
/. Content of the inside = 3| x lf X 2J= 18-0859 c.ft 
/. Content of the timber = 24 — 18*0859 = 5-914 c.ft. 

11. Bequired the same as in the last example, when the 
length is 3 ft., breadth 2\ ft., depth 2 ft., and the thickness 
of the deal 3 inches. Ans. 6£ c.ft. 

19. Problem. To find the solidity of a prism, or of a 
cylinder. 

Eule. Multiply the area of the base by the perpendicular 
height, and the product will be the solidity. (See Geo. 
Art. 90.) 

Note. To find the convex surface of a cylinder, multiply the 
circumference of the base by the height 
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EXAMPLES. 



1. What is the solidity of the triangulär 
prism adfb, whose length ab is 20 ft, and 
each of the equal sides of the base ade 2 ft, 
6 in.? 

By Problem 3., area base 




= a/3-75 x 1-25 x 1-25 x 1-25 = 2-7063 ; 
.\ Solidity = 2-7063 x 20 = 54-126 c. ft. 

2. Required the same as in the last ex- 
ample, when AB=14ft. 3 in., and ad=ae 
= de = 2 ft. Ans. 24-68 c.ft. 

3. Find the solidity of a Square prism, whose length is 
41 ft, and one side of the base 1-25 ft. Ans. 64-062 c.ft. 

4. What is the solidity of a prism whose base is a hexagon, 
each of the equal sides being 1£ ft., and the length of the 
prism 7£ ft. ? Ans. 34*641 c. ft. 

5. What is the solidity of the cylinder 
ab cd, when the diameter of the base ab 
is 30 in., and the height bq 25 in. ? 

Area base =30* x -7854=706-86 ; 
/. Solidity = 706-86 x 25 = 17671-5 c. in. 

6. What is the solidity of a cylinder 
whose height is 2 ft. 6 in., and the diameter 
4ft.? Ans. 31-41 c.ft. 

7. The diameter of a well is 3*75 ft, and its depth 22*5 ft. ; 
what did it cost sinking at 3*. 7$d. per cubic yard? 

Ans. £1 Us. 4±d. 

S. The exterior diameter of a metal pipe is 6 in., the 
thickness of the metal £ in., and the length of the pipe is 
50 ft ; required the number of cubic feet of metal in the 
pipe. 
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B7 Art. 11., area ring=(6+5) (6—5) -7854=8-63940.111. 



9. The length of a hollow iron roller is 4 ft, the exterior 
diameter 2 ft., and the thickness of the metal f in. ; what is 



10. Required the convex surface of the cylinder in ex- 



It is evident that a piece of paper wrapped round the 
cjlinder -will have the shape of a rectangle, whose length is 
the height of the cjlinder, and breadth the circumference of 
the base ; hence we have, 

Circum. base = 30 x 3-1416 = 94-248 ; 
.\ Convex surface = 94-248 x 25 = 2356-2 sq. in. 

11. Required the convex surface of the cjlinder m ex- 
ample 9., and also the number of revolutions it must make 
in roDing over an acre of ground. 

Ans. convex surface=25*l&28 sq.ft. y and no. revo.= 1733*19. 

12. What is the convex surface of an upright cjlinder, 
the diameter of whose base is 15 in., and the length 5 ft ? 



13. The circumference of the base of a round pillar is 
10 ft., and the perpendicular height 38-636 ft. ; what is its 



.\ Soliditj = — 144" X 50 = 3 c.ft. nearly. 




its soliditj ? 



Ans. l-52l7c.fi. 



ample 5. 



Ans. 2827-44 sq. in. 



soliditj ? 



Ans. 307*46 cft. 



14. The diagonal bh of the cube 
adfb is 3 ; required its soliditj. 





will be right-angled triangies, 
/. ah 2 = 2 ad 2 , 
and BH l = ab 2 -f AH 2 



=ab 2 + 2ad 2 =3ad*; 



•\ 3 ad 2 = 3 2 , and ad = ^3, 



.\ ad 3 , or content cube = 3 \/3. 
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15. The length ad of a rectangular solid is 9, the height 
ab 3, and tbe diagonal bh 10 ; required the solidity. 

Ans. 85-38. 

20. Problem. To find the solidity of a cone, or pyranrid. 

Rule. Multiply the area of the base by the perpendicular 
height, and one-third the product will be the solidity. (See 
Geo. Art 92.) 

Note. To find the surface, multiply the girt of the base by 
half the slant height ; to this product add the aiea of the base, 
and it will give the whole surface« 

ExAMPLES. 

1. Required the solidity of the oone s 
abce, when the diameter ac of the base is 
4 ft., and the perpendicular height de is 
9ft 

Here, area base=4 2 x *7854 ; 
/. Solidity = area base x perpend. x £ 
= 4* x -7854 x f= 37-699 c.fi. 

2 Required the same as in the last ex- a 
ample, when ac = 10, and de = 24. 

Ans. 628-32. 

3. Required the convex surface of the right cone in ex- 
ample 1. 

If the cone abce be rolled on a plane, it will describe a circle 
about its vertex e as a centre, and with the slant height ab as a 
radius ; hence the convex surface of the cone must form a scctor 
of that circle, having the length of its arc equal to the circum- 
ference of the base of the cone. Or if the sector k il be cui out 
of paper (see fig. p. 158.) and fblded so as to bring the edges ix 
and ik together, the figure thus formed will be a cone ; hence 
&c. 

/. Circum. base of the cone = 4 x 3-1416 = 12-5664, 
Slant height ab = a/ad j + di j =: V2* + 9* = 9-2195 * 
.% Convex surface of the cone = 12-5664 x 9*2195 x f 

=57-929. 
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4. The diameter of the base of an upright cone is 2*25 ft, 
and the slant height 20 ft. ; required the convex surface. 

A ns. 70-686 tq.fi 

5. Required the solidity of the hexagonal 
pyramid abde, each of the equal sides of 
the base being 40, and the perpendicular 
height ep 30. 

Here we find by Problem 13., 

Area base = 4156*9216 ; 
/. Solidity = 4156*9216x30x £ 
= 41569-216. 

6. What is the solidity of a triangulär a 
pyramid, whose perpendicular height is 24 
ft., and the sides of the base 1*5, 2, and 2*5 
ft? Ans. I2c.ft 

7. Required the solidity of a pyramid, with a Square base, 
the side of which is 9 ft., and the perpendicular height of 
the pyramid 15-3 ft. Ans. 413-1 c«ft. 

8. In the right pyramid abde (see fig. to Ex. 5.), each of 
the equal sides of the base is 8, and the length of the edge 
ab = be = &c; = 10 *, required the surface of the slant faces, 
and also the solidity of the pyramid. 

Here, by Problem 3., we find, 

Area triangle abe= ^14 x 6 x 4 x 4 = 36*66, 
but as there are 6 of these triangles, 

«\ Area slant faces = 36-66 x 6 = 219*96. 

Again, because abg d is a hexagon, af = ab = 8 ; there« 
fore from the right-angled triangle afe, we have, 

fe = >v/102 — 8 3 = 6; 
.% Solidity = area base x 6 x 166*277 x 2 =332*55. 

9. Required the same as in the last example, when 
ab = 2 ft, and ae = 2*5 ft 

Ans. 13*74 sg.ft., and 5-196 cft. 
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10. If the circumference of the base of a right cone is 40 
ft., and height 25 ft., required its solidity, and also its whple 
surface. Ans. 1061 c. ft. and 643-2 sq.ft. 

2L Problem. To find the solidity of a wedge. 

Eule. To twice the length of the base, add the length of 
the edge, multiply this sum by the product of the breadth of 
the base and the height of the wedge, and \ of the last pro- 
duct will be the solidity. 

Note. When the length of the edge is equal to the length of 
the base, the solidity will evidently be equal to half a prism of 
the same base and height. 

ExAMPLES. 

1. Required the solidity of the rect- ^ c 
angular wedge gscd, where the sides A ~j ä 
of the base os= 10, and sp or ig = 7, ! ^^bB 
and the perpendicular height si = 8. R i 

Here the wedge will be a prism and j j^^KMmr ? 
equal to half the rectangular solid L^^HIMHIIII 
gspqr; hence we have, © s 

Solidity GSPQR = 10 x 7 X 8 = 560; 
.\ Solidity wedge = £of 560 = 280. 

2. Required the solidity of the wedge abcde, when the 
length ab = 8, the breadth ae = 6, the length of the edge 
dc = 5, and the perpendicular height of the wedge = 9. 

Let dgs be a plane section D c 

parallel to the end cbp; then ^7K A 

ppgs will be a prism, and asdg / \ \ p [ \ 

will be a pyramid. Now gb = e \ ' *\ \ 

DC = 5, and .\ ag = 8 — 5 = 3; \/ \\ \^ 
hence we have, A ob 

Solidity prism dpgs = J x 5 x 6 X 9= 135, 
Solidity pyramid abdg= £ x3x6x9=54; 
/• Solidity whole wedge = 135 + 54 = 189. 
i 
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Or thus, by the rule : — 

Solidity wedge» £ x6x9x (5 + 2 x 8)=189» 

Let us now solve the question generally ; for this purpose, pwt 
l = the length ab, /=the length of the edge dc, B==the 
breadth of the base, and h = the height of the wedge ; and there- 
fore ag =s ab-— ob ssi» — /; hence we hate, 

Solidity prism dpgss^/bä, 

Solidity pyramid asdg = }x A6XbXÄ = J(l-/)bÄ; 

/. Solidity wedge = £ Ish + £(l — l) bä = £ bä (/ + 2 l) ; 

whieh is the symbolical expiession of the general rule. 

If the edge were longer than the base, the fbrmula would be 
, the same. 

3. The length and breadth of the base of a wedge are 64 
and 9 in., the length of the edge 42 in., and the height 56 
in. ; what is the solidity ? Ans. 14280 c. in. 

4. The length and breadth of the base of a wedge are 35 
and 15 in«, the length of the edge 55 in., and the height 
8-5725 in. ; what is the solidity ? Ans. 1-5503 c.ß. 

22. Problem. To find the solidity of a rectangulor pris- 
moid, and also a früstum of a cone or pyramid« 

Definition. A rectaagula? prismoid has its two parallel faces, 
Abpe and no hf, rectangles. A frustum is a cone or pyramid 
having its top cot oft. 

Gekeeal Rule. To the smm of the are» of the two 
ends, add four times the area of the. middle or znean section 
parallel to the ende, maföply this sum by the height, and 
one-sixth the product will be the solidity. 

Note. To find the convex snrface of a frustum of a cone, 
multiply half the sum of the perimeters of the two ends by the 
slant height. The faces of a prismoid have, in general, the form 
of a trapezoid. 

Examples. 

1. Eequired the solidity of the rectaagular prismoid 
.ab che, when the length of the base ABor ef=12, and 
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the breadth ab or bp=s7, the length of the top DO or 
fh = 8, and the breadth i>f or ch=4, 
and the height = 6. 

Here the prismoid will be divided 
into two wedges by a section edcp 
passing through the opposite edges ep £ 
and do; therefore by the preceding 
problem, 

Solidity wedge abce = £ x 7 x 6(8 -{- 2 x 12) = 224, 
„ „ FHCE=$x4x6(12-f-2x8)«112-, 
.\ Solidity prismoid =224 + 112 = 336. 
Or by the rule. Here the length of the middle or mean section 
= i (12 + 8) = 10, and the breadth of it = £ (7 + 4) = 5 5 ; 
/. Solidity prismoid 

= (12 x7+8 x4-f 4x 10 x 5-5) x 6x^=336. 

Let us now prore the general rule; for this purpose, put 
L = ABorEP ; /=Door ph, B = AEorßp, 6 =r df or oh, and 
h = the height of the prismoid. Then, 

,\ Solidity wedge a b c b = -J- b h (l + 2 l), 

„ „ FHCB = £&Ä(l + 2J). 

Therefore by adding these expressions and reducing, we have, 
Solidity prismoid = | Ä {u + Ib + (t + /) (b + *)} > 

putting m = i (l «+• I) the mean er middle length, and 
m = J (» -f b) the mean or middle breadth* we finally have, 

Solidity prismoid = £A (lb 4- lb+ 4 um); 

which is the analytical expression of the general rule. 

A section passing through adhp, will evidently divide 
the prismoid into two eqnal prismoidal solids» havmg tri- 
angulär bases ; the rule, therefore, will hold true for all tri- 
angulär prismoids. Now as every prismoid, as well as all 
frustums, may be regarded as being made up of triangulär 
prismoids, it follows that the foregoing prismoidal formula 
will apply to all such solids. 

i 2 
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2. How many solid feet of timber are in a tree, whose 
ends are rectangles, the length and breadth of one end are 
15 and 12 in., and the corresponding sides of the other end 
are 8 and 6 in., and the perpendicular length is 24 ft. ? 

Ans. 17-833 c.ft 

3. What is the solidity of the frustum e 
abcdf of a Square pyramid ; the side ab of 
the base being 3 ft, the side de of the top 
2 ft., and the perpendicular height gh 10 ft ? 

Here the areas of the ends are 9 and 4 sq. 
ft., the side of the middle section=^(3+2)=f, 
therefore its area = sq. ft. ; hence by the 
rule, 

Solidity = \ x 10 (9 + 4 + 4 x V) = c - fi- 

4. What is the capacity of a coal waggon, whose inside 
dimensions are as follows ; at the top the length and breadth 
are 81*5 and 55 in., the corresponding dimensions at the 
bottom are 41 and 29*5 in., and the perpendicular depth 
47*25 in. ? Ans. 126340 c. in. 

5. What is the solidity of the frustum 
abcge of a cone, when the diameter ac of 
the base=4ft., that of the top eg = 2 ft., 
and the altitudc tt = 18 ft. ? 

By the general rule. Area base =4* X *7854, 
area top = 2 2 x *7854, area middle section E 
= 3 3 X -7854 ; /. solidity frustum i 

=£x 18(4 3 »+2H4x3 a )-7854=131*947c//. A ^ 

Or thus without the rule. Let ab cd be 
the complete cone ; then in the similar tri- 
angles acd and egd, because the base ac(=4) is double 
the base eg (=2), the perpendicular dt will be double the 
perpendicular dv ; therefore dt = vx =18, and dt = 36; 
hence we hare, 
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Solidity cone abcd x 4* x -7854 x 36 = -7854 x 192, 
„ „ bgd=Jx2 8 x *7854 x 18 = »7854 x 24 ; 
.\ Solidity frustum = cone abcd — cone egd 

= -7854 (192-24) = 131-947 cft. 

Let us now solve this question generally ; for this purpose put 
j> = ac, d= eg, h = vy, and ä = dy, then from the similar tri- 
angles aod and egd, we have, 



ao : i>y eg • dv, 

hd 
x = — 

D - 



or d:# + a:: d .% ^, 



Ad 

and ,\ x + A, or dy = ; hence we now have, 
Solidity cone abod = '7854 X n a x x i = p~5~ Xj>8 ' 



n- 

Arf . -2618 A „ 

EGD = -7854 xd 2 X }X£ = -r — T XiP - 

d — a D — a 



These expressions show that the solidity of similar cones are aa 
the cubes of their diameters ; 

/. Solidity # frustum abcoe = (° 3 rf3 ) > 

which is the analytical expression of the rule commonly giren 
for the solidity of a frustum of a cone. The general rule for 
the solidity of a prismoid may be readily reduced to this for- 
mula. 

6. What is the solidity of the frustum of a cone, the 
diameter of the greater end being 5 ft., that of the lese end 
3 ft., and the perpendicular height 4*5 ft. ? . 

Ans. 57-7269 cft 

7. What is the convex surface of the frustum of an up- 
right cone, the circumference of the base being 30 in., that 
of the top 20 in., and the length of the slant side 40 in. ? 

Convex surface = £ (30 + 20) x 40 = 1000 sq. in. 

l 3 
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To render the rule in this case apparent ; let the sector abc 
be cut out of a piece of 
paper, and folded, as in 
the second figtire, by 
bringing the edges ab 
and ac together; then 
the sector abo will form 
* the cone a'b'c', and 

the sectoral ring bcfd w <y 

will form the frustum 

b'c 7 f'd'. Hence the convex surface of the cone a'bV is equal 
to the area of the sector abc, or \ x ab x arc bc, that is, half 
the slant height of the cone x circutn. ba«e ; and the convex sur- 
face of the frustum b'c'f'd' is equal to the area of the sectoral 
ring bopd, or £(arc sc + arc df) x bd, that is, half the sum 
of the perimeters of the two ends of the frustum x the slant 
height. 

8. Required the convex surface of the frustum of a right 
cone, the diameters of the ends being 16 and 8 ft., and the 
slant height 20 ft. Ans. 753-984 sq. ft. 

23. Problem. To find the solidity of a sphere. 

Rule. Take two-thirds of the solidity of the circum- 
8cribing cylinder, and it will be the solidity of the sphere. 
(Geo. Art. 93*) Or multiply the cube of the diameter of 
the sphere by *5236, and the product will be the solidity. 

Examplks. 



1. What is the solidity of the 
sphere cldn, whose diameter do or c 
ln is 50 in. ? 

Here the solidity of the sphere 
will be § of the solidity of the cir- 
cumscribing cylinder abef ; 



Solidity cylinder = 50* x -7854 X 50=50* x '7854, 
SoUdity sphere=50 3 x -7854 x 4=50« x 52B6*=66450c.in. 
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2. What is the solidity of a spbere, whose diameter is 
2ft.8in.? Am.9-929c.fi. 

3. What is the solidity of a sphere» whose radius is 5 ft. ? 

-4n$. 523-6 c.ft. 

4. The diameter of the moon is 2180 miles, what is her 
solidity ? Am. 5424617475 c. miles. 

5. Required the number of cubic feet of material in a 
hollow globe, whose exterior diameter is 9 fo, and the thick- 
ness 2 in. 

Here the interior diam. = 9 — i = y ft. 

SoüdUy of the exterior spheres= 9* x '5236, 
„ „ interior „ = (V ) 3 x -5236, 
/. Solidity of the shell =» {9* /} -5236 =»40-86. 

6. The exterior diameter of a hollow globe of metal is 
10 in*, and the interior diameter 8 in. ; required the number 
of cubic feet of metal, and also its weight» allowing 7200 o«* 
to each cubic foot. Am. •14786 *.ft. $ and 1064'6 ös. 

24. Problem. To find the w*rface of a spbere, or any 
spherical segment. 

Bujji. L Find the conyex surface of the circumicribing 
cylioder, and it will be the surface of the sphere. Or mul- 
ttply the Square of the diameter of the sphere by 3*1416, 
and the product will be its surface. 2. The convex surface 
of any spherical segment is equal to the convex surface of 
the corresponding portion of the circumscribing cylinder. 



1. Required the surface of a sphere lpnc, whose diameter 
or do is 7 f t. (See last figure.) 

Here, the circum. of the b*se of the cylinder ~3'1416 X 7; 
•\ Convex surface cylinder or sphere 

= 3-1416 x7x7s 153-9384. 

z 4 
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2. Required the convex surface of the segment vdob, of 
the sphere whose diameter ln or dc is 6 ft., the height de 
of the segment being 2 ft. (See last figure.) 

Here the convex surface of the segment vdo will be 
equal to the convex surface of the corresponding portion 
hf ag of the cylinder. 
.% Circum. cylinder = 3*1416 x 6 ; 

.\ convex surface cy. hfag or seg. tdo = 3*1416 x 6 x 2 

= 37*6992. 

In order to establish the general rule ; let vdnh and psox be 
two sections, of the sphere and cylinder, parallel to ap or ln, 

and very near to each other, 

and draw nr perpendicular to a n " 

80 ; then if the circle ldn 
&c., and the Square lapn 
&c., be made to revolve upon 
the axis dm, the arc no will 
describe a portion of the sur- 
face of the sphere/ and hx a 
portion of the surface of the 
cylinder. As nd and os are taken indefinitely near to each 
other, no may be regarded as a straight line, and the surface 
described by it as the surface of a frustum of a cone ; therefore, 
taking ec as the diameter of the mean section, the spherical sur- 
face described by no=3*14l6x ecx.no; and the corresponding 
surface of the cylinder, or the portion described by hx = 3*1416 
X oh x nr. 

Now from the similar triangles mrc and nro 9 we have, 

mc ; rc :: no I nr, .\ mc x nr = bc X no, 

/. 2mc x nr = 2nc X no, or oh x nr = ec X no. 

Hence the convex surface of the sphere is equal to the corre- 
sponding convex surface of the cylinder ; and as this is true for 
every section which we can make, it follows, that the whole sur- 
face of the sphere is equal to the whole convex surface of the 
cylinder ; and moreover the convex surface of any spherical seg- 
ment encD is equal to the convex surface of the corresponding 
portion ohpa of the cylinder. 
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3. What is the surface of a globe, whose diameter is 2 ft. 
10 in,? Ans. 25-22 sq.fi. 

4. The diameter of a sphere is 1 ft. 9 in. ; required the 
convex surface of the segment whose height is 9 in. 

Ans. 593*76 sq. in* 

5. J£ the mean diameter of the earth be 7912 miles, what 
will be its surface ? Ans. 196662895 sq. miles. 

6. The circumference of a ball is 15*708 inches ; required 
its surface. Ans. 78*54 sq. in. 

25. Problem. To find the solidity of a segment of a 
sphere. 

Eule. From three times the diameter of the sphere, sub- 
tract twice the height of the segment ; multiply the remainder 
by the Square of the height, and that product again by 
•5236, will give the solidity. 

Or thus. To three times the Square of the radius of the 
base of the segment add the Square of the height, and this 
sum multiplied by the height and *5236 will give the 
solidity. 

Examples. 

1. Required the solidity of the spherical segment abd, 
whose height AI is 2, and the radius CA or OB of the sphere 
is 5. 

Here the segment abd is equal to the 
spherical sector ab cd minus the cone 

BDC. 

Now the spherical sector abcd may be 
regarded as being made up of an indefinite 
number of little cones, the bases of which 
form the surface of the segment, and all 
the vertices meet in the centre c of the sphere ; hence we 
have, 

Surface segment abd = 3:1416 x 10 x 2, 

.% Solidity sector abcd = 3-1416 x 10 x 2 x £ = 104*72, 
z 5 
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In the right-angled triangle boi we have, ci= 5 —2=3, 
bi 2 =5 2 -3 2 = 16, and .*. bd 2 =16 x 4 = 64, 

.\ Solidity cone bdc = 64 x -7854 x $ = 50*2656 ; 
/. Solidity segment abd = 104-72 — 50 2656 = 54-4544. 
By the rule. 

Solidity = -5236 x 2 2 (3 x 10 - 2 x 2) = 54-4544. 

Let us now investigaie thit problem generally ; for this pnr- 
pose, put d = the diameter of the sphere, Ä = ai, the height of 
the segment, and r = bi, the radius of the b&se of the segment ; 
then 

Surface segment abd = 3* 141 6 dä, 
/. Solidity sector abcd = 3-1416 dä x |- X J = # 52$6 d* ft. 

Now in the right-angled triangle b<ji, we have, oi = g — 
Bl2 = (|) 2 — -äJ = dä — A 2 , and .\ bd 2 = 4 (dä- A 2 ) ; 

•% Solidity cone bdcsbd 2 x *7854 X cx X £ 

= -5236 (dä — A 2 ) (d - 2Ä) ; 

,\ Solidity segment abd 

äs -5236 d 2 A-*5236 (bä-A 2 ) (d -2A) = -5236 A 2 (3d-2A); 
which is the fiist rule given. 

In order to eliminate d from this expression, we have already 

t^+A 2 

found bi 2 or r 2 = dä — ä 2 , /. d = — ^ — . Substitating this 
value for d, we have, after a little reduction, 

Solidity segment abdss »5236 A (3r* 4- A 2 ) ; 
which is the second rule given. 

2. The diameter of a sphere is 12 ft. ; what is the solidity 
of a segment whose height is 3 ft. ? Ans. 141*872 c ft. 

3. What is the solidity of the segment of a sphere, the 
radius of whose base is 20, and its height 10? Ans. 6806*8. 

4. The diameter of a sphere is 40 ; what is the solidity of 
a segment whose height is 5 ? Ans. 1439*9. 
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TO FIND THE CONTENT OF D2REGÜLAB SOLIDS. 

26. Let the irregulär solid be divided into any number of 
parts by equidistant sections ; put a l9 a 3 , . . . a«, for the 
areas of these equidistant sections, and 2d for their common 
distance apart ; moreover, put m l9 m 29 *»„... m n _ l9 for the 
areas of the middle sections, taken in order ; then by Art. 22, 
we have, 

2d 

content Ist part = — {a x + a 2 + ^m x ) 9 

D 

2d 

content 2nd part = -g- (a a 4- + 401*), 
content 3rd part =s ^ (a 3 + « 4 + 4»i a ), 



' 

content last part = — (a Uwm l + a u + 4 !). 
o 

Adding these together, we find the total content to be, 
| + a. + 4(«i 1 +*» 2 + ... + m._ J ) 

+ 2(a s + a,+ ...+«^ 1 )J 

This formula may be expressed in language as follows . 

To the sum of the extreme sections add four times the sum 
ofthe middle or mean sections, and two times the sum of the 
given intermediate sections; then this sum, mvtiipliedby one- 
third the common distance between any section and the nett 
middle section 9 will pive the content of the solid. 

This expression is a generalisation of Thomas Simpson'« 
oelebrated formula for finding the area of an irregulär cum« 
lineal space. f 

27. To find the content of drains 9 $c. 

I 6 
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1. Required the content of a drain whose cross sections, 
taken at 30 ft. apart, are as fol- 
lows : the top breadths ab are, 
4, 3, and 5 ft. ; the correspond- 
nig depths dwi or cn are, 3, 2, 
and 4 ft., and the breadth dc at 
the bottom 2 ft., being the same for every section of the 
drain. 

Here the sections are all trapezoids ; hence we have, 
area Ist 6ection, or a x = \ (4 + 2) x 3 = 9, 
area 2nd section, or a 2 = £ (3 + 2) x 2 = 5, 
area 3rd section, or a 8 = £ (5 + 2) x 4 = 14 ; 

area Ist middle section, or m l = i( 4 g 3 + 2^ v 3 + 2 — 



2 

2 + 4 _ 

.2 



9. 



area 2nd middle section, or ro 2 = t- -f 2^ x 

Hence we have, by the general formula, observing that 
2rf = 30, and /. rf=15, 

Content = ^{ 9 + 14 + 4 ( 6 i + 9)+2 x 5 } = 482-5 c. ft. 

2. Let the annexed figure represent a hay-stack, where 
the circumference at ab = 40 ft. ; at 
the eaves dc = 60 ft. ; and the height 
HD =dk = 15 ft. Required the solid 
feet in the Stack. 

Here, by Art. 9., we find the area of 
the section ab, or a x = 128 nearly ; the d< 
area of the section d c, or a 2 = 288 
nearly ; and the section at e, or a z = 0. 
The circumference of the middle section 
between ab and dc will be £ (^0 + 60) h 1 --^ 
= 50; and between dc and £ will be 
£ (60 + 0) = 30 ; hence we find wi 1= =200 nearly, and m 2 = 72 
nearly« 
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/. Content = t£ { 128 +0 + 4 (200 + 72) + 2 x 288 j 
= 4480 aft 

The solidity, in this case, may be found by adding the con- 
tent of the frustum ab cd to the content of the cone dce. 

28. To find the content of railway cuttings and embank- 
ments. 

Let abcd (see Ist fig. of Art 27.) represent the cross sec- 
tion of a railway cutting, where DO is supposed to be the 
breadth of the rail, CB and da the sloping sides, Dm or c« 
the perpendicular height, and in this case »B = mA the dis* 
tance which the sides fall away from the vertical lines cn or 
j>m. The slope of the sides is usually expressed by the dis- 
tance which they fall away for every vertical foot An em- 
bankment is merely a cutting in a reversed position. 

Let it be required, for example, to find the area of a section, 
when the breadth of the rail is 30 ft., the vertical height 8 ft, 
and the slopes 3 to 1. 

Here, as the side falls away 3 ft. in 1 vertical foot, in 8 
vertical feet it will fall away 8 times 3 ft, or 24 feet, that 
is,»B = »iA=24ft.; .". AB = m» + 2«B = 30 + 2 x 24 = 
78 ft. ;* and the area of the trapezoid abcd = £ (30 + 78) x & 
= 432sq.ft 

In general, let dc=^, on = A l9 and the slopes p to 1; 
then n*=zh x ixmz&p—ph^ ab = ^ + 2ph l ; and /. area 
abcd = £(dc + ab) x c» = (ör+pÄi)Ä 1 . 

In the next, or 2nd section, let A 2 = the height, the other 
dimensions being the same ; then the area of this section. 
= (g +p A 2 ) A 2 ; in like manner the area of the 3rd section 

= (P+1»*b)*s» 811(1 80 on - 

To find the area of the middle section between the Ist and. 
2nd sections, we have merely to Substitute the mean of A| 
and h& or £ (/*i + ä 2 ) for the height ; thus we have, 
{p+P x i( Ä i+ Ä a)H ( Ä i+ Ä a) & r tß e area; 
and so on to any other middle section. 
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üa the general formula, of Art. 26., for the content of a 
cuttjng or embankment, a ly a 29 a 3 , &c, stand for the Ist, 
2nd, 3rd, &c, sections just givcn ; m v «t 2 > & c -> *° r tüe ^ s *> 
2nd, &c., middle sections ; and d for one half the common 
distance between the sections. 

1. Let ABcdab be a cutting, where the ground ci>dc is 
a plane parallel to the plane of the 

rail ab ba. The breadth of the \ 
rail ab or ab is 30 ft, the length e^^^ \ 
Bb 1 chain or 66 ft, the vertical 
height 3fM' 8 ft., mnf 6 tt. 9 and ^S^^^^^^f^ 

the slopes 1£ to 1. Required the V/^ ^ 

solrditj of the cutting. * " 

Here gd = 30 + 1£ x 8 x 2=54, - and .\ area abdc=s 
£(30 + 54) 8 = 336, or w« may more readily obtain this result 
from the preceding formula by putting 30 for g> 1 J for p, 
and 8 for h v Similarly we find area abdc = 234. To find 
the area of the middle section, we have the mean height = 
£(8 + 6) = 7, the mean top width = 30 + 1£ x 7 x 2 = 51, 

,\ the middle area = i (30 + 51) 7 = 283'5. 

Henee we have by the prismoidal formula, Art. 22., 
SoHdity cuttfog = V l 8 * 6 + 284 + 4 x 283-5} « 18744 c. ft 

2. ßequired the solid content of a cutting or embankment, 
whose heights taken at 2 chains apart, are 0, 10, 30, 40, and 
ft, the width of the rail 30 ft., and the slopes 4 to 1. 

Here d = $ of 2 chains = 66 ft; Aj=0, Ä a = 10, Ä 3 = 
30 ft., &c. ; the height of the Ist middle section = £(0 + 10) 
= 5, the 2nd = i(10 + 30) = 20, the 3rd = J(30 + 40) = 
35, and the 4th = £(40 + 0) = 20 ; hence we haye, by 
the general formula for the areas of the sections, a x = 0; 
ö, = (30 + 4 x 10)10 = 700; a z = (30 + 4 x 30) 30 = 
4500; a 4 = (30 + 4x40)40 = 7600; and ö 6 = 0; fn x = 
(30 + 4 x 5)5= 250; m 2 = (30 + 4 X 20)20 = 2200; m z = 
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(80 + 4 X 35)35 = 5950; and m 4 = (30 + 4 x 20) 20 = 2200. 
Therefore by the formula, Art. 26., we find the solidity to be, 

# {0 + + 4 (250 + 2200 + 5950 + 2200) + 2 (700 + 4500 
+ 7600)} = 1496000 c. ft. 

3. Required the solidity of a cutting, whose heights taken 
at 2 chains apart are, 8 and 10 ft., the width of the rail 
32 ft., and the slopes 2 to 1. Ans. 59488 c.ft. 

For further examples see Tate's Mechanics. A more 
general formula for cuttings will be hereaöer investigated. 

89. Lei aqbm be a solid 
bottnded on one «de at leaat 
by die curve surface bvnb ; 
and let av, ct, ek, &c, be 
equidistant sections perpen» 
dictdar to ah. Now if theae 
sections be taken near to each 

other, bdp will be nearly a straight line, and CT may be 
taken, without any sensible error, as the mean or middle 
sections of at and ek, and so on to the other sections. 
Hence the general formula of Art 20. will express the con- 
tent of any irregulär solid rery nearly« In the present case 
d is put for ac, ti*e common distance between the sections ; 
a l and a A for the extreme sections AT and MB respectively ; 
m l9 &e* the even sections ct, &c*; and «3, &c, the 
odd sections ex, 10, &c. Thus we have, 

SolidityAQBM= g {öj + a A + 4(m x + m % + ro 3 ) + 2 (a a +a 3 )} . 

This formula may be expressed in language as follows 
To the sum of the extreme sections, odd four times the sum 

of the even sections and two times the sum of the odd sections; 

then this sum, multiplied by one third the common distance 

between the sections, will give the content ofthe solid nearly. 

The number of parts into which the solid is divided should 

always be even. 
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For example, let it be required to find the solidity of an 
irregulär solid, where the equidistant sections, taken at 9 ft. 
apart, are in order as follows : — 

5, 6, 14, 17, 20, 12, and 9 square feet. 
Here sum of the extreme areas = 5+9 = 14, 
sum of the even areas = 6 + 17 + 12 = 35, 
sum of the odd areas =14 + 20 = 34; 
.\ Solidity=£{14 + 4 x 35+2 x 34} =666 c. ft. 

30. To find the content of a hay-stack. 
Let the annexed figure represent a hay-stack, whose 
horizontal sections are rectangles. Between abo and nop 
the dimensions of the equidistant sections, taken at 6 ft. apart, 
are as follows : ab = 40, bc = 14, de = 42, ep = 18, gh=46, 
hi = 23, kl = 45, lm = 20, no = 44, op = 14 feet. The per- 
pendicular height of SBfrom nop is 5ft., and SE = 40fL 
Required the number of cubic feet in the Stack. 




Here we find the areas of the equidistant sections to be in 
their order, 560, 756, 1058, 900, and 616. 

.\ Content anpb = | {560 + 616 + 4(756 +900) +2 x 1058} 
= 19832 c. ft. 

The top part nops, calculated by the prismoidal formula, 
will be found to be 1493 c. ft.; therefore we find the total 
content to be 21325 c. ft. 
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3L To gauge a cask. 
Let the annexed figure represent 

a vessel whose horizontal sections J j£^Z 

are circles. The equidistant dia- G |f - 

xneters, taken at 12 inches apart, eK - 

are as follows; ab = 50, cd = 60, c m 

bp = 70, gh = 60, and kl = 54 

inches. What is its content in ^ '^j^a 

imperial gallohs ? 

Content in c. in. 

= y X -7854 {50» + 54* + 4 (60 3 + 60 2 ; + 2 x 70«} . 
Dividing this result by 277*274, we find the number of 
gallons to be 499 nearly. 

32. The general formula of Art. 26. will hold true for. the 
area of a curvilineal space abnm, bj inerely changing the 
equidistant areas into equidistant ordinates. (See fig. to 
Art. 29.) 

Let the face Qvrs be parallel to abnm, and aqsm per- 
pendicular to it. Put b for the uniform breadth aq, and p v 
Pb> & c «> f° r tße equidistant ordinates ab, cd, ef, &c; 
then the content of this solid will be equal to the area of 
abdnm multiplied by b. But ci^Pi b 9 m l =p 2 b, a 2 = p z b, 
rn 2 = p 4 b, a z =/? 5 and so on ; hence we have by equality 
and Substitution, area abnm x b 

=%{Px * +P7 h + 4 Q>2 h +P4 * +Pe *) + %(j>* * +Pi *)} • 
Dividing by b, we have, 

area abnm= g {p x + j> 7 + 4 (Pa +p A +p 6 ) + 2(p, +p 6 )} 

which is the usual form of Thomas Simpson's rule. From 
the demonstration here given, it appears that this formula is 
merely a particular case of the one given in Art. 26. 

Let it be required, for example, to find the area of a cur- 
vilineal space, whose extreme ordinates are 8 and 9 ft. 
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respectively, the intermediate equidistant ordinates, taken in 
order, are 9, 11, 15, 16, and 14 ft. ; and the common dis- 
tance between them 5 ft. 

Here the sum of the, extreme ordinates = 8-1-9 = 17. 
The sum of the even ordinates = 9 + 15 -f 14 = 38. 
The sum of the odd ordinates = 11 -f 16 = 27. 

/. Area=f(l7 + 4x88 + 2x27) = a71Jsq.fc 

SPECIFIC GRAVITT. 

33. The specific gravity of a body is its weight a» com- 
pared with an equal bulk of pure water. As the weight of 
a cubic foot of water, at the temperature of 40°, is 1000 oz., 
it is customary to consider the specific gravity of a body *8 
the weight of a cubic foot of it. The following table con- 
tains the weight of a cubic foot of the various kinds of ma- 
terial in ounces. 



Table of Specific Gravities, 



Metals, Platinum 21470 

— Gold 19250 

— Mercury 13580 

— Lead 11352 

— Silver 10470 

— Copper 8900 

— Cast Brass 8399 

— Steel 7840 

— Iron 7700 
~ Cast Iron 7066 

— Tin 7299 
Stones, Granite 9956 

— Marble 2700 
Bristol 2640 

— Portland 2496 
Glass, flint 3000 



Clay 2160 

Brick 2000 

Light earth 1984 
Chalk from 2252 to 2657 

Sand 1520 
Coal from 1020 to 1300 

Sea water 1028 

Pure water 1000 

Woods, Mahogany 1063 

— Oak 934 

— Beech 690 

— Ash 760 

— Fir 553 

— Cork 240 
Atmospheric air 1*2 



34. To find the weight of a body from its magnitude. 
1. What is the weight of a block of marble 12 feet long, 
3 ft. broad, and 1 ft. 6 in. thick? 
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Content == 12 x 3 x 1£= 54 c. ft. 
Wt. of lc.ft. = 2700 oz. 

.\ Wt. of 54 c. ft. ==: 54 times 2700 ot. «*9112-5H>s. 

2. Required the weight of a beam of fir 20 ft. long, 9 in. 
deep, and 3 in. thick» Ans» 129*6 lbs. 

3. A east-iron pipe is 3 inches diameter in the bore, and 
£ inch in thickness ; required the weight of ft runniag foot. 

Here, by Problem IL, we find the section of the metal to 
be 5-4978 sq. in. 

.\ Content of 1 ft. of pipe « 5-4978 x 1 144 

.\ Wt. in lbs. = 5-4978 x 7066 — 144 X 16= 16*86. 

4. What will be the weight of a running foot of leaden 
pipe, 2 inches diameter in the bore, and i inch in thickness ? 

Ans. 8-7 lbs. 

35» To fand the magnitude of a bodyfrom its weight 

1. A piece of beech weighs 300 lbs. ; required its so- 
lldhy. 

Weight of 1 c ft. « 690 oa, 
/. No. c.ftf=300x 16-*-690=a7 cft, neariy. 

2. Required the number of cubic feet in 1 ton of iron. 

Ans. 4 655. 

3. H a horse can draw 1£ tons, how many cubic feet of 
oak will he draw ? Ans. 57*55. 

4. How many cart-loads of clay will there be in a drain 
90 ft. long, 3 ft. broad, and 2 ft. deep, allowing 1£ tons for 
eachload? Ans. 26-03. 
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FLOATING BODEES — TONNAGE OF VESSELS. 

36. When a body floats in water, the weight of the fluid 
displaced is equal to the weight of the body. Thus, for 
example, if the weight of the floating body be 4000 oz., it 
would exactly displace 4 cubic feet of water. The tonnage 
of a vessel is the weight, in tons, necessary to sink it to a 
certain depth, or line of floatation. To find the tonnage of 
a vessel, therefore, we must calculate the volume of that 
portion of the vessel which is immersed ; then the weight of 
water, in tons, equal to this volume, minus the weight of the 
vessel itself, will be the tonnage. The chief difficulty in 
this calculation consists in finding the volume of the solid 
immersed. The tonnage may be found in all cases, with a 
sufficient degree of precision, by the following method :— 
1. Divide the length of the vessel into any convenient even 
number of equal parts, and make exact drawings of these 
sections. 2. Calculate the areas of these sections below the 
water line, by measuring off equidistant ordinates after the 
method explained in Art. 32. 3. Calculate the volume of 
the solid of immersion in cubic feet by Art. 29. 4. Multiply 
this volume by 62*5, the weight of a cubic foot of water in 
lbs., and divide this product by 2240, and it will give the 
number of tons in the whole floating mass ; from which sub- 
tract the weight of the vessel in tons, and it will give the 
tonnage required. 

For example, let the areas of the equidistant sections, taken 
in order, at every 9 ft. apart, be 0, 20, 60, 30, and square ft. ; 
and the weight of the vessel 5 tons. Required the tonnage. 

Vol. displaced fluid {4 (20 + 30) + 2 x 60} =960 c. ft. 

m \ Wt. displaced fluid = 960 x 62*5 2240 = 26*7 tons. 

.\ The tonnage =267 — 5 =21-7. 

The weight of the vessel may be ascertained* by adding 
together the weight of the material in the different parts of 
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which it is composed ; or by finding the weight of the fluid 
displaced when the vessel is floating without any load. 

1. For the sake of simplicity, let us suppose that the 
vessel has the form of a prism, of 
which acvdb is the section. Let 
the length = 20, ab ~ cd = 8, ac 
= bd = 3, CV = DV = 5ft; the 
weight of a superficial foot of the 
material in the sides 15 lbs. ; and 
the weight of the other parts of the vessel 2 tons. Required 
the load, so that the water line hr may be 2 ft. from the 
top. 

To find the weight of the water displaced. 

Area hcdr = hrx hc = 8 x 1 = 8 sq. ft. 

Area cvd= a/9 x 1 x 4 x 4 = 12 sq. ft. 
.% Area hrd vc = 8 + 12 = 20 sq. ft. 
/. VoL displaced water = 20 x 20 = 400 c. ft. 
.\ Wt. displaced water = 62-5 x 400 = 25000 lbs. 

To find the weight of the vessel. 

Girt of the vessel = 2 x 3 4- 2 x 5 = 16 ft. 
.% Area sides and bottom = 16 x 20 = 320 sup. ft. 

Areaends = (8 x 3 + 12) x 2 = 72 sup. ft. 
/. Total surface = 320 + 72 = 392 sup. ft. 

Wt. total surface = 392 x 15 = 5880 lbs. 
,\ Total wt. = 5880 + 4480 = 10360 lbs. 
/. Tonnage = (25000 - 10360) 2240 = 6-53. 

2. Required the same as in the last example, when 
ab = 16, ac = 7, C v = 10, ah = 3, and the length = 30 feet ; 
the other things being the same. Ans. 82'77 tons. 
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PRINCIPLES OP ESTIMATION. 

1. The difficulty which k workmen find in estimating tlie 
value of work, does not so much proceed from their igno- 
rance of the requisite rules of mensuration, as it does from 
their want of a proper knowledge of the principles and 
methods upon which correct estimation is based. As the 
wages of workmen, as well as the cost of material, is variable, 
" price-books" are never implicitly followed by an intelli- 
gent builder, even thöugh he should reside in the locality 
where such books are puljlished. In article 24. are given 
methods for adapting a London price-book to any rate of 
wages, or price of materiaL While the rate of wages is 
variable, it may, however, be presumed that the quantity of 
any specified kind of work, which an average workman will 
execute in a day, is a constant quantity. This constant, 
which we shall call the constant of labour* may be the num- 
ber of superficial feet, or decimal parts of a superficial foot, 
the number of Squares, or decimal parts of Squares, and so 
on, as the case may be, which an average workman will 
execute in one day. Having obtained the constant of labour 
for any particular kind of work, the estimation of the value 
of any specified amount of that work becomes a matter of 
pure arithmetic. These constants are especially valuable in 
carpenters and joiners' work. It will be hereafter explained 
how workmen may determine these constants for themselves. 

The custom of estimating and contracting for work by 
the " lump 99 is little better than a modified form of 
gambling, by which the contractor may either make himself 
a fortune, to the injury of his employer, or render himself 
penniless, with all the moral evils resulting from hopeless 
and irretrievable pecuniary embarrassment. Teachers of 
elementary schools and Mechanics* Institutes would confer a 
great benefit on society, by teaching the simple and funda- 
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mental principles of estimation, rather than waste the time 
of their pupils in giving "sums," which are only calculated 
to amuse the curious, without conveying any satisfactory In- 
formation to the man who is engaged in the business of life. 
It is true that some of these " sums*' may exercise the mind, 
but it is an important fact, which should never be lost sight 
of, that those investigations which have the greatest practical 
bearing invariably form the most healthful and instructive 
exercise to the intellectual powers. 

MASON WORK. 

2. Mason work is usually estimated by the Square yard 
or square foot. The cost of a yard of äny particnlar kind of 
work depends upon the nature and valne of the Material, 
the rate of wages, and the expense of cartage. These, of 
course, vary with the locality where the work is done. The 
following examples will show how the workman should pro- 
ceed in estimating, under the given conditions, the price of 
any kind of work. The experience of the workman will 
enable him to supply the proper data for the calculation in 
each case. 

3. Cutting foundations, fyc. 

Required the cost in cutting the fötmdationff for the two 
side walls, and two ends, of a building 190 ft. long, and 74 ft 
broad, the cutting being 3 ft. wide and 2 ft. deep. The ma- 
terial is such as to require 3 pickmen to* 2 shoreöers. The 
shoveller can lift 500 c ft of earth per day, and can fill a 
barrow while a barrowman wheels a füll barrow to the dis- 
tance of a relay of 120 ft. and returns with the empty 
barrow. Allowing each labourer 2s. 6d. per day. 

No. c. ft in the cutting = (190 x2 + 74x2)x3x2 
= 8168. 

Then, in completing the excavation and transport, we find 
the number of day's work for each as follows 
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Shovellers = ^ = 6-336 

Barrowmen = 6*336 

Pickmen = $ of 6-336 = 9-504 

Total no. days* work = 22-176 
/. Cost = 2*. ßd. x 22-176 = £2 15a 5£d 

4. Estimate of a sq. yd of rubble walling 2 ft. thick. 

1. A horse will draw 1 ton on the common road. A 
cubic foot of freestone walling weighs 150 Iba. A load of 
rubble stones costs 5d. at the quarry. A man with a cart 
and horse will convey 8 loads of stones per day for 6*. 
Bequired the cost of the material and cartage for a sq. yd. 

Wt. of a sq. yd. of wall = 2 x 9 X 150 lbs. 

A No. loads in a sq. yd. of wall = 2 X jL* 150 = 1205, 
.\ Cost stones in a sq. yd. of wall = 1-205 x 5cL = 6cL 



No. sq. yds. conveyed per day : 



8 



1-205 

Q 

•\ Cost cartage per sq. yd. = 6* . - r ^— = 10|<f. 

1*205 

2. Three masons with two labourers will build 12 sq. yds. 
per day. A mason receives 4*. per day, and a labourer 3s. 
Bequired the cost of the labour in building 1 sq. yd. 

Wages of the men per day = 18*. 
.\ Cost of 12 sq. yds.= 18*. 

/. Cost of 1 sq. yd. = ^ = l*. Bd. 

3. The cost of 1 load of Ihne with 3 loads of sand for 
mortar is 10s. ; and this mortar will build 30 sq. yds. of 
wall. Bequired the cost of mortar for 1 sq. yd. 
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Cost of mortar for 30 sq. yds. = 10*. 

•\ Cost of mortar for. 1 sq. yd. = = 4dL 

30 

Collecting the various items, we have, 

s. d. 

Cost of the material = 6 
„ cartage =0 lOf 
„ , labour =1 6 ♦ 
„ mortar = 4 

3 2£ 

Profit at 10 per cent = 3f 
Total Charge per sq. yd. = 3 6J- 

Example. — If 1 sq. yd. of rubble walling cost 3*. 6d, 
what will be the Charge for building the side walls, gables, 
and gable tops, of a house 36 ft. long, 18 ft. broad, and 21 ft. 
from the foundation to the eaves, the height of the gable 
tops being 6 ft. ? 

No. sq. yds. in the side walls and gables, 

= (2 x 36 + 2 x 18) x 21-f-9 = 252, 
No. sq. yds. in the gable tops = 18 x 6 9 = 12, 
Total no. sq. yds. = 252 + 12 = 264, 

/. Cost = 3*. 6d. x 264 =£46 4*. 

5. Estimate of a $q.yd. ofashler walling 2 ft thick. 

1. The ashlers on an average are 9 inches in the bed, and 
cost 3d per cubic foot at the quarry. The rubble stones for 
backing the ashlers are to be estimated at the same rate as 
in the preceding article. Required the cost of the stones in 
a sq. yd. of the wall. 

Q 

No. c. ft. of ashlers in 1 aup. yd. s ^ x 9 =675. 

A Cost of „ „ =6-75x3£f. = l*.8£d: 
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In this case the thickness of the rubble work = 24 — 9 
= 15 inches ; hence by Art. 4. we have, 

Cost rubble stones per sup. yd. 24 in. thick = 6d. 

„ 15 in. thick =^^ü = 3|cf. 

,\ Total cost stones for 1 sq. yd. = 1s. S^d. + 3$d. = 2s. 

2. A man will hew, according to the style mentioned in 
the specification, 18 sq. ft. of ashler front per day. He re- 
ceives 4s. per day, and blunts 16 tools at \d. each sharping. 
Eequired the cost per sq. yd. in hewing the ashlers. 

Cost of labour in 18 sq. ft. = 4*. 

„ lsq.y(L=±~ =2*. 

Ad. 

Cost of sharping tools per sq. yd. =— = 2<£ 

Total cost in hewing 1 sq. yd. = 2s. 2d. 

Collecting these items, the cost of building, cartage, and 
mortar, being the same as in Art. 4., we have. 





s. 


d. 


Cost material = 


2 





„ cartage = 


a 


lOf 




2 


2 


„ building = 


1 


6 


„ mortar = 





4 




6 


lOf 


Profit at 10 per cent = 




H 


Total charge for 1 sq. yd. = 


7 


7 



Exaxtple, — • Required the charge for building an ashler 
wall 18 ft. long, and 9 ft. high, at 7s. 7d. per sq. yd. ? 

Ans. £6 16s. 6d. 
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6. Estimate of a running foot of cornice. 

1. A cornice is 9 in. thick, 3 ft. in the breadth of the 
bed, and 16 inches girt in the moulding. A man can cut 
3f sup. ft. of moulding in a day. The cost of the stone is 
6d. per c ft., the cost of cartage, wages, &c, the same as 
in Art. 4. Required the charge for a running foot ? 
No. c. ft. of stone in 1 run. ft. = x 3 = 2 

.\ Cost of stones in 1 run. ft. = 6d. x2^ = 1*. \\d. 
No. days to cut 1 sup. ft. = 1 -h 3f = '272, 
which is the constant of labour in this particular case. 

.\ Cost of labour and tools per sup. ft. = 4*. Ad. x *272 
= 1*. 2<L 

.\ Cost of labour and tools for 1 run. ft. = Is. 2d. x |-f 
sl«.6££ 

Cartage per day = 8 x 2240 lbs. 

.% Cartage for 2Jc ft., or 1 run. ft.= =-0188 days 

/. Cost cartage per 1 run. ft. = 6*. x Ol 88 = \\d. 
Collecting these items, we have, 





s. 


d. 


Cost material 


= 1 




„ labour 






„ cartage 


= 


n 




2 


H 


Profit at 10 per cent 


= 


H 


Total cost of 1 run. ft 


= 3~ 


Of 



Example. — Required the charge for a cornice 36 ft. 
long, at 3& per running foot? Ans. £5 8s. 

7. Estimate of a sq. yd. of ßagging, or chiselled pave- 
ment 

1. The stones at the quarry cost 4s. per load of 1 ton, 
and average 4 in* thick. A man will dress and Square up 

e 2 
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12 sq. ft. per day, and 1 mason with 2 labourers will lay 
down 8 sq. yds. per day. A mason receives 3*. per day, 
and a labourer 2s. 9 and the cartage is at the same rate as in 
Art. 4. Eeqnired the charge for a sup. yd. 

To find the value of 1 sq. yd. of the materiaL 
No. c. ft. in 1 sq. yd.=s9 x = 3, 

No. c. ft. in 1 load=^= 14-93, 

.% No. sup. yds. in 1 load = 1 ^^ = 4-97, 

o 

.\ Cost of a sup. yd. = 4*. 4-97 = 9ftf. 
To find the cartage of 1 sup. yd. 

Na sup. yds. in 8 loads=4'97 x 8 = 39*16, 
.\ Cost of 39-76 sup. yds. = 6s. 

„ 1 sup. yd. = 6s. 39*76 == IfA 
To find the labour in dressing 1 sq. yd. 
Cost of 12 sq. ft. = 3s. 

1 sq. yd. = 2*. Zd. 
Tools sharping for 12 sq. ft. = 4cL 
„ „ lsq.yd. = 3rf. 

To find the labour in laymg 1 sq. yd. 
Cost of 8 sq. yds. = 7*. 

.„ 1 sq. yd. =7ä.-t-8 = lO^d. 
Collecting the various items, we have, 

s. d. 



Cost of stonee = 





H 


„ cartage > = 







„ labour dressing = 


2 


3 


„ sharping tools s= 





3 


, labour laying = 





m 




4 


4 


Profit at 10 per cent. = 





H 


Total Charge for 1 sq. yd. = 


4 
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Examfle. — Required the Charge for flagging a kitchen 
floor 18 ft. by 15 ft., at 4*. lOd. per sq. yd. Ans. £7 5s 

8. These calculations must only be regarded as Illustra- 
tion* of the method, by which the workman should proceed 
in forming estimates of any given kind of work. Every 
new case will require a distinct analysis of the various ele- 
ments of cost. 

BBICKLAYBRS' WÖBS. 

9. Brickwork is usually estimated by the rod, which con- 
tains 272 feet of surface, and with a Standard thickness of a 
brick and half or 13£ inches. If a wall has any other thick- 
ness, its content, reduced to the Standard thickness, may be 
found by multiplying the superficial content of the wall, by 
the number of half brioks in its thickness, and dividing by 
3. The number of cubic feet in a rod of Standard thickness 
will be equal to 272 X 13J -h 12 = 306. Making a due 
ellowance for the joints of the work, a rod of Standard thick- 
ness will contain 4500 bricks. From these data the number 
of bricks in a given surface may be readily found : thus, for 
example, the number of bricks in 9 sq. ft. of wall 1 brick in 

thickness = 45 ^ 9 x £ = 99. 
272 

10. EstimaU qf a rod qf brickwork of Standard thickness.* 
1. The bricks cost 40*. per thoutand at the kiln. A ton 

load costs lOd in cartage. A iup. ft* of brickwork of 
Standard thickness weighs 120 Iba. Two bricklayers with 
three laböurers will build £ rod per day. A bricklayer re- 
ceives As* per day, and a labourer 3*. 

To find the cost of the bricks per rod. 
Nol rods built by 1000 = 

Cost f rods = 40*. 

-4 
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To find the cartage per rod. 
Wt. bricks in 1 rod =272 X 120 lbs. 



Cost cartage = 



272 x 120 



2240 

To find the cost of labour per rod. 



x 10tf.= 12*. lfdL 



Cost of £ rod = 4*. x 2 + 


3s. 


x3 


= 17*. 


/. „ 1 rod = £114^. 








Collecting these items, we have, 








£ 


s. 


d. 


Cost bricks = 


9 








„ cartage = 





12 


lf 


„ labour = 


1 


14 





„ mortar = 





5 







11 


11 


lf 


Profit at 10 per cent = 


1 


3 


n 


Charge per rod = 


12 


14 


3 



Example. — Required the cost of building 
the side wall of a house 40 ft. long, of which 
the annexed figure is a section, at £12 14*. 
per rod. 

Here there are three footings, each £ ft 
high. The first footing iß 4 bricks in thick- 
ness, the second 3£, and the third 3 ; hence 
we have the following areas in sq. ft. reduoed 
to the Standard thickness. 



Ist footing =40 x ix i 
2nd footing = 40 x }x } 
3rd footing = 40 X |x } 
Basement 
Ist floor 
2nd floor 
3rd floor 



ap40x 6x |= 
= 40 x 12 x $ = 
= 40x14x1 = 
= 40 x 7x £= 



sq.ft. 
53-3 
46-6 
40-0 
400-0 
640-0 
560-0 
186-7 



Total content 1926-6 



1| Brich. 
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.\ No. rods = 1926-6 -5- 272 =7-08308. 

.\ Cost = £12 14*. x 7-08308 = £89 19«. Id. 

In this calculation no deduction has been made for Spaces 
occupied by Windows or doors; however, it must be ob- 
served that all such apertures should be deducted, and a 
distinct charge made for window heads and sills, &c, or 
quoins, if any. Chimneys are measured as if they were solid, 
excepting the openings at the bottom. 

CARPENTERS AND JOINEBS* WORK« 

U. Timber is sold to the carpenter in the form of logs, 
battens, deals, planks, and round or unsquared timber. When 
a log is of uniform breadth and thickness, its content is 
found by multiplying the length, breadth, and thickness 
together ; thus if a log is 20 ft. long, 1*5 ft. broad, and 1*2 
ft. thick, the content =20 x 1-5 x 1-2 = 36 cubic feet. 

12. When the breadth and thickness of a log are not 
uniform, it is customary to multiply the mean breadth by the 
mean thickness, and thisproduct by the length for the solidity. 
For example, let the length = 17^ ft.^ at the greater end, 
the breadth = 3 fit., and the thickness = 1 f t 8 in. ; and at 
the less end, the breadth = 1 ft. 6 in., and the thickness 
= 10 in. Here we have, 

Mean breadth = J(3 ft. + 1 ft. 6 in.) = 2£ ft. 
„ thickness = |(1 ft. 8 in. + 10 in.) = 1 % ft. 
.\ Content = 2£ x 1± x 17-J = 48-515 c. ft. 

The true content, measured as a frustum of a pyramid, 
(see Art. 22. p. 170.), is about £ a cubic foot greater than 
this result; but it would seem that this deficiency in the 
measurement, in part compensates for the waste arising 
from the irregulär shape of the log. 

13. The content of unsquared timber is usually found, by 
multiplying the Square of \ the middle or mean girt, by the 
length. Example. — The length of a tree is 32 ft., and its 

x 4 
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girt in the middle, after allowing for the bark, is 5 ft. ; 
required the solid content. 

Here the Square of J mean girt =» (£) a ss||> 

.♦. Content =$f x 32 = 50 c. ft. 

14. Timber in logs is aold by the load of 50 cubic feet ; 
and sometimes by the cubic foot. Battens are about 6 inches 
wide, and 2 J inches thick ; they are of varkros lengths. 
Deals are 9 inches wide and 3 inches thick ; and planks are 
11 inches wide. These are nsnally sold by the hundred 
(120), and sometimes by the running foot. 

15. To find the number of loads in 1 kundred (120) 12 ft 
-3 inck deals 9 inches wide. 

Content of deals = 12 x^x^X 120 = 270 c ft. 
.\ No. loads = 270 -5- 50 = 5f . 

16. A reduced or Standard deal board is 1^ in« thick, 
11 in. wide» and 12 ft long. 

To reduce a given deal to the Standard 
Let the given deal be 18 ft. long, 2 in. thick, and 9 in. 
wide. 

Content given deal = 18 x ^ x = -J- c ft. 
„ Standard deals 12 X x = ^ c. ft. 
.% Given deal reduced = % -s- V = 1*636. 

17. Estimate of a cubic foot of timber in given scantlings* 
1. The timber. cost £4 10*. per load, including cartage» 

It is in two logs> each 25 ft. long, and therefore 1 sq. ft. in 
the section ; it is sawn into 20 scantlings by seven saw cuts, 
at the rate of 3s. per 100 sq. ft. # Required the charge for 
a cubie foot, allowing -J of an inch for each saw cut. 

• This charge is considerably too much, where fhe timber is cut by a 
saw-mill. 
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5 6 

Profit at 20 per cent= 10 1 



Total Charge 6 7 



Waste by the saw cuts= q v ■ g ' =3-64 c ft. 




,\ Content of scantlmgs=50-3*64=46'35 c. ft 

.\ Priceof 46-35 c. ft.=.aß6 0*. Id. 

/. „ „ 1 c. ft=£6 Os. 7d-*-46-35=2*. 7c?. 

A greater allowance should be made for the waste of 
timber, when the log is not uniform in its dimenaions. 

18. Estimate of a sup '.fl* of deal of a gvcen thickness. 

1. 120 deals 12 ft. long, 3 in« thick, and 9 in. wide, cost 
£40. The deal boards are formed by 3 saw cuta of the 3 
in. deal, each board being about f in. thick, after allowing 
for the saw cuts. Bequired the Charge per aap. ft. of the f 
in. board, the rate of sawing being the same as the preceding 
article. 

Ss 

Cost sawing= 12 x A * 3 * 120 x _Is:97-2t. 

No. sup. ft. in the boards= 12 x^ x 4 x 120=4320, 
,\ Cost 4320 sup. ft.=r£40+97-2$.=897-2*. 
.\ Cost 1 sup. ft.=897-25.-s-43JD=2£tf. 

In a similar manner the cost of any other thickness of deal 
may be determined. 

19« Estimates ofjoisting. 

1. The joists, not exceeding 9 in. deep, are trimmed to 
k 5 
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chimneys, &c. ; the floor is single. Two workmen finished 
660 sq. ft. of this joisting in 4£ days. Required the number 
of days' work to 1 Square. 

No. days* work to 660 sq. ft.=4£x2=9, 

9 x 100 

„ „ lOOsq.ft. =-g6Ö"=l'36. 

This result will form a constant factor, in calculating the 
cost of all such cases of joisting. Similar estimates may be 
made for other cases. 

2. In a single floor there are 27 joists each 18 ft. long, 




9 in. deep, and 3 in. thick. The floor is 40 f U long ; the 
price of the timber is 2s. 7d. per c. ft. ; and the labour as 
given above. Required the cost when the workman receives 
4*. per day. 

No. squares=40x 18-j-100=7 , 2, 
.\ Cost labour = 1-36 x 7-2 x 4*. =£1 19s. 2d. 

9x3x18x27 



No. c. ft. timber =- 



144 



=9H, 



.% Cost timber=2*. 7d. x91£=£ll 15*. 4£d. 
,\ Total cost=£13 14«. 6|c?. 

3. Required the cost of a double floor, the timber being 
at 2s. 6d. per c. ft., the constant of labour 3*58 days per 
square, and the wages 4s. per day. The dimensions are as 
follows : there are 4 girders, A, A, &c, supporting the floor, 
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each 32 ft. long, and 16 in. by 14 in. There are 24 bridging 
joistey being placed 16 in. middle and middle, crossing the 




girders and running from end to end of the floor, each 52 ft, 
long, and 7£ in. by 2\ in. There are 24 ceiling joists, c, C, 
&c 9 for receiving the laths of the ceiling, each 50 ft. long, 
and 5 in. by 2 in. 

Girders = 32 x 16 x 14 x 4 h- 144, 

Bridging joists = 52 x 7£ X 2J- x 24 144, 
Ceiling joists = 50 x5x2x 24 -h 144, 
/. Total content=(28672 + 23400+ 12000) -$-144=444-944, 
.\ Cost timber = 2s. 6d. x 444-944 = £55 12*. 4J& 

Cost labour =^^= x 3-58 x 4s. = £11 18*. 3\d. 
.\ Total cost = £67 10*. 7$d. 
20. Estimates of roqßng, SfC. 

1. Three men framed and fixed in 15 days a king-post 
roof, containing 1290 sup. ft., (see next flg.). Kequired the 
number of days' work to 1 Square. 

No. days' work fixing 1290 ft. = 3 x 15 = 45, 

„ „ 100 ft. = 45 x 100-*- 1290 = 3-48. 

2. Required the cost of the labour in framing a king-post 
roof, 50 ft. long and 30 ft. in the girt ; the wages of the 
workman being 3*. 6d. per day, and the constant of labour 
as just found. 

No. Squares in the roof = 50 x 30 -s- 100= 15, 

* 6 
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/. No. days' work = 3-48 x 15 =z 52-2, 
Cost = Ss. 6d. x 52-2 = £9 2s. 8%d. 

3. Required the cost of a king-post roof having the follow- 
ing dimensions, allowiug the wage» to be 3«. 6d. per day, 




and the timber at 2s. 6d. per c. ft. The length of the He* 
beam cc is 28 ft. and 10 in. by 5 in. The king-post ik 6£ 
ft. and 5 in. by 5 in. The principal rafter ci 13£ ft., and 
5 in. by 4 in. The s£r#te ak ft. and 5 in. by 3 in. The 
common rafters d b I4J ft. and 4 in. by 2\ in.; the number 
in the whole roof being 80. There are 5 trusses at couplea 
cic. The purlines a, rnnning the whole length of the roof, 
62 ft., and 8 in. by 6 in. The ridge piece d 62 ft. long, and 
12 in. by 1£ in. The pole plate B 62 ft long; and 5 in. by 
2\ in. The two wall plates c and c, each 62 ft. long, and 
2 in. by 2\ in. 

To find the c. ft. in each truss. 

No* c. ft. in tie-beam = 10 x 5 x 28 144, 

„ king-post = 5 x 5 x 6J 144, 

„ principal rafters = 5 x 4 x 13£ x 2 144, 
„ struts =5x3x6^x2^ 144. 

Adding these together we find 15*859 c. ft. in each truss 

/. No. c. ft. in the 5 trasses=i 15*859 x 5 = 79*29. 

To find the c. ft. in the other parta of the roof. 

Common rafters = 4x2£xl4£x 80-*- 144, 
Pariines = 8 x 6 X 62 x 2 + 144 
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Ridge piece = 12 x 1| x 62 144, 
. Pole plates = 5 x 2£ x 62 x 2 -j- 144, 
Wall plates = 2 x 2\ x 62 x 2-5- 144. 
Adding these together we find 144*707 c. ft. for the sum. 
Which added to the content of the trusses gives 223*997 c. ft. 
for the timber in the whole roof. 

Cost timber = 25. 6d. x 223-997 = £27 19«. ll|dL 
To find the cost of the labour. 

Now Squares = 62 x 14£ x 2 100 = 17*98, 
No. days' work = 3-48 x 17*98, 
Cost labour = 3*48 x 17*98 x 3*. 6rf. = £10 18$. llfd 

Adding the cost of the timber and labour together, we 
find the whole cost of the roof to be £38 18*. ll^d. 

In this calculation the cost of laths, eave-boards, Scc^nails, 
Straps, and bolts, has not been included. 

4. Required the cost per Square in the last examplev 

Am. £2 3* 3frf. 

5. Required the cost in iudng a queen-post roof, framed 
as in the annexed 
figure, the length 
being 60 ft., the girt 
45 ? the labour in one 
Square 4'55 days, and 
the wages of a man 

3s. Ad. per day. Ans. £20 9*. 6& 

6. Required the cost of the labour in fixing a roof 86 ft. 
long, and 9 ft. in 
each raf ter ; where 
the truss has 
simply the prin- 
cipal rafters ab 
and bc, the tie- 
beam ac, the col- 
lar beam ac, and 
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purlins ; allowing tbat a man takes 2*323 days to complete a 
Square, and that he receives os. per day. Ans. £3 15s K 3d. 

7. Required the cost of the labour in a Square of common 
shed roofing one story high, allowing *968 days as the labour 
per Square, and 4$. 6d. per day for the workman ? 

Ans. 4s. 4£d. 

8. Required the number of c. ft. in a queen-post truss, 

from the follow- 

ing dimensions. 

Tie-beamNN43 

ft. and 12 in. by 
.5 in. The two 
* queen-posts and cd, allowing for tenons, each 5£ ft. and 5 

in. by 5 in. The collar bd 20 ft. and 7 in. by 5 in. The 
struts ae and ce, each 10 ft. and 5 in. by 2£ in. The prin- 
cipal rafters nd each 12 ft. and 5 in. by 5 in. The king-post 
E 4£ ft. and 5 in. by 5 in. The annexed figure is constructed 
on a scale of a half inch to 10 ft. Ans. 31-36 c.ft. 

9. The length of the angles of a hipped roof is 40 ft., 
required the extra Charge for framing the roof, allowing *145 
days per running foot, the wages being 5s. per day. 

Ans. £\ 9s. 

10. Required the cost of the labour in fitting the partition 
aaää, 24 ft, long, and 
13 ft. high ; having the 
head hh, ihesill aa, the 
door-posts de, the inter- 
tie gg, the braces Ad 
and Ad, the struts fd 
and/Yf ; allowing 1*743 a 
days for a Square, and 4s. 6d. per day wages. 

Ans. £2 4s. S\d. 

21. Estimates of framed work. 
„ 1 A man was found to frame 7 doors in 13£ days. Each 
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door was 6 ft. 9 in. by 3 ft. 6 iö. and 1} in. thick, and had six 
piain panels. Bequired the constant of labour per sq. ft. 

Sup. ft. in 7 doors = 6| x 3£ x 7 = 165-375, 

.\ No. days for 165-375 sq. ft. = 13*25, 

„ „ 1 sq. ft. = 13-25 -!- 1 65-375 == -08. 

2. Bequired the cost of the labour per sq. ft., when the 
joiner receives 5s. per day. Ans. 4%d. 

3. In a door 6 ft. 9 in. by 3 ft. 6 in. having six panels ; 
the styles b, b, b are cut out of stuff 20 ft. long, and 
4 in. by \\ in. ; the two top rails A, A 7 ft. long, 
and 5 in. by 1 J in. ; the two bottom rails 7 ft 
long, and 9 in. by 1£ ; the panels e, c, d, d,e,e9} ft. 
long, and 9 in. by £ in. Bequired the total cost 
of the door, the labour being -08 days per sq. ft., 
the wages Bs. per day, the 1£ in. stuff at Sd. per 
sup. ft., and the £ in. at 3$d. 

To find the cost of the timber. 
No. sup. ft. in the l£in. stuff=20 X Ä + 7 x + 7 x & 
= ^(80 + 35 +63) = 14£. 

/. Cost l£in. stuff = 14£ x 8rf. = 9*. lO^d. 

No. sup. ft. in the £ in. stuff = 9£ x £ = 7£, 
/. Cost i in. stuff = Z$d. x 7£=2*. Id. 
.% Total cost of timber = 11«. 11 

To find the cost of the labour. 

No. sup. ft. in the door = 6 J x 3£ = 
.\ Cost labour = -08 x x os. =9*. 5\d. 
Hence we find the total cost to be £1 ls. 4|df. 

4. Bequired the cost per sup. ft. in the last example. 

Ans. 10%d. 
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5. Bequired the cost of the* labour in a door 7 ft. by 3 ft. 
6 in., having 4 panels, quirked ovolo and bead on both sidee, 
allowing *15 days for 1 sup. ft, and 45. per day for the 
workman. Ans. 14*. &%d. 

22. Estimates of flooring, 

1. A joiner prepared in 1 day 12 flooring boards, each 
12 ft. long, 9 in. wide, and 1£ in. thick. Bequired tbe con- 
stant of labour per sup. ft. 

No. sup. ft in the boards = 12 x x 12 = 108, 
.\ No. days for 108 sup, ft. = 1, 

„ „ 1 sup. ft = 1 108 = -00926. 

2. Bequired the cost of flooring a room 15 ft Square with 
1 £ in. battens 6 in. wide when jointed. The rough hatten 
costs 4d. per running foot, and each will cot into two floor- 
ing boards. The sawing costs per sup. ft A workman 
will prepare in 1 day for flooring 22 boards each 10 ft long, 
and will lay down the given floor in 2\ days ; his wages being 
3*. 6d. per day, and the cost of nails 2s. 

No. sup. ft. in the room = 15x15 = 225, 
Cost timber for 1 sup. ft =s4df. 

„ 225 sup. ft. = 4c?. x 225 = £3 15*. 

Cost sawing = %d. x £ of 225 = 2*. 4d. 
Cost preparing 110 sup. ft = 3*. 6d. 

.-. .„ 225 sup. {t. = 3s '^ 225 = 7s.ljd. 

Cost laying down = 3*. 6d. x 2£ = 8*. 9d. 

Adding these various items together with 2*. for nails, we 
find the total cost to be £4 15*. 2\d. 

3. Bequired the cost per Square in the last example. 

Ans. £2 2s. Z\d. 

23. Esümate of the labour in a dog-legged staircase, of 
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which the annexed cut is the 
plan and elevation, on a scale 
of an eighth of an inch to a 
foot. In this staircase the 
flyers extend from d to a, 
and from c to i ; the winders 
or obEque steps from a to c. 
The tread is the Upper part 
of the step, and the riser the 
front part. de and fg are 
the string boards, framed 
into the newel BA; q and 
BOMarethe hand-rails. The 
rißers, treads, and string- 
boards are usually measured 
by the superficial foot. The 
price depends upon the form 
of the stairs, whether it be 
dog-legged, or geometrical 
ha ving a well-hole. The 
hand-rail and newel are 
measured by the lineal foot ; 
and brackets, balusters, rails, &c, are valued by the piece. 

1. Required the cost of fixing the flyers, winders, and 
string-boards, of the staircase represented in the annexed 
figure; the labour in the flyers with string-boards being 
•103 days per sup. ft., and in the winders with string-boards 
•135 days per sup. ft. ; taking the man's wages at Zs. per 
day. 

There are 86 sup. ft. in the flyers with string-boards. 
.% No. days fixing the flyers = -103 x 86 = 8-858. 

There are 60 sup. ft. in the winders with string-boards. 
.% No. days fixing the winders = *135 X 60 = 8'1, 
.% Total no. days = 8-858 + 8-1 = 16-958, 
.\ Cost labour = 3*. x 16-958=^2 10*. lO^d. 
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2. If the hand-rail is 13J ft. long, what will be the cost of 
the labour, allowing -III days per running ft.? 

Ans. As. 5$<L 

The various illustrations of the method of estimation, which. 
have been given, will show the use of the constants of labour ; 
an extensive list of them, applicable to almost every kind of 
carpenter and joiner's work, will be found in " Gwilt's Ency- 
clopaedia of Architecture." Much valuable information on 
building may also be obtained from ** The Mechanic's Maga- 
zine," and " The Builder." 

To determine f rom a London "price book 99 the value of 
any Kind of work in the country. 

24. In the following calculations, we shall suppose the 
London wages to be 5s. 9 and the country wages 4s. per day ; 
the rate of profit in both cases to be 10 per cent ; and the 
cost of the material to be the same in both cases, excepting 
where mention is made to the contrary. Tt is also taken for 
granted, that the workman is able to measure and estimate 
the value of the material, which may be used in a given 
dimensions of the particular kind of work. 

1. If the price of labour per sup. ft. in framing window- 
shutters be ls. 6d. ; required the Charge in the country. 

Price at 5s. wages = ls. 6cL 
.% „ ls. wages ==1^ . 

„ 4s. wages =if'-if^J = 1*. 2\d. 
5 

2. If the price of wainscoting per sup. ft. be 2s., and the 
cost price of the timber in 15 sup. ft. 5s.; required the 
country charge per sup. ft. 

Cost timber per sup. ft. = 5s. 15 = Ad. 
Charge „ = Ad. 4- ^ of Ad. = 4±d. 

•\ Charge for labour „ = 2s. — A^d. = ls. 7%d. 
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But this is the Charge when the wages are 5s. per day. 
,\ Charge labour at 4s. per day = $ of 1*. 7%d. 

This result being added to the Charge for the material, 
will give 1*. 8d. as the Charge per sup. ft. in the country. 

3. If the price of 1£ in. hatten deal flooring be £3 per 
Square, and the cost price of a sup. ft. of the timber Ad. ; 
what will be the Charge per Square in the country ? 

Cost timber per sq. = Ad. x 100 = 400rf. 
/. Charge „ = 400tf. + ^ of AOOd. = £1 16*. 8d. 
/. Charge labour „ = £3 — £1 16*. 8d. = £l 3s. Ad. 

But this is the Charge of labour per Square, when the 
workman receives 5*. per day. 

Charge labour at As. per day = $ of £1 3s. Ad. 

Adding. the Charge for the timber to this result, we find 
the Charge per Square for the country to be £2 15s. Ad. 

4. If the price for a staircase be £8, and the cost price of 
the material £2 ; what will be the Charge in the country ? 

Charge for material = £2 + ^ of £2 = £2 As. 
.\ Charge for labour = £8 — £2 As. = £5 16s. 

Country charge for labour = f of £5 16s. = £A 12s. 9£dL 

Adding the charge for material, we find the country charge 
for labour and material to be £6 16*. 9%<L 

5. If the price for a Square of roofing be 56s. f and the 
cost price of the material 40t*. per Square, what will be the 
charge per Square in the country? Ans. £2 13*. Id. 

6. Required the same as in the last example, taking the 
cost price of the material in town at 35*., when it is 45*. in 
the country« 

Here we find, after the manner of the preceding examples, 
the charge of labour in the country to be 14*. We then 
find the charge for the material = 45*. + of 45*. »49*5*. 
=£2 9*. 6d. ; and the total charge =£3 3*. 6d. 
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7. Required the same as in Ex. 5., supposing the profit on 
the material to be 20 per cent.» and on the labour 10 per 
cent? Ans. £2 14*. 4f<£ 

8. If the price of a sup. ft. of sashes and frames be 2s. 9 
and the cost price of the material for 24 sup. ft. 8;. ; what 
will be the price per sup. ft. in the country, allowing the 
profit there to be 5 per cent., while ft is 10 per cent. in 
town? 

Cost price = 2s. x 100-f- 110= Is. 9%d. 
Cost material per sup. ft. = 8s. 24 =4dL 
Cost labour = 1*. 9%d. — 4c?. = 1*. 5|df. 
.\ Cost labour in the country = £ of 1*. 5%d. = 1*. 2%d. 

•\ Cost labour and mat. = Is. 2\d. + Ad. = 1*. ß^d. 

Profit at 5 per cent. = 0s. OfcL 

,\ Charge required == 1*. 7& 



PLA.STEREKS* WORK. 

2A. Plaster ers* work is usually estimated by the Square 
yard. In forming an estimate of the value of a sq. yd. of 
plastering, the different items of expense should be calculated 
after the manner explained in the preceding articles. 

Examfle. — Required the charge for plastering a room 
18 ft. long, 15 ft. broad, and 9 ft. high. The walls to have 
two coats of plaster, at 5d. per sq. yd. ; and the ceiling to be 
lath and plaster, at 11c?. per sq. yd. ; making a deduction in 
the walls for a door 7 ft. by 4 ft., and for a fireplace 4 ft. 
6 in. by 4 ft Ans. £2 12a lOJtf. 

SLATEBS* WORK. 

26. Tiling is meastured by a Square of 100 superficial feet 
In measuring a slate, or piain tile, roof, 6 inches are allowed 
for the double slates or piain tiles, which are put at the 
eaves. 
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Estimate of a Square of Slating. 

Let US assume, for the sake of illustration, the following 
data : — The cost and cartage of the slates to be £3 per 
thousand, and each slate, having a 5-inch gauge, to Cover on 
an average 24 sup. in. A man at 3*. per day will dress, 
lay on, and point f of a Square in 1 day. Required the 
Charge for a Square of slating. 

To find the cost of the slates per Square. 
No. slates to cover 100 ft. = 100 x 144 24 = 600, 
Cost of 1000 slates = £3 
•\ Costof 600 slates = £3 x 600 ^.1000 =£1 16». 

To find the cost of the labour per Square. 
Cost of f of a Square = 3*. 

„ 1 square = 3». x 4-5-3 = 4». 

Collecting these items, we have, 

£ 8. <L 

Material and cartage 1 16 

• Labour - - 4 

Nails and mortar - 2 

2 2 
Profit at 10 per cent. 4 2| 

Charge per Square - 2 6 2£ 

Example. — Required the Charge for slating a roof 20 ft. 
long, and 9ft. from the ridge to the eaves, allowing in addi- 
tion 6 in. on each aide for the double slates at the eaves, at 
£2 6s. per Square. Ans. £8 14». 9±d. 

-pxarmä akd ♦glabdekb' woek. 

27. Painters usually estimate their work by the Square 
yard, and glaziers by the superficial foot An analysis of 
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the elements of costs, in these different works, may be made, 
after the manner pursued in the foregoing pages, 

Ex. 1. A door measures 7 ft 3 in. by 3 ft. 9 in., what did 
it cost painting, on both sides, with three coats, at 9d. per 
sq. yd. ? Ans. 4s. 6%d. 

2. The compass of a wainscotted room is 80 ft. and itß 
height 10 ft 6 in. ; what did it cost painting, with one coat, at 
5d. per sq. yd. ; deducting a fireplace 5 ft. by 6ft, and a 
window 6 ft. by 3 ft. 6 in. ? Ans. £1 16s. 6£d. 

3. Required the Charge for glazing a window 4 ft. 6 in. by 
3 ft., at Is. 6d. per Square foot. Ans. £1 Os. ScL 

4. A pane of plate glass measures 3 ft. by 1 ft. 4 in. ; what 
did 4 such panes cost, at 7s. Sd. per Square foot? 

Ans. £5 16s. 

5. A house has two tiers of Windows, and four in each 
tier ; the height of glass in the first is 6 ft., and in second 
5 ft, and the breadth of the glass in each window is 3 ft. 
3 in. ; what did the whole cost glazing at ls. Sd. per sq. ft ? 

Ans. £11 18s. 4d. 

6. A window has 16 panes, each measuring 14 in. by 9 in. ; 
required the Charge for glazing, at ls, 4d. per sq. ft * 

Ans. 18«. 8d. 



PLUMBERS, FOT7NDEBS, AND SMITHS' WORK. 

28. Plumbers' work is charged by the cwt or Ib., to which 
is added the labour of laying the lead. Water pipes are 
charged by the foot, according to their diameter. The 
weight of a pipe depends upon its bore ; leaden pipes of | 
inch bore weigh 10 lbs., of 1 inch bore 121bs., of 1£ inch 
bore 16 lbs., of 1£ inch bore 18 lbs», of lf inch bore 21 lbs^ 
and of 2 inch bore 24 lbs. per runting yard. Sheet lead 
varies from 5 to 12 lbs. per superficial foot, and is used for 
covering flats in roofs, gutters, &c. The weight of a cubic 
foot of lead being nearly 708 lbs., the weight of a superficial 
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foot of sheet lead of any given thickness may be readily 
found. Thus, for example, let it be required to find the 
weight of a sup. ft, of sheet lead £ inch thick. 
Wt. sup. ft. 12 in. thick = 708 lbs. 

.\ „ „ 1 „ =708 — 12 = 59 lbs. 

/. „ „ i „ =iof 59=14flbs. 
Conversely, when the weight of a sup. ft. is given, we can 
readily find the thickness. Thus, for example, let it be 
required to find the thickness when the weight of a sup. ft. 
is 10 lbs. 

Thickness when its wt. is 708 lbs. = 12 in. 

IIb. =12-708 = ^ 
„ „ „ 101bs. = £$ = £in. nearly. 
Founders and smiths* work is generally charged by the 
cwt. or lb. Locks, latchets, &c. are charged so much for 
each, according to the size and quality ; hinges by the pair ; 
and nails by the hundred. 

Ex. 1. Required the charge for lining a water cistern 3 ft. 
long, 2 ft. deep, and 2 ft. 6 in. bröad, with sheet lead of 10 lbs. 
per sup. fit., at £2 per cwt. Ans. £5 5s. 4\<£ 

2. Required the Charge for laying a gutter 40 ft. long, 
1 ft. 6 in. broad, with sheet lead 9 lbs* to the sup. ft. ; the^ 
flashing being 46 ft. long and 6 in. broad, with lead 6 lbs. to 
the sup. ft.; at £1 ISs. per cwt. Ans. £11 10s. 0%d; 

3. Required the charge per running foot for a leaden 
pipe of 1£ inch bore, at Ad. per lb. Ans. 2s. 

4. What will be the charge for iron Straps and bolts, 
veighing 2 cwts. 16 lbs. at 3%d. per lb. ? Ans. £3 10*, 
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LAND-SUKVEYING. 

"!• Land-sueveying is the method of measuring and Com- 
puting the area of any portion of ground, as a field or an 
estate. The most useful instruments used in surveying are 
the chain, the offset staff, the cross staff, and the theodolite. 

2. The chain is composed of 100 links, and at every tenth 
link is a piece of brass, to assist the surveyor in reckoning 
the number of links that maybe measured. (See p. 140.) 
In measuring with the chain, ten iron pins or arrows are 
used for sticking into the gronnd at every chain 's length* 
Offset staves are rods ten links long ; they are dmded into 
links, for measuring shört distances, such as offsetsi Piquet 
staves or Station staves are used for marks to be placed at the 
stations or remarkable places, such as the corners of fields, 
&c. A chain line is the straight line which joins any two 
extreme stations. Offsets are the perpendicular distances 
measured from the chain-line to the boundary of a field. 
The cross Steffis chiefly used in raising short perpendicular* 
to the chain line, such as offsets. (See Geo. p. 8.) 

X The measurements taken in a survey are usually noted 
down in a tabular form, called the field-book. In order to 
indicate the direction of the measurements, the fiekL-book 
begins at the bottom of the page. The page of the field- 
book is divided into three columns. The middle column 
eontains the lengths measured on the chain lines, and the 
columns to the right and left hand contain respectively the 
right and left offsets, &c, taken at - the corresponding points 
of the chain-line. The Station from which the measurements 
commence is called the first Station; the next arrived at, 
the second ; and so on. The stations are usually indicated 
in their ; order by the letters a, b, c, &c, or by the Symbols 
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Oi> ©2> ©3» & c « Sometimes also the small letters a, b, c, 
<&c, are used to denote the order of the minor stations. The 
Station staves, as they are put into the ground, should be 
marked with the letter or number which is entered in the 
field-book. 

TO SUKVET WITH THE CHAIN. 

4. Divide the field, or piece of ground, into triangles, or 
into triangles and four-sided figures ; and place Station staves 
at every corner. The principal triangles should occupy the 
main body of the field, and then the remaining portions will 
have the form of small triangles and trapezoids, which may 
be measured by means of offsets. When the principal tri- 
angles are large, and great accuracy is required, the three 
sides of each should be measured on the ground. But in the 
case of small triangles the areas may be found sufficiently 
exact by measuring a base and perpendicular. 

In order to measure the distance between two stations, 
the assistant, or " leader," takes nine arrows in his left hand, 
and one end of the chain and the other arrow in his right ; 
then advancing in a straight line towards the station-staff, 
at the end of the chain, he puts down the arrow which he 
held in his chain hand. The " follower," or surveyor, takes 
up this arrow, when he comes to it, in his chain hand, at the 
same time the leader puts down another arrow* When the 
leader has put down his last or tenth arrow, he advances a 
chain further, and setting his foot upon the end of the chain, 
he calls out "change;" the follower then walks up to the 
leader and delivers the ten arrows to him ; one of them is 
then put down at the end of the chain» At every call of 
" change" the surveyor enters 1000 in his field-book. Before 
any arrow is put into the ground, the follower must see that 
it is in a line with the station-staff, observing to wave his 
hand to the right or to the left, as the case may require 
should the arrow not be in the proper line. 

L 
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Sometimes it is requisite that the offsets, to the brow of 
the ditch, as well as the offsets to the fence, should be entered 
in the field-book; in such cases the offset is taken to the 
roots of the quickwood, and 5 or 6 links, aceording to the 
custom of the place, are added or subtracted for the breadth 
of the ditch. If a ditch is in the field which is being sur- 
veyed, the hedge and ditch usually belong to the adjoining 
field. 

Let it be required to find the dimensions of the field repre- 
sented by the figure abcd. w 

Here dividing the field into two ^x^T\ 
triangles by the diagonal ac, the sur- \ \. 

veyor measures along this diagonal i\" ( 
until he arrives at the point e, from 
which he supposes a perpendicular, eb, b 
will cut the corner b ; he plants his cross at e and turns its 
index until the Station A or c cah be seen through one of the 
grooves ; he then applies his eye to the other groove, and if 
he sees the corner b he is in the right place for measuring the 
perpendicular eb; but if the corner b is not in a line with 
the groove, he must move the cross backward or forward on 
the chain-line ac, as the case may require. The distance 
ae must be entered in the middle coiumn of the field-book, 
and the length of the offset eb in. the right band coiumn of 
offsets. In like manner the distance af must be entered in 
the middle coiumn, and the length of the offset fd in the 
left band coiumn of offsets; ana so on. 

Let ae = 80, eb = 1 10, ap =r220, fd = 120, and ac = 340 
links ; then the field-book will have the following form : 



Left Offsets. 


Chain Line. 


Right Offsets« 





340 to C 





120 


220 






80 


110 





From A. 
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To draw a plan of the ground. From a scale of about 
2 inches to 100 links, take off ae = 80, and mark off the 
perpendicular eb=110; take af = 220, and the perpen- 
dicular fd = 120 take AC = 340 ; join ab, bc, cd, and da ; 
then ab cd will be the plan of the field. 

The scale of equal parts should be divided into tenths, &c. 
A feather-edged scale, made of ivory or fine millboard paper, 
is the best instrument for laying down dimensions, for dis- 
tances may be pricked off by it without using the compasses. 

Hence we find, by Art. 4^ p. 145., the area 
= i of 340 x (1 10 + 120) = 39100 sq. links = 1 r. 22-56 p. 



EXAMPLES. 

1. Beqnired the form of the field-book of Ex. 4. p. 147. 






595 
352 





1110 toB. 
745 
110 

From A. 



2. Reqnired the form of the field-book of Ex. 3. p. 145. 

3. Draw a plan and find the area of a triangulär field 



from the following field notes. 




330 to A. 




From 


Con R. 







350 toC. 





36 


250 




40 


170 




20 


80 




From 


B on R. 






500 toB. 




Proof 


250 toa. 


line aC = 


From 


AgoW. 





C 








B * 


A 



In this field-book there are three chain-lincs. When a 
chain line is completed, a line is drawn through the middle 
column ; thus the measurement from A to B forms a chain- 
line. When the surveyor arrives at b, he proceeds to c, 
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which lies to the right hand of the direction in which he had 
been going ; this is indicated in the field-book by writing 
" From b on R." The u proof line" ac is taken to check the 
work. 

Construction. "With a scale of equal parts, taking about 
2 inches to 100 links, construct the triangle abc, making 
ab = 500, bc = 350, and ac = 330; then draw the offsets 
lipon bc, To verify the accuracy of the survey, take Aa 
= 250, and join ca; then, if this "proof line" is found to 
measure 232, it will show that the dimensions of the field 
have been correctly taken. To facilitate the calculation, 
measure off the perpendicular let fall from c on ab (=230). 
Calculation. 2 Area abc =500 x 230 = 1 15000 
„ offsets on bc = 16680 



2)131680 

Area = 2 r. 25-344 p. = 65840 

4. Draw a plan and find the area of an irregulär piece of 
ground from the following field-book : 






1310 to B. 


130 


230 


1000 






980 


50 




780 


130 


310 


700 






550 


150 


220 


460 






330 


94 


330 


• 260 




360 




From A. 


230 



I 

. J_ , 











Area=4a. 3r. 16'24/>. 

5* Draw a plan and find the area of a four-sided field 
from the following field notes : 



110 



370 to A. 
220 
From C on R, 



280 to C. 
From B on R, 



470 to B. 
From A. 



Area=2r. 35p. 
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6. Draw a plan and find the area of two fields from .the 
foUowing notes. Ans. 5a. Or. 31p. 




Left Offsets. 



Proof 




40 
40 

In line with fence 
Cross fence \ 

From 



Chain Line. 



950 to © Ä . 

570 

145 

From |t 



620 to©. 
400 toi. 
260 
150 

From Q A on L 



810 to© 4 

300 
160 

From Q a on L. 



560 to © 8 
400 

From Q fl on L 



860 to © a . 
600 
500 
480 
350 

200 to a. 

o»g° in g 



Bight Offsets. 



line flj = 307. 



24- 
40 



60 



to road. 



70 



to river. 



to ontside. 
80 > 
Fast. 
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In this field-book, the five chain-lines form the sides of two 
large triangles Q l © 2 © 3 and ©j © 3 © 4 . At the first offset 
a mark is put to show the form of the fence. At 480 on 
the chain-line, the entry "In Jine with fence" indicates 
that a fence lying to the left is in a line with that point. 
"When any fence is crossed, as at d, in © 3 © 4 , a line ?.s drawn 
on both sides of the corresponding distance in the chain-line ; 
when the fence is straight from end to end, the lines are 
marked s, as in the field-book opposite to the distance 300. 
The position of the points v and d being ascertained on their 
respective chain-lines, the straight fence d v may be drawn 
lipon the plan. When an offset is not taken perpendicular 
to the chain-line, but in the direction of a fence, the mark 

^ is placed over it, as 24 at 300 in the chain-line © 3 © 4 . 
The proof-line in this example is ab; its length and the 
point where it cuts the diagonal Q x © 3 is entered in this 
last chain-line. 

Construction. Here we have given all the sides in the 
triangles ©, © 2 © s and © 3 Q 1 © 4 , viz., ©j © 2 = 860, 
© 2 © 3 = 560, © 3 © 4 =810, © 4 © 1= =620, and ©j © 3 
= 950 links. Having constructed these triangles on a scale 
of about 2 inches to 100 links, the perpendiculars upon the 
diagonal ©! Q 3 will be found to be 501 and 524 links; 
hence the area of the trapezium © 1 © 2 G 3 © 4 will be readily 
found. The check-lines must now be drawn: take ©j a 
=200, and © 4 ^ = 400 ; join ab; tben if this line, on the 
plan, measures 307, it will show that the dimensions in the 
field-book have been accurately measured. Take © 1 v = 480, 
© 3 d= 300, join vd> and it will give the interior fence. The 
offsets from the first four chain-lines may now be drawn: 

7. Draw a plan and find the area of a field from the fol- 
lowing field-book. 
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1000 to C. 










From A on R. 








30 


630 to A. 




30 


550 to C. 


40 


500 


4 


10 


400 


30 


400 




20 


160 


40 







20 







From D on R. 






From B on R. 


40 


950 to D. 




20 


1050 to B. 


50 


600 




60 


800 


30 


400 




40 


500 


20 


150 




50 


300 


30 







20 







From C on R. 




From 


A go West. 



Here by constructing the figure on a scale of about 1 inch 
to 100 links, we find the perpendiculars on the diagonal to 
be 540 and 580 links. All the offsets will form trapezoids, 
the areas of which may be calculated by Art. 5. p. 146., ex- 
cepting the Spaces in. the four corners, which will be trape- 
ziums, and their areas should therefore be calculated by the 
dimensions taken from the plan. Some writers on surveying 
erroneously calculate these areas, by taking the product of 
the two offsets given in the field-book. 

2 Area trapezium abcd= 1120000 
„ corners = 7300 

„ , offsets as 220200 



2|1347500 



Area = 6a. 2r. 38p. = 6*73750 a. 



l 4 
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8. Draw a plan and 
find the area of a wood 
from the following field- 
book. Ans. 13a. Or. 32p. 

The Station a is taken 
so that ab and ad are 
at right angles to each 
other. In this example, 
insets to the fence are 
measured from the chain- 
lines, ab, bc, CD, and 

DA. 










1350 to C. 




1560 to A. 





1060 


150 


1450 


40 


700 


40 


1200 


50 


390 





890 
















From B on 




From D on L. 





1150 toB. 





950 to D. 
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905 


125 


510 





560 








100 


300 




From C on L. 


110 


175 








From A. 




9. Draw a plan and find the area of an estate from the 
following field-book. Ans. 13a. 2r. 8p, 
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Check Line. 
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4.0 \ — — jt { pniv 




460 


50 \ 


Juinc witn 


OQA 


. . * i s fence 
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Cross 
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890 to 0,. 
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From 








1200 to © 6 . 


25 




900 to © 6 . 




Gross 


880 


fence. 




790 


60 
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470 


s. 




430 


150 







20 


From 


© 4 on L. 






900 to © 4 . 
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s 
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To end of 


530 


70 fence. 


s 


320 


" 8» 




220 


100 







20 


From 


3 on L. 






1500 to © a . 


22 




980 


30 




AQA 




Cross 


360 


fence. 




300 to O a - 


25 







20 


From 


©i go East. 





When the chain-lines in a survey are closed, that is, when 
the measurements are sufficient to enable us to construct the 
lines, a double line is drawn through the middle column of 
the field-book. 

10. Draw a plan of a road, on a scale of -2 inches to a 
chain, from the following field-notes. 



L 5 
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Here we begin the survey at the Station Q l and measure 
in a direct line to the stations © 2 and © 3 , taking the offsets 
on both sides as we proceed. Returning to © 2 we measure 
the chain-line © 2 ©6> taking the distance of Station © 4 from 
3 in order to tie the second chain-line with the first. 
From the Station © 6 we proceed to measure to the Station 
© 8 ; the distance from © 7 to Q 6 will tie the third chain- 
line with the second ; and so on. 



Tie 
25 
From 



30 
100 
Tie 

80 
From 

30 

90 
Tie 

60 
From 

Cross 
80 
50 
40 

From 



160to© 10 . 
50 

©^onL. 



650 to © 9 . 
500to© 8 . 
400 
200 

160 to © 7 . 
50 

Q 8 on R. 



450 to © 6 . 
310 to © ö . 
200 to © 4 . 
150 

© a on L. 



450 to ©.. 
350 

200 to © a . 
100 


OtgoW. 



line IO © 9 = 160. 
144 



160 
140 
40 

line © 7 © 6 = 190 



60 

line © 4 © s = 22a 
100 



fence to outside. 

90 

94 

98 
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Observation. After the same manner the streets in a 
town may be surveyed. 

11. Supposing the last figure to represent a river, it is 
required to draw a plan of it frorn the following field-book. 

Here we begin at the Station a, and measure in a direct 
line to the Station b, taking the oflsets to the edge of the river 
as we proceed. In measuring the next chain-line b © 2 , the 
length of the tie-line © t A is taken, to enable us to lay down 
the two chain-lines ab and bc. The tie-line to the next 
chain-line is © 3 © 2 ; and so on. It will also be observed 
that the principal stations A, b, c, d, &c, are taken, so as to 
enable us to see along the successive bendings of the river. 

The breadth of the river may be taken at any point by 
the methods explained at pp. 24. 49. and 228. 
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430 to E. 
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320 to © 6 . 
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D on R. 
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C on R. 






490 to © 9 . 






380 to C. 
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B on L. 
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100 
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40 


From 


Ago W. 





Digitized by Google 



228 



LAND-SURVEYING. 



12. To continue a chain-line db across a river, the line 
being measured up to b. Set up a flag at A in a line with 
db; with the cross-staff, orby Geo. 
Art. 48., lay down bc perpendicular 
to db; measure bc (=400 links), 
and lay down cd perpendicular to 
CA, intersecting the chain-line in 
the point d; measure db (=300 
links); then ba may be readily 
found. 

Because dc a is a right angle, we 
have, by Cor. 1. page 58., db . ba 
= bc 2 , .\ BA=400 2 - 
links. 

Or thus, when there is.some obstruction in the line cd. 
Measure any line bc (=400 links) along the side of the 
river ; measure off any convenient distance bh(= 300 links) ; 
measure hi(=600 links) parallel to bc, and such that i 
shall be in a straight line with ca. 

Here from the similar triangles ahi and abc, we have, 
in : bc::ha : ba, or putting a?for ba, 600 : 400 ::#-}- 
300 * x, hence we find x or ba = 600 links. 

Other methods are given at pages 24, 49, and 134. 



-300 = 533£ 




TO SÜRVEY WITH THE THEODOLITE. 

5. The theodolite is the most useful instrument for taking 
angular measurements in a survey. It consists of a tele- 
scope m i ; two graduated circles b and m, at right angles to 
each other, divided into degrees and half degrees, and a 
stand G with three jointed legs 'for supporting the instrument. 

The circle B, having a horizontal motion on the vertical 
axis c, is used for taking horizontal angles ; and m, having 
a vertical motion on the horizontal axis o, is used for taking 
vertical angles. Besides the graduated plate b, there is 
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another horizontal plate a, called the vernier circle, which 
turns upon a vertical axis passing right through the holiow 




axis c, and terminating in the plate G. This vernier circle, 
therefore, has a motion independent of the graduated circle b. 
The frame kl Stands upon the vernier circle, and carries 
the axis o of the telescope mi and the vertical circle M. The 
two spirit levels d and d are fixed at right angles to each 
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other, to enable the surveyor tb set the parallel plätes a, b, 
and f, perfeetly horizontal by means of the four milled 
screws b> b 9 b, b. The compass J is used to determine the 
bearing of the stations in a survey. The clamp-ccrew h, by 
compressing the collar c, fixes the vernier circle a to the 
^raduated circle b ; and the tangent-screw i gives a delicate 
movement to the whole of the upper part of the instrument 
when the clamp h is tightened. The tangent-screw p gives 
a similar movement to the vertical circle M. The plate G is 
fixed to the top of the legs, and the upper part of the 
instrument is screwed into this plate ; e is a small micro- 
scope for reading off the vernier a on the vernier plate a, 
and N is a similar microscope for reading the vernier on the 
vertical plate M; g and f are the ys, which simply support 
the telescope ; the clips % i, with the pins ,/,,/, keep the tele- 
scope from being thrown out of the ys ; Q is a milled screw 
for adjusting the focus of the object-glass of the telescope; 
m are four capstan screws, by means of which the instrument 
maker adjusts, if necessary, the cross wires, which are 
placed in the focus of the eye-glass for the purpose of 
directing the telescope to a point ; gf is a spirit level sus- 
pended from the telescope. 

6. To use the theodolite. — Push the legs into the ground 
so as to bring the plate A nearly level, and the plummet, 
which hangs from the lower part of the instrument, directly 
over the Station staff. Unclamp the screw h, and turn the 
upper part of the instrument bodily round until the two 
levels d and d are parallel to lines joining the screws b, b, b, b, 
taken diagonally ; with the left hand on one of the diagonal 
screws and the right hand on the other, turn them in con- 
* trary directions until the level parallel to them is adjusted; 
then proceed with the other two screws in the same manner ; 
when this is done the first two screws will probably require 
retouching. Having thus got the plate A perfeetly level, 
turn it until the broad arrow on the vernier coincides with 
the zero point in the circumference of the circle b; turn 



Digitized by 



LAND-SURVET1NO. 



231 



both plates now bodily round until the telescope nearly bears 
upon the left Station; clamp the two plates by tightening 
the elamp-screw h, and then move the tangent-screw i until 
the centre of the cross wiree sjutctly bears upon the Station 
or object ; now unclamp the screw h, and move the upper 
plate from left to rigjit, by means of a milled screw not 
ehown in the cut, until the telescope exactly bears upon the 
other Station ; apply the microscope to the vernier and read 
off the angle, and it will be the horizontal angle between 
the two stations required. As there are two verniers upon 
the plate a to enable the surveyor to make corrections for 
errors of gradaation and centering, the second vernier should 
also be read off, and the mean of the two readings will be • 
the corrected angle. 

When a vertical angle is to be taken, turn the vertical 
plate m until the bubble of the spirit-level gf is exactly in 
the centre, or, what is the same thing, until the broad arrow 
of the vernier, observed by the microscope n, is exactly on 
the zero point of the circumference of the vertical circle ; 
turn the vertical circle until the telescope exactly bears 
upon the top of the object, and then read off the vernier, 
and it will give the vertical angle required.* 



Before using the theodolite there are certajn adjustments which should 
be attended to ; the following are the most essen tial : — 

1. To adjust the line of collimation, or to make the intersection of the 
cross wires in a line with the centres of the eye-glass and object-glass. 
Direct the telescope to some well-defined distant object ; turn the tele- 
scope within the ys, and observe whether, during the whole revolution, 
the centre of the wires always covers the same point : if it does, the in- 
strument is in this respect perfect; but if it does not, correct for half the 
error by means of the capstan-headed screws m, m, &c, loosening onc 
screw and tightening its opposite one. 

2. To make the axis of the level parallel to the axis of the telescope. 
Bring the level gf attached to the telescope perfectly level by the tan- 
gent-screw f ; tuen reverse the telescope in the ts: if the level remains 
true, it is in adjustment ; if it does not, correct for half the error by the 
adjusting-screw f, placed at the extremity of the level, and for the other 
half by the tangent-screw p. This process must be repeated, until the 
Instrument is in this respect perfect. 

3. To make the axes of the levels, d, d, on the vernier plate, parallel to 
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7. Construction and tue of the vemier. — A vernier iö a 
contrivance for subdividing a graduated scale into any number 
of parts. In the vernier of the theodolite 29 half degrees on 
the plate b are divided mto 30 equal parts on the vernier a. 
Hence each division of the former will be 30', while each 
division of the latter will be -fo of 29 half degrees or 29' ; 
therefore the difference between each will be 1'; and 2 
divisions on the vernier will be 2' less than 2 divisions on 
the plate b ; 3 divisions on the one will be 3' less than 3 
divisions on the other; and so on. Let us suppose, for 
example, that the arrow of the vernier Stands a little past 
25° on the lower plate, and that the 6th division of the 
vernier exactly coincides with a mark on the lower plate, 
then the 6 divisions on the vernier will fall 6' short of the 6 
divisions on the lower plate ; that is, the broad arrow will be 
6' past the 25°, and the angle, therefore, will read 25° 6'. 
This shows that in reading off the vernier, we first ascertain 
the number of degrees, or degrees and a half, beyond which 
the arrow Stands, and then for the number of minutes we 
count the number of divisions on the vernier until we come 
to where the marks on the two plates coincide, and this 
number will give the minutes in the angle. 

it. Bring the bubbles to the centre of their respective levels ; turn the 
vernier plate half round, and if the bubbles do not remain in their centres, 
correct one half the error by the screws attached to the levels, and the 
other half by the screws b, b, &c. This process must be repeated until 
the bubbles are found to remain central in every position of the vernier 
plate. 

4. To ascertain whether the vertical arc moves in a vertical plane. 
Set the plate a perfectly level ; direct the telescope to some vertical angle 
of a building ; turn the vertical arc, and observe whether the intersection 
of the cross wires Covers the vertical angle throughout the whole of the 
raotion ; if it does, the adjustment is perfect. Any imperfection in this 
adjustment can only be remedied by an instrument maker. This Ob- 
servation will also apply to some other delicate adjustments, which need 
not be described in this work. 
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The Compass. 




8. The method of taking the bearings of objects by the 
compass, depends upon the remarkable physical fact that a 
magnetised needle placed upon a fine centre will, in any 
given place, always point in the same direction, however 
much we may shift the compass-box. That end of the 
needle Which points towards the north is called the north 
pole, and that which points towards the south the south pole. 
The north end of the needle, in this country, points at present 
about 24° to the west of the true north point. This is 
called the deviation of the magnetic meridian ; and it varies 
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not only with respect to tbe place upon the öarth's surface, 
but also with respect to the period of Observation. 

In order to find the bearing of an object by the theodolite, 
place thearrow of the vernier plate at zero; turn the upper 
plate round until the needle points due N and S ; read off 
the angle swept over by the vernier, and it will give the 
angle which a line drawn to the object forms with the 
magnetic meridian. 

Examples. 

1. To draw a plan of a river from the following field notes 
of a survey taken with the theodolite. (See fig. L to Ex. 
10. p. 226.) 

Station-flags are set up at the stations A and b, and the 
line ab with its offsets are measured. Having arrived at 
b, a station-flag is placed at the next Station c ; with the 
theodolite on the Station b the angle abc is taken, and en- 
tered in the field-book as " L between a and c. w Having 
arrived at c, a station-flag is placed at d, and the angle bcd 
is taken ; and so on. With the theodolite at c, the angle 
formed by the stations A and e may be taken as a check angle 
to test the accuracy of the survey. In surveys of this kind 
tie-lines are not required. 
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Constmction. — From a scale of equal parts draw ab = 
150, and mark off the offsets upon it, thereby giving the line 
of the river ; with the centre of the protractor at b, and one 
of its edges lying along AB, mark off the angle abc=113°; 
take bc = 380, and mark off the offsets upon it; with the 
centre of the protractor at c, draw cd, making the angle 
bcd = 115° ; and so on to the remaining chain-lines in the 
field-book. 

To find the breadth of a river by the theodolite, see Ex. 4. 
page 134. 

2. Draw a plan and find the 
area of a field from the following 
field-book. Am. lr. 18p. 

Here, commencing at e, all 
the sides of the field are mea- 
sured by the chain, together 
with the insets from the sides 
bp and ie. Placing the theodo- 
lite at i, the angles hif and fie 
are determined. These dimen- 

sions are suflicient to enable us to construct the figure ; but 
in order to verify the accuracy of the survey, the angle EF<i 
is taken as a check angle. 
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Comtruction. — From a scale of 2 inches to 100 links take 
IH = 200. Place the centre of the protractor at i, with its 
edge on ih, and mark off the angles 40° and 50°, which will 
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give the position of the lines if and iE. Take off iE = 200, 
and on e as a centre, with the radius ef = 200, describe an 
arc cutting ip in the point p ; join ep; on f as a centre, with 
the radius fg = 80, describe an arc, and on h as a centre, 
with the radius hg = 110, describe an arc cutting the former 
in g ; join fg and hg ; mark off the insets on the lines if 
and ef, and this will complete the plan of the field. Apply 
the protractor to the angle efg, and if it measures 135% 
this will show that the dimensions have been correctly taken. 
From e and h let fall perpendiculars upon if ; join hf, and 
let fall a perpendicular upon it from G. These perpendicu- 
lars being measured by the scale will be found to be 152*5, 
128, and 45 links; and the diagonals if and hf will be 
found to be 257*5 and 166 links ; whence the area of the 
figure efghi may be readily determined. From this area 
must be subtracted the area of the inset Spaces to obtain the 
area of the field. 

3. Draw a plan and find the area of a pentangular field, 
abg de, from the following field-book. 

Ans. 66a. 2r. 24p. 
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Here, after constructing the outline of the figure by the 
scale and protractor, the space may be divided into triangles 
by drawing the diagonals eb and ec, and then the areas of 
these triangles can be found by measuring off their bases 
and perpendiculars. . 

Observation. — To survey a field from the angles taken at 
one Station, see Ex. 5. p. HO. Also, to survey a field from 
the angle taken at the intersection of the diagonals, see 
Ex. 1. page III. 
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4. In Ex. 14. page 29. let acdb represent the boundary 
of a field ; it is required to draw a plan of the field, and to 
find its area. 

In this example tbe side cd of the field is measured as a 
base line ; and from the stations c and d all the angles which 
the corners make with each other are taken by the theodo- 
lite. The plan being plotted as at page 29. ; from c and b 
let fall perpendiculars* upon ad; then, from the scale, mea- 
sure offthese perpendiculars, together with the diagonal ad; 
whence the area will be found to be 5a. Ir. 18p. 

TRIANGULATION. 

9. A country may be surveyed, and all the distances of 
towns and important places from each other accurately ascer- 
tained, by the method of triangulation, which consists in 
taking the dimensions of a series of triangles constructed on 
each other, and running through the district to be surveyed. 
This may be accomplished by the chain only ; but in very 
extensive surveys it should be done by the chain and theo- 
dolite. 
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Let it be required to give a map of the country of which 
A, b, c, D, &c. are towns ari important places The two 
stations h and N are selected for the purpose of observing the 
objects A, b, c, &a, included in the survey. The base line hn 
is then accurately measured, and its bearing ascertained by 
the compass. With the theodolite at h and n all the angles 
which the objects a, b, c, &c, make with h and n are deter- 
mined. Hence the triangles hna, hnb, &c, may be con- 
structed, there being given in eäch triangle the base and the 
angles at the base. Moreover the distance between any 
two of the objects, as a and c, may be found (see Ex. 14, 
p. 29.). The line ac may now be taken as a base for a 
new series of triangles ; and so on to any extent 

When the survey is made with the chain only, the three 
sides of all the triangles, forming the system of triangulation, 
must be measured. In the course of these measurements, 
the offsets to any particular lines or objects should be en- 
tered in the field-book. 

Surveys of this kind are first made in order to determine 
the proper course of a railway line, and to fix piquets at the 
different points through which it must pass. In filli ng up 
the survey, the ground lying 100 yds. or 454 links (at least) 
on each side of the line must be measured and mapped, after 
the methods described in the preceding problems. 

LEVELUKG. 

10. A level line is that line which water assumes when in 
a State of rest. If we assume the earth to be a perfect 
sphere, which it is very neurly, a level line will be every- 
where at the same distance from the centre of the earth- 
Levelling, therefore, is that branch of surveying, which de- 
termines the inequalities of the earth's purface, and ascer- 
tains the relative heights of places above a certa'm line, 
called the datum line, equidistant from the centre of tho 
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earth. The line which is determined by tbe spirit level is, 
consequently, a Aangent to the earth's surface. In finding 
tbe levels for buildings, or the drains of fields and commons, 
the ordinary spirit levels, described at page 7., mounted on 
a tripod stand, will be found sufficiently accurate ; but in 
long surveys, such as occur in the (Instruction of a railway, 
more perfect instrumenta are absolutely requirecL 



Description of TroughtorCs Level. 




IL In thiscut BF represents the spirit-level fixed upon the 
top of the telescope ab, which rests upon the horizontal 
plate cd. This plate turne upon a vertical axis, in the same 
manner as the vernier plate of the theodolite ; tbe compass~ 
box g is supported. by pillars passing from the plate cd. 
There are two. parallel plates, and two pairs of conjugate 
screws for bringing the instrument level, precisely after the 
manner described for the theodolite. To use the instrument, 
fix it as nearly level as can be judged by the eye ; set the 
telescope over one pair of the diagonal or conjugate screws, 
and by means of this pair of screws bring the bubble to the 
middle of the level j turn the telescope over the other pair 
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of screws, and level it in this position by means of the dia- 
gonal screws ; turn it back to the first pair, and correct again 
if necessary ; then if the bubble Stands in the middle of the 
level, in all positions of the telescope*, the instrument is 
adjusted for use. Turn the telescope towards the leTelling 
staves, and read off the number, &c. 

12. Levelling staves are rods about twelve feet long, 
divided into feet, tenths, and hundredths of a foot ; these 
divisions are very distinctly marked, so that the surveyor is 
able to read off the point, where the intersection of the cross 
wires of the telescope cuts the staff: 

13. To ascertain whether there is a proper descent for 
water, from a well at f to 
a village at b. Place the 
spirit-level d on the emi- 
nence E, from which both 
the levelling staves, f and 
ob, can be seen ; adjust 
the level, and direct the 
telescope to the staff f ; 
turn the telescope upon its vertical axis, and direct it to the 
staff gb; then the difference between the heights of the 
staves, gb and f, will give the descent of the water from 
the well to the place B. Suppose the distance from b to f to 
be 300 ft ; the length of the staff f to be 5 fit., and BG20ft.; 
then the total descent from the well to b will be 20 ft. — 5 ft. 
— 15 ft. ; now as this descent takes place for 300 ft, the de- 
scent for 1 ft. will be of 15 ft. = *05 ft., and for every 

• Adjustments. 

Should this not be the case, the error must be occasioned by the axis 
of the level not being truly perpendicular to the vertical axis of the 
instrument To correct this error, raise or depress, as the case may 
rcquire, the capstan screws « or/, tili the bubble be brought half way to 
the middle of the tube, then correct for the other half by the diagonal 
screws. Repeat the process until perfect accuraey is attained. 

There are two other adjustments, which are precisely the sarae as the 
ist and 2nd given for the tbeodolite. It is obvious, that these two 
adjustments should be inade before the one above uescribed. 
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100 ft. it will be 5 ft. It is evident from this calculation, 
that the height of the level does not at all affect the result. 

14. To determine the difference of level between two 
points A and b, situated in a farm, or any extensive piece of 
land. 

Here dk and Hcare c f h 

supposed to be two level 
lines taken with tbe in- 
strument at i and e. 
"When the surveyor goes from a to b, the height gh is called 
the fore sight and ac the back sight ; in like manner bd is 
the fore sight and gk the back sight. The difference be- 
tween bd and gk, will give the difference of level between 
the points b and G ; and the difference between gh and ac, 
the difference of level between g and a ; and so on. Let 
bd=4, gk = 3, gh=9, andAC = 7 feet ; then the rise 
from b to g = 4 — 3 = 1 ft. ; the rise from G to A = 9 — 7 = 
2ft. ; therefore the total rise from B to A=l+2 = 3ft. 
Again, let bd = 2, gk = 5, gh = 12, and ac = 8 feet ; then 
as b is higher than g, we have height of b above G= 5 — 2 
= 3 ft. ; and height of A above G = 12 — 8 = 4 ft. ; therefore 
height of a above b = 4 — 3 = 1 ft. 

Let us now investigate a general rule for ascertaining the 
difference of level between the points a and b. 

The distance of a from the level line hc is ac, and the 
distance of B from the same line is hk -f db; therefore the 
difference of level between a and b will be expressed by 
hk + db — AC; adding and subtracting kg, this difference 
becomes hg + db- (ac + kg). But hg and db are the 
back sights, and ac and kg are the fore sights; hence we 
have the following general rule : take the difference of the 
sums of the back and fore sights or readings, and it will give 
the difference of levels between the first and last Stoves. 
Thus, in the last example, we have the sum of the back 
sights = 2 + 12=1 4, and the sum of the fore sights =5 + 

M 
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8 = 13; therefore difference of level between a and b= 
14 — 13 = 1 ft; and as the sum of back sights is greater 
than the sum of the fore sights, this difference shows that a 
is 1 ft. higher than B. 

15. To determine the difference of level between two 
houses be and ao, by a series of sights. 




Here we suppose the level lines, or lines of sight, to 
be taken in order, eg, jl, and no: hence the back sights 
are be, jp, and kl, and the fore sights fg, 0, and ao ; then 
by Art. 14., the sum of the latter subtracted from the sum 
of the former will give the height of the ground at A above 
b. For example, let the back sights be 9, 11, and 13 feet 
respectively, and the fore sights 2, 0, and 16 feet ; then we 
find the rise of A above b = 33 — 18 = 15 ft. 

16. In long surveys, where great accuracy is required, 
s uch as in railway levelling, the level l should always be 




placed in the centre between the staves a, b, c, &c., for when 
this is the case there is no correction required for curvature 
and refraction. In order to give a section of the earth's 
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surface represented by a b c d, &c, place the level in the middlc 
betvreen the staves a and b ; after making the spirit-level 
horizontal, tum the telescope towards the back staff A, and 
read off the height Aa at which the horizontal line of sight 
cnts the staff ; this height must be entered in the column of 
" back sights" of the field-book. Turn the telescope round, 
and direct it towards the fore staff B, and read off the height 
bös', which mustbe entered in the column of " fore sights" of 
the field-book. Keeping the staff b in the same position, 
excepting that its graduated side must now be turned to- 
wards c, let the staff a be removed to c, and the level to a 
place in the middle between b and C; proceed as before, 
entering the height bä in the column of " back sights," and 
cb' in the column of " fore sights and so on to any extent 
As the survey proceeds intermediate levels must be taken 
to bench marks, that is, to certain marks made on some fixed 
and well-defined objects which occur in the line of survey ; 
the sights or levels taken to such marks are entered in the 
column called inter. or intermediate sights. Thus in taking 
the following field-book : 

Field-book. 



Back 
Sights. 


Inter. 


Fore 
Sight«. 


Rise. 


Fall. 


Reduced 
Lerels. 


Distance 
in Chain». 


Remarks. 


4- 71 

6- 26 

5- 34 

7- 33 


716 


8-78 
861 
8*30 

5-21 


017 
212 


407 
2-35 
2-96 


50 D. 
45-93 
43-58 
40 62 
40-79 
42-74 


roo 

2- 00 
300 

3- 90 
500 


B.M. at A. 

f cen tre of 
l — — road. 



23-64 30-90 7'26 



23-64 



7-26 ft. 

The first back sight is 4*71, the fore sight 8'78 ; the 
m 2 
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second back sight is 6*26, the fore sight 8*61 ; the third back 
sight is 5*34, the fore sight 8*3 ; then an int er. sight is 
taken, by removing the back staff c to the bench mark at e, 
and the instrument to a place somewhere between d and r, 
(see next fig.) the back staff d is then read off 7*33, the 
inter. staff 7*16, and' the fore staff f 5*21 feet. The numbers 
entered in the columns of " rise" and " fall" are obtained by 
taking the difference of the back and fore sights, observing 
that when the fore sight is greater than the back sight, the 
difference indicates a fall in the ground, and vice versa. In 
the column of u reduced levels," 50 d. indicates that the line 
hi, called the datum line, is assumed to be 50 ft. below the 
first Station a ; the succeeding numbers indicate the distance 
of the corresponding Station from the datum line; these 
numbers are consequently found by subtracting the fall from 
the foregoing reduced level, or adding the rise to it, as the 
case may be. The numbers in the column of "distance" 
are the respective distances of the different stations from the 
first Station A. The Symbol b.m., which occurs in the 
column of " remarks," reads bench mark. Adding together 
the columns of back and fore sights, and taking the difference 
of the two sums, we obtain 7*26 ft. for the difference of 
levels of the first and last stations a and f, (see Art 14.) ; 
the same thing may be derived from the column of reduced 
levels, by merely subtracting the last number from the first ; 
this serves as a check to the accuracy of the calculation. 

Construction. Draw hi for the datum line. With a 
scale of about an inch to a chain lay off the horizontal 
distances of the stations, viz., Hm=l, nn=2, ho = 3, 
np = 3*9, and h i = 5. Draw h a, m b, n c 9 &c, perpendicular 
to hi; from a scale of an inch to 25 ft. mark off the "re- 
duced levels" ha, MBy wc, &c, then abcdef will represent 
the line of the ground. Here the vertical dimensions are 
taken on a much larger scale than the horizontal ones, 
otherwise the inequalities of the ground would, in most 
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CaseS, be scarcely perceptible. The datum line should be 
chosen, so as to be below the ground line at every point. 
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ßectional Drawing flrom the foregofog Fleld-book. 



To survey the ground for a railway. 

17. Trial levels. Aided by a model map, giving the 
physical features of the country, the surveyor first marks 
out the route of the projected line on an Ordnance map. 
Commencing the survey at one of the termini, he takes the 
levels, as nearly as possible in the directum marked out on 
the map. In the course of the survey, the heights of roads, 
crossed by the line, are carefully taken, and also beneh 
marks near such points; cross-levels are also frequently 
taken of such roads to show the inclination of the ground on 
each side of the line. Should the line, thus surveyed, be 
found ineligible, on account of some engineering difficulties 
or other causes, another survey must be made, embracing 
the whole, or only a portion, of the distance between the 
termini. 

Check levels. The trial levels having been found satis- 
x 3 
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factory, the whole surface of the ground, from 5 to 10 or 15 
chains on each side of the projected line, must then be 
surveyed; this survey must include everyfield, building, road, 
&c., within these limits. It is usual to plot the plan of the 
ground on a Scale of about 8 chains to an inch, while the 
vertical lines in the section are drawn on a scale of about 25 
ft. to an inch. For further details relative to parliamentary 
plans and sections, the Student may consult Mr. Baker 1 s 
edition of " Nesbit's Surveving." 

Corrections for curvature and refractton 

18. It has been shown, at page 59., that the correction for 
curvature is 8 inches for every mile, and moreover that the 
correction varies with the Square of the distance: thus the 
correction for 2 miles will be 4 times 8 in. = 32 in. ; for 3 
miles it will be 9 times 8 in. = 6 ft.; and so on. Hence 
we have the following rule: multiply the Square of the 
distance in miles by 8, and it tritt give the correction for 
curvature, in inches. 

The refraction of the atmosphere tends to make objects 
appear higher than tbey really are. When the air is not 
overloaded with moisture the correction for refraction may 
be taken at ^ of that which is due to currature. This 
correction must obviously be deducted from the correction 
for curvature, in order to obtain the total correction. 

In the case of levelling, the total correction must be sub- 
tracted from the observed reading to obtain the true reading ; 
or the correction may be added to the height of the instru- 
menta and ihen the difference between this sum and the 
reading of the staff will give the difference of level between 
the two stations. When the elevation of objects above the 
horizon is taken by the theodolite, the correction, as well as 
the height of the instrumenta must be added to the calcu- 
lated height to obtain the true height. 

When the spirit level is placed equidistant from the two 
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Station staves, no correction is required; because the cor- 
rection for each staff being the same, the difference of the 
apparent heights or readings must be the true difference of 
level between the two stations. 

1 . Required the correction for curvature, when the distanoe 
of the object is 1 chain. 

cor. curv. for 1 mile or 5280 ft. = 8 in. 
.% cor. „ 1 chain or 66 ft. = 8 x (jßU? = *to in - 
Hence we have the following rule : take T of the Square 

of the distance in chains, and it will give the eorrection for 

curvature in inches. 

2. Required the correction for curvature and refraction, 
when the distance of the object is 1£ miles. 

cor. for curv. = 8x (f )*= 10-125 
A cor. for refr. = -f of 10-125 = 1-446 

m \ Total correction = 8-678 in. 

3. Required the correction for curv. and refr., when the 
distance of the object is 20 chains. 

cor. for curv. = ^Jtt * 20 2 = -5 
cor. for refr. = | of # 5 = 0714 

.% Total correction = -4285 inches. 

RAILWAY CUBVES, ETC. 

19. A railway should be made as straight as possible; 
but owing to the obstructions that are unavoidably met with, 
and the expediency of turning the rail so as to pass through, 
or near to, places of importance, the engineer frequently 
finds it most economical to connect different portions of the, 
line by what are caUed railway curves, which are always 
arcs of circles. On account of the danger there is of the 
carriages running off rails of a great curvature, no railway 
curve is allowed, by government, to have a radius less than 
80 chains or 1 jnile. The nature of the curve, connecting 
two straight portions of rail, depends in general upon the 

M 4 
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angle which they make with each other. In every case the 
8traight portions must form tangents to the connecting curve« 
20. When the two lines of rail, ab and cd, form a small 
angle with each other, the connecting curve bgc must have 
a Serpentine form, or what is called the S curve. 




1. To construct the S curve, when the points of contact b 
and c are given, and also the radius oc of one portion of the 
curve CG. 

Draw bh perpendicular to ab, and co perpendicular to 
c d. Take c o and b h respectively equal to the given radius ; 
join oh, and bisect it in F by the perpendicular fo', cutting 
hb produced in o'; then o' will be the centre of the curve 
bg ; join o'o; with oasa centre and the radius oc describe 
the arc CG, and with o' as a centre and the radius o'g 
describe the arc gb. 

Because the triangles o'hf and o'of are identical, o'h== 
o'o; but' hb = co=og; therefore o'b = o'g, and (Geo. 
Art. 62.), the curves CG and bg will touch each other in the 
point G. 

2. To construct the S curve, when the radius CO is given, 
and the arcs CG and bg have equal radii. 

From any point b in the line ab draw so' perpendicular 
to ab; take bo' = co, and through o' draw a line (not 
shown in the fig.) parallel to ab; on o as a centre with a 
radius equal to 2 co, describe an arc cutting this parallel line 
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in a point which we shall call o', then tbis point will be the 
centre of the curve .bg. 

In a similar manner other cases of thia problem may be 
constructed. 

21. When the two lines of rail form a considerable angle 
with each other, the connecting curve must be concave 
towards the same side. 

1. Let ab and tg be the direction of two rails, (see last 
fig.) ; and let the point of contact b be given, to find the 
other point of contact G, &c. 

Produce the directions of the two rails, until they cut each 
other in the point t; draw TO 7 bisecting the angle btg, 
and cutting the perpendicular bo' in the point o'; from o' 
draw o'g perpendicular to tg; then o' will be the centre of 
the connecting curve bg, and G will be the point of contact 
required. For the triangles o'bt and o'gt are obviously 
identical, and therefore o'g = o'b, &c. 

2. To construct the double curve dop, connecting the two 
rails cd and KP, when the 
two points of contact d and 
p are fixed, and the radius 
ad, of the portion Da, is 
given. With the centre a 
and radius ad describe the 
arc Dan; draw AKn per- 
pendicular to pk cutting 
the arc Dan in the point 
n ; join np, and produce it 
cutting the arc Dan in the point a; join Aa, and from p 
draw pb parallel to AK ; then b will be the centre of the arc 
öp, the remaining portion of the connecting curve. 

For the triangles Ana and BPa being similar, and A» = 
Afl, we have bp= bö ; moreover because ak is perpendicular 
to pk, therefore bp, which is parallel to AK, will also be 
perpendicular to pk ; hence pk will be a tangent to the 
curve ap. 

x 5 
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3. To construct the double curve dap, when the point of 
contact d, and tbe radius ad, are given. 

With the centre a and radius ad, describe the arc Da of 
any convenient length ; join Aa, and draw ac perpendicular 
to Aa, cutting kr in c ; take cp = cö, and draw pb perpen- 
dicular to kp, cutting Aa in the point b ; then b will be the 
centre of the arc öp. 

To lay down a raüway curve on the ground. 

22. Let ab be the diameter of the circle D F 

bda ; BD the chord of the arc bd ; bp a 




tangent to the point b ; ds perpendicular to 
ab; and dp perpendicular to bp ; then be- a e sTb 
cause adb is a right angle (Cor. 2. p. 55.), 
the triangles abd and dbs are similar, 

BD^ 

\ AB l BD * 1 BD l BSOrDF= . . . (1). 

AB 

Now in the case of railway curves, the chord bd is very 
small as compared with the diameter ; hence the chord BD 
may be taken as the length of the arc without incurring any 
sensible error ; but in setting out these cur res, bd is usually 
taken equal to 1 chain ; putting r therefore for the radius of 

the circle, we have bs or dp =^-. Let r, for example, be 

80 chains ; then dp = ^ chains = 4'95 inches. 
2 x80 

Ist method. — Let bp and an be the directions of two 
portions of a railway. It is required to lay down the conr 
necting curve bdpja, the radius being.80 chains. 



Along the direction of the rail, measure bp = 1 chain, and 
take PD = 4*95in. ; then d will be a point in the curve. 
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Take dc = 4*95 in., and measure bp = 2 chains in a Iine 
with bc ; then p will be a point in the curve. Take ph = 
4*95 in., and measure d j = 2 chains in a line with dh ; then 
j will be a point in the curve. And so on to any extent, 

2nd method. — On the tangent line bt, take bf = 1 chain, 
bb = 2 chains, and so on ; then there will be a certain por- 
tion bt remaining, which must be measured. Here the Ist 
1 

perpendicular ED = ch. = 4*95 in. j by the preceding ge- 

bb 2 2 2 

neral expression (1), the 2nd perpendicular ep=— = ^— ch. 

= 4 x 4*95 in. = 19*8 in. ; similarly the drd perpendicular 

32 

= 160 = ^ x in. = 3 ft. 8 in. ; and so on r Hence we 

have the following construction : At the distance of 1 chain 
from b, take PD=4*95in. ; then d will be a point in the 
curve ; at the distance of 2 chains from b, take bp= 19*8 in., 
then p will be a point in the curve ; and so on. Along the 
tangent ta measure ts= tk, änd proceed to mark off the 
perpendiculars on ta, in a reverse order to that in which 
they were taken on bt. 

Zrd method. — The curve having been first constructed on 
paper, Art. 19., the angle bta will be known; let it, for 
example, be 140° ; then L abt or L b at (180° — 140°) 
= 20°. Let the curve be divided into any convenient num- 
ber of equal parts, for example let the number of parts be 
four, then (Geo. Art 60., Cors. 1. and 3.), L dbp = L pbd 
= L JBP = L ab j = \ of 20° == 5°. And the ahgles 
formed at the extremity A will have the same relation. 

Let theodolites be placed at b and A, then by taking the 
L dbp (=5°) and L dan (=3 x 5°= 15°) at the same 
time, the point d is determined. In like manner, by taking 
Zpbp = 2x 5° = 10°,and Zpan = 2 x 5° = 10°, the point 
p is determined ; and so on to the remaining points in the 
curve. 

These methods admit of obvious modifications to suit par- 
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ticular circumstances. Mr. Baker, I believe, was the first 
mathematician that published anything on this subject. See 
bis little work on railway engineering. 

RAILWAT CÜTTING8 AND EMBANKKENT8. 

23. Let the plane of tbe ground vccd be parallel to the 
section i>Aab of the rail. c: 

1. To set out the width of the \ 
ground. C (N5 

Putting ^=ab or ab, tbe breadtb Xlffj^Z^^^ 
of tbe rail; ä 1 = mm / , tbe heigbt V 

of tbe section abdc; p to 1 the Jr "* 

ratio of tbe slopes ; then we bave (by Art 28., p. 181.) md or 
MC = -f 2p Aj) ; and, in like manner, putting h 2 =tnm', 
the heigbt of tbe section abdc, we bave md or «ic = 
+ 2p Ä a ). These two expressions give the width of the 
ground, at the top of the cutting, measured on each side of 
the central stumps m and m. 

Ex. If the bottom width ab = 30 ft., the depth 20 ft., and 
the slopes 1£ to 1 ; required md or mc. 

Here g = 30, h l = 20, and p = 1 £ ; hence we bave md or 
mc = £(30 + 2x l£x 20) = 45ft. 

Construction. Take ab = 30, bisect it in tbe point m; 
draw wim, b6, and Aa, perpendicular to ab; take mM = 20, 




a *» b 



and draw rms parallel to ab ; take 6d and ac, respectively, 
1 J times mu = 1£ x 20 = 30 ; join BD and ac ; then abdc 
will represent the cutting, and md or MC = 45 ft., will be the 
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half width required. If ds = CR = 8 ft., be the distance of 
the fences from the edge of the cutting, then the total width 
of the ground will be rs = 2 x 45 + 2 x 8 = 106 ft. 

2« To find the area of the ground. 

The area of the ground between the sections, having the 
form of a trapezoid, may be calculated by the rule of Art 5., 
p. 146. 

Ex. Required the area of the ground of Ex. 3., p. 183. 

Here the top widths are 64 and 72 ft. respectively ; and 
the perpendicular distance between them 132 ft. 
.•. area =|(64 + 72) x 132 = 8976 sq. ft. =997£ sq. yds. 

When there are a series of equidistant sections, their area 
will be more expeditiously found by the following formula : — 

Substituting the top widths, Art 2&, p. 181, in the formula 
of Art. 16., p. 160, and reducing, we find the area of the 
ground included by » equidistant sections taken \ chains 
apart to be, 

^[(n -l)g+p {Äj + A„+ 2(Ä 2 + A 3 + . . . + h^ x )} ] acres. 

Ex. Required the area of the ground occupied by a rail- 
way, when the heights of the sections taken at 1 chain apart, 
are 4, 6, 10, 12, and ft; the slopes being 2 to 1 ; and the 
width of the rail 30 ft 

Here /=1, » = 5, ^ = 30, /> = 2, ä, = 4, ä 2 = 6, ä s =10, 
A 4 = 12, and A 6 = 0; then 

area = g^[4 x 30+2 {4+0+2(6+ 10+ 12)} ]= 1 r. 18-18p. 

3. To find the content of the cutting, $c. 

Substituting the areas of the end and middle sections, 
given in Art. 28., p. 181, in the prismoidal formula, and 
reducing we find, 
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SoKdity ABCdfaft= -Q~l(g^ph l )h l +(jg+ph 2 )h 9 

= V .(Ä 1 +Ä2) + ^-tf{( Ä i+Ä 2 ) 2 -Ä 1 Ä 2 } c.yds. 
28». Required the solidity of the cutting of Ex. 3., p. 183. 
by the preceding formula. 

[ Here/=2,Ä 1 = 8 J Ä 3 = 10,^ = 32 l andj) = 2; 

.\ Solidity = 
2 x 32 X V (8 4- 10 ) + 2 x 2 x ff {( 8 + 10)* - 8 X 1 0} 
= 2203-26 oubic yards. 

Practical men usually oalculate cuttings and embankments 
by means of tables, giving the solidity corresponding to the 
given heights. in the preceding formula, the first part of 
the expression is given in Bidder's tables as the "central 
part," / and g being unity ; and the second part of the ex- 
pression, as the u slopes," p and i being unity ; so that the 
solidity is obtained, from these tables, by simply multiplying 
the respective parts by the given values of l, g 9 and p, after 
the manner -shown in the formula. Some useful tables have 
also been published in " Baker's Railway Engineering." 

24. Let the ground fall or rise, on each side of the central 
line Hm« (See fig. Art. 23.) 

1. To set out tke width of the ground. 
Let the slope of the ground md be q x feet fall for every 
horizontal foot, q 2 the slope of md, q, the slope of mc, and 
Q 2 the slope of mc. From d let fall a perpendicular upon 
MM / intersecting this vertical line in a point (not shown in 
the fig.) which we shall call j ; put x = d j, then we have, 

u'niim'y.p : 1; /. nm'^; 
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g+2ph x 

• m UJ = NM- MJ=~ — ^ q x X. 

X 

dj : nj::p ; l; .\ nj=-; 

* = ^s — •• ÄOrDJ =2(r+^y 



Henoe we have by Substitution, md= Vmj«+d^ 

= V qi W + a * = xVjW = £ { l+**l ) 

Where q x is plus or minus according as the ground of the 
cutting falls or rises from the stump m ; and the Observation 
will also apply to all the formula hereafter given. This 
formula also expresses the width mä\by merely changing h x 
into and q x into q 2 . 

Ex. 1. Let the height of the cutting be 16 ft. ; the width 
of the rail, 33 ft. ; the slope of the side, 2 to 1 ; and the fall 
of the ground, £ to 1. Required the half width md of the 
ground. 

Here h x = 16, ^ = 33,p = 2, and = then, 
33+2x2x16 



MP = 2(i +2 xi) x^i-ar-n» 

Ex. 2. Required the same as in the last example, when 
the ground rises £ to 1. 

Here q x = — J, hence we have, 
33+2x2x16 



MD: 



2(1 -2xi) x ^r + T=99-97 ft. 



2. Solidity of an irregulär cutting. 

. As the slope of the sides, in some cases, not only depends 
upon the nature of the material, but also upon the height, 
we shall suppose p to be the ratio of the slope on the side 
ACca, the other notation remaining the same as in the 
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preceding articles; then the solidity of ABcba will be ex- 
pressed, in cubic yards, by the formula, 

108p t.rj* W* 1 * + r i r a** (*i 

+ 108p1^ J +RiH 2 K a (K 1 + K 2 )} - (P+/>> 

Where r x =sl+pq l9 r^l+pq» Bjssl+FQi, »q — 1 * 
*Q* *i=0+2pAi, * s =0r+2j'A» Ki=^+2pÄ!, and k,= 
£+2pA 2 . 

This very general formula has been derived on the as- 
8umption, that the ground, on each side cf the line m»i, is 
formed by two planes passing through the edges mdv and 
DMm, on the one side, and mcc and cmwi, on the other. 

When q x — q* and Q t =Q 2 ; and ,\ r x = Rj =R a ; and 

Ai <7 - _ A 2 K i -i 

raoreover putting «1=2^=2^+^1» ö a =2p» A i = J? 

a 2 ; then this formula after reduction becomes, 

Where s is the solidity of the slopes taken frorn Bidder's 
tables for the heights a % and and s for the heights A t 
and A a 

When T=p 9 and /. s=*, this last formula becomes, 
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MISCELLANEOUS QUESTIONS. 

1. What length must be cut off firom a board 13 inches 
broad to contain 13£ sup. ft. ? Ans. 12*46 ft, 

2. A rectangle is 36 ft. long, and 25 ft. broad ; required 
the side of a Square which contains the same area. 

Ans. 30 ft. 

3. Two travellers, A and B, left the same place at the 
hour of 9 in the morning ; A went north-west at the rate of 
3 miles an hour, and B north-east at the rate of 5 miles an 
hour ; how far were they apart frorn each other at noon of 
the same day? Ans. 17*49 miles. 

4. The sides of three Squares are 8, 20, and 12 feet re- 
spectively ; required the side of a Square which is equal in 
area to all the three. Ans. 24*657 ft. 

5. Required the length of a cord which will describe a 
circle containing f of an acre of ground. Ans. 24*036 yds. 

6. The wheel of a carriage turns round 2000 times in a 
distance of 5 miles ; what is its diameter ? Ans. 4*201 ft. 

7. The surface of a cube is 96 sq. ft.; required its side. 

Ans. 4fL 

8. How many 3-inch cubes can be cut out of a rectangular 
solid 4 ft. long, 2 ft. broad, and 1 ft. thick? Ans. 512. 

9. The area of a trapezoid is 28 sq. ft., and the two 
parallel sides are 6 and 8 ft. respectively ; required the 
perpendicular distance between them. Ans. 4 ft. 

10. What is the solidity of a cube, whose diagonal is 15 
inches? Ans. 649*5 c. in. 

11. The base of a field in the form of a trapezoid is 15 
chains, and the two perpendiculars are 14 and 8 chains re- 
spectively; it is required to find the length of the line 
parallel to the perpendiculars which will divide the field 
into two equal parts. Ans. 11*4 chains. 
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12. The height of a cylinder is 40, and its diameter is 10; 
required the height of another cylinder whose diameter is 
30, and solidity double the former. Ans. 8f . 

13. If the side of a Square be increased by 2 feet, the 
surface will be increased by 36 sq. ft. ; required the side. 

Ans. Sft. 

14. If the linear side of a cube be increased 1 ft., the 
solidity will be increased by 37 c. ft; required the side. 

Ans. Sß. 

15. What length of wire -^j- of an inch in diameter, may 
be drawn out of a cubic inch of metal? Ans. 10*61 ft. 

16. The diameter of a cylindrical vessel is 5 ft.; what 
must be its depth so that it may contain 80 gallons, allowing 
277*274 c in. to one gallon ? Ans. 7*845 in. 

17. If the pressure of the atmosphere be 15 Ibs. upon 
every superficial inch, what will be its pressure upon the 
piston of a steam-engine whose diameter is 20 in.? 

Ans. 4712-4 Ibs. 

18. The area of a hexagon is 14 sq. ft; required the 
length of its aide. Ans. 2-3212 ft. 

19. The area of a circle is 39*27 sq. ft; required the 
difference of the areas of the circumscribed and inscribed 
Squares. Ans. 25 sq.ft. 

20. Required the side of the equilateral triangle inscribed 
in a circle whose diameter is 4 ft Ans. 3-464/fc 

21. Find by trigonometry the perpendicular let fall from 
the centre of an octagon, upon one of the sides, the length of 
the side being 6 ft Ans. 7 24264 ft. 

22. The diameter of the base of an oblique cone is 15 ft, 
the greatest slant height 14 ft., and the least slant height 13 
ft.; required the solidity of the cone. Ans. 659 7 cft. 

23. A piece of tin, having the form of a quadrant of a 
circle, is rolled up so as to form a conical vessel ; required 
its content when the radius of the quadrant is 10 in. 

Ans. 63-368 c. in. 

24 What surface of tin will be required to make a conical 
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vessel, open at the top, whose perpendicular height is 8 in., 
and the diameter of the top 12 in.? Ans. 188*496 sq. in. 

25. How many superficial feet of board will be required 
to make a rectangular box, closed at the top, whose length 
is 4 ft., breadth 3 ft., and depth 2 ft.? Ans. 52 sup.ft. 

26. The side of an eqiülateral triangle is 15 in. ; what 
will be the side of another equilateral triangle containing £ 
the area ? Ans. 5 in. 

27. Kequired the diameter of a ball of cast-iron, weighing 
24 lbs. Ans. 5-657 in. 

28. A war ship was found to displace 40000 cubic feet of 
water; required its tonnage. Ans. 1116 Ums. 

29. The length of a cylindrical piece of timber is 5 ft., 
and the diameter of the base is 1£ ft ; what will be its 
solidity when hewn into a Square prism? Ans. 4|- c.ft. 

30. What is the weight of a hollow sphere of cast-iron, 
whose exterior diameter is 1 foot, and the thickness of the 
metal 1£ in.? Ans. 137-12 lbs. 

The five following problems are proposed to be solved by 
the scale and compasses : — 

31. The three sides of a field are 120, 160, and 200 links 
respectively; it is required to find the length of the per- 
pendicular let fall upon the longest side. An$*96 links. 

32. Two sides of a triangle are 6 and 9 chains. and the 
included angle 30°; it is required to find the perpendicular 
let fall upon the greater side. Ans. 3 chains. 

33. The side of an equilateral parallelogram is 8, and the 
angle included by the two adjacent sides is 60°; required 
the length of the greater diagonal Ans, 13*8* 

34. The three sides of the triangle abc, are 24, 40, and 
32 respectively; required the radius of the circle, which 
shall pass through the points A, B, and 0. Ans. 20, 

35. The diagonal of a rectangle is 16f ft., and the per- 
pendicular let fall upon it from one of the angles is 8 ft. ; 
required the sides. Ans. 10 and 13£ ft. 
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The following problems are given to illustrate the subject 
of the economy of material : — 

36. Kequired the area of a rectangle 8 ft. long, and 4 ft. 
broad, and also that of a Square having an equal perimeter. 

Ans. 32 and 36 sq.ft. 

37. The walls of a sheep-fold had to be built 6 ft. high, 
and to enclose a Space of 400 sq. ft. Required the cost of 
the walls, Ist when the fold is built in the form of a rect- 
angle whose length is 25 ft., and 2nd when it is built in the 
form of a Square ; allowing 4*. per sq. yd. for the walling. 

Ans. £10 ISs. Sd. and £10 13s. 4d. 

38. A rectangular cistern having a Square base is to be 
covered with sheet lead ; required the depth when the side 
of the base is 5 ft., and the lead contains 75 sup. ft. 

Ans. 2-5 ft. 

39. A cistern, open at the top, having a Square base, is to 
be covered with 300 sup. ft. of lead ; required the content of 
the vessel, Ist when the side of the base is 10 ft., and 2nd 
when the side of the base is 8 ft. Ans. 500 and 472 c.ft. 

Here the maximum capacity, with the same material, 
obtains when the height is half the side of the base. 

40. A box with its cover is to be made out of 54 sup. in. 
of material. It is required to lind its content, Ist when it 
has the form of a cube, and 2nd when the sides of the base 
are 6 and 3 in. respectively. Ans. 27 and 18 c. in. 

41. A piece of ground cöntaining 900 sq. yds. is to be 
fenced in against a wall already built. Required the 
length of the new fences, Ist when the length of the ground 
is twice its breadth, and 2nd when the ground is a Square. 

Ans. 84-8528 and 90 yds. 
Here it would be most economical to make the length 
twice the breadth. 

42. The diameter of the base of a cylindrical vessel, open 
at the top, is 10 in. and the height 5 in. ; the diameter of 
another cyünder, having the same capacity, is 8 in. Required 
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the superficial inches in the material composing the two 
vessels. Ans. 235*6 and 246*6. 

Here it would be most economical to make the height one 
half the diameter of the base. 

43. The diameter of the base of a cylindrical vessel, closed 
at the top, is 10 in., and the height is also 10 in.; the 
diameter of another cylinder, having the same capacity, is 8 
in. Required the surface composing the two vessels. 

Ans. 471-24 and 493*23 sup. in. 

44. Required the areas<of a Square and a hexagon, the 
perimeter of each being 80. Ans. 400 and 461*88. 

45. The base and perpendicular of a right-angled triangle 
are 6 and 8 feet respectively ; required the difference be- 
tween its area and that of an equilateral triangle, having an 
equal perimeter. Ans. 3*7128 sq.ft. 

46. Required the areas of a circlo and a square, the peri- 
meter of each being 2C. Ans. 31*83 and 25. 



THE END, 
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